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INTRODUCTION

Inverse problems arise naturally in science and industry: given some observation one
wants to find some parameter of interest which is not directly observable. Such prob-
lems are common in fields as diverse as medical imaging, geoscientific exploration,
non-destructive testing and finance. Very often these problems can be formulated as
partial differential equations (pdes), where the observation is given by (a part of) the
solution and the unknown can be an initial condition, a coefficent or even the domain
of the equation.

Mathematically these different problems can be put into the following general
framework: given the parameter of interest f the observation g is determined by an
operator equation

Ff) =g

where F is the mapping that assigns to each parameter the corresponding data. Hence
naively if we observe some phenomenon g and know the mapping F we simply
have to apply F~! to find the parameter f. There are, however, problems with this
approach, even if F is invertible. Typically we will not be able to measure the right
hand side g exactly but will measure only ¢°* ~ ¢. Here “~” includes several
effects like discretization, round-off and modeling errors as well as unavoidable
measurement errors.

Consider for a moment the case that f, g € R? and F is given by an invertible linear
map A € R?*“. Then a standard result from numerical analysis is the following:

let Af=g and A(fz) =g +¢,

then  |f:— f] < cond<A>|l£H||¢|,
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where cond(A) := ||A||||A~!|| is the condition number of the matrix A with respect
to the norm ||-||. As on the set of invertible linear matrices the condition number
might be arbitrary large this illustrates that even a small perturbation of the measured
data might lead to large deviations in the reconstructed parameter.

We will, however, usually model inverse problems in infinite dimensional spaces.
A typical situation here is that F is a linear compact operator with dense range. In
this case the inverse mapping F ! still exists on a dense subset but it is no longer
continuous, i.e. we can not hope to bound the reconstruction error in any way. In
other words we have to consider any naive reconstruction as useless.

In order to obtain stable reconstructions from corrupted data one therefore does
not try to solve the equation F(f) = g°P® exactly but in an approximate way that
takes the error of the right hand side into account. Such methods that approximate
F~! by stable operators are called regularization methods. In this thesis we will focus
on Tikhonov regularization of the form

fa € arg min %obs/a(f)/ where %obs,’x(f) = %S(F(f),gobs) +R(f).

Here S measures closeness of observed data g°P® and data generated by a candidate

parameter f, R is a penalty term that incorporates our a priori knowledge on the
solution and stabilizes the problem while the regularization parameter & > 0 balances
the two terms. This is a generalization of the more classical method studied e.g. in
[EHN96] where

S(r().e™) = [F - and RG-SR

That this general procedure yields indeed a stable reconstruction and that f,x converges
to the true solution f* when g% converges to the true data for some choice of « has
been established e.g. in [P6s08, Fle11] (see Section 1.2.2 for more details). For the
choice of & one roughly has to take the following effect into account: the larger we
choose & the more stable is the problem we are solving but the less we try to match
the data exactly. Hence one has to try to find an optimal balance of the two effects in
the sense that the ﬁ( is as close as possible to the true solution f.

It is well known, however, in the regularization theory that any bound on the
distance ]?,X to fT requires a priori knowledge on f7, i.e. we cannot find such a bound
which will hold globally for all possible choices of parameters f'. Such an a priori
knowledge is typically formulated as a source condition. E.g. in [EHN96] for the case
that F is a linear, compact operators acting between Hilbert spaces the spectral source
condition

ff=(TT)'w, ve(0,1]

have been studied, where the right hand side is defined by the functional calculus.
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If the data obeys ||g°™ — g|| < & for the above choice of the Tikhonov functional a
convergence rate of

fa—ft| < corin

for an optimal choice & = &(6, g°P%) of the regularization parameter has been obtained.
For details on generalization to conditions of the form fT = ¢(F*F)w and nonlinear
operators see Section 2.1.

While the corresponding theory was quite successful it also has some drawbacks:
using the functional calculus requires a Hilbert space setting, and the treatment of non-
linear operators require strong additional assumptions. However, many interesting
problems arising in practice are non-linear and Banach space settings allow greater
flexibility in the choice of data and penalty terms which are required for more accurate
modeling and promotion of desired features of the reconstruction (see e.g. [SKHK12]).
Hence a more general type of source condition is needed.

The current state of the art assumption is to require that the true solution f fulfills
the variational inequality

o e <R - RO+ [F - F )

for some loss function £. These variational source conditions (VSC) were introduced in
[HKPS07] and have become a standard assumption in regularization theory. For an
optimal choice « = & of the regularization parameter it is straightforward to show the
convergence rate

E(fa fr) < cw(@®)

under mild assumptions on the involved quantities, where the observed data g°* has
to satisfy [|g°% — g|| < ¢ again.

Recent results of [Fle18] illustrate that such a VSC is always fulfilled, but they do
not tell us how the function ¢ will look like. The subject of this thesis is to investigate
conditions which allow to quantify 1 in the VSC and hence the convergence rate.

If F is an operator mapping between function spaces F~! is often not continuous
due to the fact that F is a smoothing operator, that is F(f) is a smoother function than
f. It has been observed for such problems that the spectral source condition can be
interpreted as a smoothness assumption on f relative to the smoothing properties
of the operator. The smoothing properties of the operator are related to the degree of
ill-posedness of the operator; e.g. in case of linear, compact operators acting between
Hilbert spaces this is typically measured by the speed of the decay of the singular
values of the operator.

In this thesis we will use the two factors, smoothness of the solution and ill-
posedness of the operator equation, in order to derive explicit forms of variational
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source conditions; the second of the two factors is usually more difficult to character-
ize. This criterion will be treated by using similarities between VSCs and conditional
stability estimates. Conditional stability estimates are inequalities of the form

E(f1 f2) < ¥ (IE(f1) = E(f2)])

for all f1, f, in a (usually smooth) subset K. Such estimates are quite common for
many interesting problems while results that show that for a given problem and
conditions on the true solution f* a VSC for a specific function ¢ is fulfilled are still
rare in the literature (see Remark 2.28). As VSCs imply stability estimates this allows
us to compare our new findings with existing results in the literature.

This thesis is structured as follows:

e In Chapter 1 we will give a more detailed introduction into inverse problems
and Tikhonov regularization.

o Chapter 2 will review the results on convergence rates known in the literature.
We will discuss the advantages and limitations of various source conditions
as well as their relation to each other. Further we will prove a main result of
this thesis: a general strategy to verify VSCs with Bregman loss function for
certain penalty terms R. This strategy generalizes our approach to verify VSCs
in [HW15, HW17b] and quantifies solution smoothness and ill-posedness of the
operator. It will be our main tool to verify VSCs later on.

e The case of linear operator acting between Hilbert spaces will be treated in
Chapter 3. Here we will show that VSCs are not only sufficient but even
necessary to obtain certain rates of convergence. As an important byproduct we
obtain that f' fulfills a VSCs if and only if f* is in a certain interpolation spaces.
The results of this chapter have been published in [HW17a].

e A choice of penalty term which has become popular is to choose R as a
(weighted) sum of wavelet coefficents. Under certain conditions these sums
turn out to be equivalent norms on Besov spaces; thus we study Tikhonov
regularization with such penalty terms in Chapter 4. While Besov spaces are
not necessarily Hilbert spaces they have a rich structure not only in terms
of wavelets but they can also be characterized e.g. by Fourier transform and
interpolation; the different characterizations will be exploited in order to demon-
strate that under certain conditions VSCs are fulfilled. While we cannot show
equivalence between convergence rates and VSCs here we are able to illustrate
that the derived convergence rates are of optimal order, i.e. in certain Besov
balls no faster uniform convergence is possible. One of the main results of
independent interest concerns the mapping property of the duality mapping
in Besov spaces, namely we show that it maps smooth subspaces into smooth
subspaces. Most findings are available in the preprint [WSH18].

o We then continue the work started in [HW15, HW17b] and verify a VSC for
a scattering problem for the Schrédinger equation in Chapter 5. This relies
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on the one hand on our results on Besov spaces and on the other hand on the
construction of specific solutions to the problem. One of the main new features
of the result is that we will make explicit how constants depend on the energy
which is one of the parameters of the pde. We have already announced a similar
result in [WH17].

o Lastly we derive some new results on electric impedance tomography in Chap-
ter 6. Based on a well-known connection to the Schrodinger equation we will
derive a new conditional stability estimate for this problem. Further we estab-
lish a result which allows to derive VSC from stability estimates. Combining
these two findings then yields the first (at least to the best of our knowledge)
convergence rate result for a reconstruction technique for electric impedance
tomography in three dimensions.

We conclude with an outlook and appendices on convex analysis and function spaces.
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CHAPTER I

TIKHONOV REGULARIZATION

Measure what can be measured, and make measureable what
cannot be measured.

attributed to GALILEO GALILEL.

1.1 lll-Posed Problems and their Regularization

In [Kel76] the concept of problems which are inverse to each other is introduced: it
is required that the formulation of one problem contains the solution of the other.
These kind of problems occur for example in science where one wants to predict
a parameter given some observation. An associated problem is to to predict the
observation given the parameter which is usually much better understood and hence
called the direct problem. The direct problem is often well-posed in the sense of
Hadamard (see [Had53]), i.e. it meets the conditions of the following definition:

Definition 1.1. A problem is called well-posed if
(a) it has a solution,
(b) the solution is unique and

(c) the solution depends continuously on the data.
A problem that is not well-posed is called ill-posed.
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Correspondingly we call the problem to predict the parameter from the solution
the inverse problem which often turns out to be ill-posed. Note that reformulating
the problem can help to overcome issues with the first two items by either enlarging
or shrinking the set where we look for a solution. However, item (c) is the most
important one as in practice any measurement will be noisy, and thus any ad-hoc
reconstruction not taking the noisy character of the measurement into account should
be regarded as meaningless.

From now on we will assume that the direct problem can be written as an operator

equation
F(f) =g (1)

where F is the forward operator mapping the parameter f € dom(F) C X to the
observation ¢ € Y and X', Y are Banach spaces. We will denote the true solution by
fT and the corresponding data by ¢'. The well-posedness criteria of Hadamard in
Definition 1.1 for the inverse problem then read as

(a) Fis surjective,
(b) F is injective,
(c) F~1is continuous.

In case that F~! is not continuous a small perturbation of the input can lead to an
arbitrarily large perturbation of the output. Further it is evident why this problem
cannot be overcome by a simple reformulation as we either need a finer topology
on Y or a coarser topology on X'. However, one would like to analyze the effect of
errors on the solution. Assuming that the topologies are induced by norms one has
the problem that errors are usually unbounded in stronger norms on Y (which would
induce a finer topology) while error estimates in weaker norms on X (i.e. coarser
topology) are usually non-informative. Hence, instead of solving the inverse problem
directly, one approximates F~! by a family of continuous operators {Ry }4~0 such

that
Ra(g) =5 F7'(g)
whenever the right hand side is defined. A prominent example of such a method is

Tikhonov regularization which will be studied in more detail in the following.

1.2 Generalized Tikhonov Functionals

Consider for a moment the case that X', ) are Hilbert spaces and the forward operator
is a linear injective map, that is F = T.! On the observed data g = g°®® suppose that

g% — g7 | V|| < 6.2 Then f is a least-square solution to (1.1) with data g°s if and

IThroughout this thesis a general forward map will be denoted by F, in case that F is linear we will
denote it by T.

2This thesis uses the notation || f | X|| for the norm of f in the space X instead of the more common
notation || f|| x due to the numerous indices of spaces appearing later.
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only if ffulﬁlls the normal equation
T* TJ/(\ — T*gObS.

Note that turning to least square solutions does not guarantee existence — consider
the case of ¢°* ¢ ran(T) \ ran(T) - but injectivity of T ensures uniqueness of the
solution. Formally this equation can be rewritten as f = (T*T)~1T*g°s which is still
ill-posed if T~! is not continuous. However replacing T*T by T*T + aI and setting
fai= (T*T + o)~ Y(T* gObs + afg) for some initial guess fy we see that fx depends
continuously on g°P* and f — f as « — 0if f is well defined. Indeed T*T + al is a
positive self-adjoint operator fulfilling ((T*T + al)f, f) > a||f | X||? implying that
(T*T +al)~1 | X — X|| < 1 by the Lax-Milgram lemma. Regularizations of similar
form in a Hilbert space setting will be considered in Section 3.2.

The approximation f, can also be characterized in a variational way, namely

fa € argmin T o (f),  where  Faus o (f) 1= I Tf = g [ V| +allf - fo| X|*

(1.2)
The functional ‘Z{Obs,lx is called Tikhonov functional due to Tikhonov [Tik63b, Tik63a]
who used spaces X including derivatives of f. The first term of the Tikhonov func-
tional in (1.2) measures the data misfit, i.e. how good the approximation satisfies the
measured data, while the second term stabilizes the problem and incorporates the
a-priori knowledge that the solution is smooth and close to fy. The parameter « > 0
balances the two terms; the smaller we choose « the better our approximation of the
original problem but the more sensitive we become to data errors. In the following
we will study a generalization of the form

fa € arg min %Obs,zx(f)’ where ﬁgobs,a(f) = %S(F(f) g0b5> +R(f) (1.3)

explained in more detail in the following subsection.

1.2.1 Noise model

More generally denote by J° the set of all possible measurable data g°P. In general
one has )°bs # ) —note that there are even cases where oS is not a vector space (see
the references on impulsive noise below). Define a mapping S: J x Y°P% — RU {co}
which assigns to each measurement g°° € Y°bS a data fidelity functional S(-,g°)
which should be relatively small if an input close to F(f) could generate the data g°b

As we are looking for a minimizer of (1.3) the exact value of S(g, ¢°°*) has no mean-
ing. If g°P is observed data generated by ¢* however, then (S(g, ¢°°) — S(g*, ¢°>))
should be approximately zero if g is close to g* and large if ¢ is far away from
¢'. To quantify how close g and g' are, we introduce an ideal data fidelity functional
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’7;,+ : Y — [0, 00]. The noise level will now be defined by comparing the difference of
the two data fidelity functionals with the ideal data fidelity functional.

Definition 1.2 (effective noise level). Let g* € Y be exact data and let Corr > 1 be a
constant. Then the effective noise level err: Y — [0, o] given some data g°° € )°P* is
defined as

1
err(g) = S(g%,8%%) — S(8,8°) + = Tt (8)-
err
For any subset Y C Y we define

erry; := sup err(g).
g€y

The global effective noise level err is defined as
€IT = eITF(dom(F)) -

Note that err(g) is the smallest number e such that the inequality

1

S(g,8°%) - S(g",g°) > Corr

Ter(g) —e

holds true.

Example 1.3. The following example introduces the two noise models which will
occur in this thesis, together with their respective choices of (ideal) data fidelity
functionals.

(a) Classical, deterministic noise model, see [WH12, Ex. 3.1]: In this case one has
yobs = Y and one assumes that the observed data gObS satisfies

¢ =¢"+e ||V <o

The typical choices of data fidelity functionals are

1
S(81,82) = Tg,(82) = ;Ilgl -7

for some p € [1,00). Choosing Cerr = 2P~1 one can show that erf < 267. The
typical choice of p when Y is a Hilbert space is p = 2 in which case one obtains
the classical form of the data misfit in the Tikhonov functional.

(b) White noise, see [HW12, Sec. 2]: We assume that ) is a Hilbert space and that
the data is of the form
gobs _ g+ +e7

where Z is a white noise process on ), that is

E[(Z,g)]=0 and  E[(Z g1)(Z )] = (81,82)
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forall g, 81,82 € V. Choosing the ideal data fidelity functional as in the Hilbert
space case above, that is 7+ (g) = 11lg" — g| V|12, one would like to do the same
for the data fidelity functional. But by setting

S(g,g0b5> — %Hgigobs

one sees that this term is infinite almost surely. However, all terms up to
[|g°%% | V||? are almost surely finite and this term does not depend on g. Hence
we will drop this term and define

I = g1 - () + 3 || 9

obs 1 obs
5(88™) = 5lIgIVIP = ().

Setting Cerr = 1 this leads to

err(g) =&(Z,g—g")

so one obtains E[err(g)] = 0 and V[err(g)] = €2||g — g7 | V||*. Note that err(g)
is still a random variable and that err = oo, if dom(F) contains a one dimen-
sional subspace. Therefore to handle the error more properties on the distribu-
tion in form of concentration or deviation inequalities are required.

Further examples where this error model has been used are impulsive noise
models [HW14, KWH16] and Poisson noise models [WH12].

1.2.2 Regularizing property

In this section we prove the following regularization properties of (1.3):
(a) Well-definedness, that is there exists a minimizer f,x of Fobs , for any a > 0 and
gobs c yobs.

(b) Stability, that is the regularized solutions fa depend sequentially continuously
on the data g°bs.

(c) Convergence, that is regularized solutions (fy, )uen for which a, — 0 and
(err(F(fa,)))new — 0in an appropriate manner converge to the true solution

.
To prove these properties we will require that the subsequent assumption holds true:

Assumption 1.4. The following will be standing assumption throughout the current
and the following chapter.

(@) (X, ty)and (Y, Ty) are locally convex vector spaces and (yobS, Tyobs) is a Haus-
dorff space.
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(b) R: X - RU {co} is convex and lower semicompact.

(c) Let F: dom(F) — ) be a possibly nonlinear operator defined on a set dom(F)
and assume that D := dom(F) Ndom(R) # @ is a sequentially closed set and
F is sequentially continuous on D.

(d) Associate to all data g°P € Y°PS a data fidelity functional S(-,g°*): Y — R U

{oo} satisfying inf (e qom(r) S(F(f), ¢°%) € R which is lower semicontinuous
w.r.t. Ty X Tyes and sequentially continuous w.r.t. Tyobs.

(e) Let g+ be exact data and 7é+ : Y — [0, 0] be a corresponding ideal data fidelity
functional, which is lower semicontinuous and satisfies 7+ (¢) = 0if and only
if g = g

(f) There exists a unique f' € arg MiN ;. p(p)_ot R(f), called R-minimizing solution
to F(f) =g".

(g) OR(f") # @.

Example 1.5. Consider the classical Tikhonov functional (1.2) with norm-to-norm
continuous operator T. Setting Ty as the weak topology on A and 7y = Ty as
the weak topology on ) we see that all the assumptions are fulfilled. Indeed T
is also weak-to-weak continuous and even if T is not injective the R-minimizing
solution is unique as f' is the orthogonal projection of f; onto the affine subspace
{fex:Tf=¢"}.

The following theorem shows that under the assumptions above Tikhonov regular-
ization is well-defined, the proof follows along the lines of[P6s08, Thm. 1.6] or [Fle11,
Thm. 3.2] and essentially shows that the Tikhonov functional is lower semicompact.

Theorem 1.6 (well-definedness). Suppose that Assumption 1.4 is satisfied. Then there
exists a minimizer fu of Fors o (f)-

If F = T is linear and S(-,¢°") and R are convex with at least one of them being
strictly convex, then the minimizer f,x is unique as then the Tikhonov functional is
strictly convex. This is e.g. the case for the classical Tikhonov regularization (1.2).
In general however one cannot guarantee uniqueness. Hence one cannot expect
that given a converging sequence of data a sequence of corresponding minimizers
converges as the sequence of minimizer might jump between different solutions.
Nevertheless the following result shows that one still has convergence along subse-
quences.

Theorem 1.7 (stability, [Flel1, Thm. 3.3]). Let g"bS € Yo anda e (0, 00) and assume
that the Tikhonov functional ygobS,a is proper. Let (gﬁ,’bs)ng]N C yobs, (an)nen C (0,00)
and (en)new C [0,00) such that g3 — ¢, w, — aand e, — 0. Let (fy)new C X such
that

T, () < Jnf T (f) +en
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If Assumption 1.4 is satisfied then the following holds true:
(a) imsup, i Zoobs , (fn) < 0.

8n Mn

(b) (fu)new has a convergent subsequence ( fu, )kei-

(c) Each limit ﬁ of a convergent subsequence satisfies ﬁ € argming Foos , (f).

(d) For each convergent subsequence one obtains S(fy,, gﬂ'}f’s) — S(ﬁ” gobS), R(fu,) —
R(ﬁc) and 7 ,obs k(fnk) — %obs,“(f/;) ask — oo,

8y &

(e) If the minimizer of Tavs ,, is unique, then (fn)new converges to f,x

The previous theorem shows that generalized Tikhonov estimators depend con-
tinuously on the observed data. So if we solve (1.3) instead of (1.1) we obtain a
well-posed problem in the sense of Definition 1.1 up to uniqueness. It further shows
that it is also robust with respect to only approximate evaluation.

Theorem 1.8 (convergence). Let fT € X with exact data gt € V. Let (§3°%) e C YO
be a sequence of observed data with associated global effective noise level (€fty, ),c such that
lim,,_,o ert, = 0. Assume that the reqularization parameters (&, ), are chosen such that

err,
=0.

lim a,, =0 and lim
n—co n—o0 Ky

Let Assumption 1.4 be satisfied and fn = f;n be a sequence of minimizers of ‘%2]35, w, Then
the following holds true:

(@) fu — f with respect to Ty;

(0) R(fu) = R(f);

() Ay (fu, £1) = 0 forall f* € IR(f1);
(d) Tt (F(fa)) = 0.

Proof. As fAn minimizes %ﬂbs, «,» We obtain
1 r obs r 1 + obs +
il < = .
S(FU ) + R(fa) < S (F(), ) +R(fF)
Rearranging terms and using the definition of the effective noise level this implies

R(E) o () <R + L ().

err&n n
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Bounding the effective noise level by err, and taking the limit superior on both sides
this shows that

: =~ 1 -~ . + 1 __ +
11injotjp [R(fn) + Cotr 7;+ (F(fn))} < 11;1;3::19 {R (f ) + . errn} = ’R(f )
(1.4)
due to the assumption on the choice of a,. As 7+ is positive and R is lower semicom-
pact by Assumption 1.4 we obtain that there ex1sts a subsequence ( fnk ke converging
to some f. As D is supposed to be sequentially closed we get f € D ; hence by the
lower semicontinuity of 7+ and sequential continuity of F that

Ter (F(F)) <timin€ Tor (F(Fy) ) < liminé [ (F(Fo,), g37) — S (7,850 ) + |

< limsup ay, [R(er) - R(ﬁ,\kﬂ + lim sup err,, = 0.

k—o0 k—o0

Thus F(f) = g, as furthermore R(f) < R(f") this 1mpl1es f = f'by Assumption 1.4.
Due to the uniqueness of fT this implies that f, — T, hence limy,_,co (f* fn =0
for all f* € 9R(f"). Combining (1.4) and the lower semicontinuity of R we see that

hmsup'R,<fn> < R(f+> < hmlnfR(fn)

n—o0

finishing the proof. O

1.2.3 Numerical minimization of Tikhonov functionals

In order to simplify the notation we will abbreviate S(g) := S(g,¢°>) and 7 (f) :=
Trgobs g (f) in this section. Additionally we will assume that S(-) is convex which is
the case for the most prominent data fidelity terms.

1.2.3.1 Linear Forward Mappings

In case that F = T the Tikhonov functional is convex, hence any (sub-)gradient decent
algorithm will eventually converge to a minimizer j?of 7 . Especially in the Hilbert
space setting where the solution of the Tikhonov functional is given by the solution
of the linear equation

(T'T+al)f = T*¢° +afy
the Conjugate Gradient Method provides a very efficient and fast algorithm to solve
this linear system.
In the following we want to shortly present a First-Order Primal-Dual Algorithm

for Convex Problems which works for functionals § and R which are proper, convex
and lower semicontinuous. The algorithm solves the problem by simultaneously
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minimizing the Tikhonov functional and the corresponding dual problem. It was
first developed in [CP10] for a (formally finite dimensional) Hilbert space setting and
extended to an infinite dimensional Banach space setting in [Hom15].

Associated to each Tikhonov functional

f € argmin[S(Tf) +R(f)], (1.5P)
Fex

where for simplicity we absorbed the regularization parameter « into the data misfit
functional there is a corresponding dual problem

p € argmax|—S*(—p) — R*(T"p)], (1.5D)
pEY”

where S* and R* are the Fenchel conjugates (see Definition A.13) of S and R re-
spectively. Both problems can be solved simultaneously by finding a saddle point
of

(f,ﬁ) € argmin argmgx[(p,—Tﬁ +R(f) = S*(—p)]. (1.5S)
fex peY*

The three problems are related by the following Theorem:

Theorem 1.9 (see [BC11, Chap. 19]). Assume that there exist fo € X and pg € V* such
that R(fo),S(Tpo), R*(T*po) and S*(po) are all finite. Set

pim nE[S(TH+R(A] and = sup [=8"(=p) = R(T"p)]
€ peY*

Then the following holds true:
(a) If R* is continuous at T* po, then a solution fof (1.5P) exist and y = u*.
(b) If S is continuous at T fy, then a solution p of (1.5D) exist and p = p*.
(c) The following are equivalent:
(i) fis a solution of (1.5P), p is a solution of (1.5D) and p = p*.
(i) (f,p) is a saddle point of (1.55).

(iii) The extremal relations

—p€dS(Tf), TpedR(f) (1.6)
hold true.

If any of the points in Theorem 1.9(c) is fulfilled we say that strong duality holds
true. In this case the extremal relations can be used to set up an algorithm for solving
the saddle point problem (1.5S). Using Corollary A.15, we can rewrite the second

extremal relation as T]? € 05*(—p). Then scaling both equations with some positive
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~

parameters o, T as well as adding and subtracting jy- (—p) and jy (f), where jy-, jy
are selections of the normalized duality mapping (see Definition B.6) we see that

ne o [P Uy raas) (o) +ot]]
' f e (jix+7aR) " |jx () +T"p]

In order to create an algorithm out of these equations efficient ways to evaluate the
operators (jy« +0¢dS*)~! and (jx + TOR) !, called resolvent mappings, are needed.
Under the conditions of Theorem 1.9 it can be shown that they are well-defined
and single valued, see [Roc70]. Furthermore, they can be computed by solving the
minimization problem

(G +70R) () = argmin TR + 8o (i ()

1.7)

and likewise for the second resolvent. For several important cases there even exist
closed form expressions of the resolvents:

Example 1.10 (see [Hom15, Cor. 43.3]). Leto, T > 0, S(g) = (g — ¢°**| V||* and
R(f) = 3l £ X2 then

obs
. oy —1 . [ §—0g8
(jy+ +09S™) (g)—1y<1+0 )

B 1
141

jas (fF)-

We can now use (1.7) together with an overrelaxation step to obtain the following
algorithm to solve the saddle point problem (1.55):

(jx +TOR) " (f)

Algorithm 1.11. First-Order Primal-Dual Algorithm for Convex Problems

e Initialize: Choose (fo, po) € X X V*, (0, Tu)new C (0,00)2, (On)nen C [0,1]
and set fy = fo.

o [terate: For n € N set

Put1 = = (jy +0298") " [jy-(=pn) + 0uTFl,
fus1 = (ju + TnaRy1 lx(fu) + T pul,
fn-i—l = fn-i—l +®n(fn+1 _fn)~

For convergence properties of this algorithm under suitable parameter choice
rules and mild assumptions on the involved functionals see [Hom15, Chap. 4]. As a
particular example, let X be 2-convex and ) be 2-smooth with S and R as in Example
1.10, then there exists a constant parameter choice rule for o, T, © such that (py, fx)
converge linearly with respect to the the Bregman distance to a solution (p, f) of the
saddle point problem.
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1.2.3.2 Nonlinear Forward Mappings

If the forward operator is nonlinear, then the Tikhonov functional will usually have
local minima even for convex functionals S, R. Hence finding the global minimizer
is a great numerical challenge. For the convergence rate analysis of Tikhonov regular-
ization in the following chapters we will still always assume that the minimizer ﬁ is
given.

If the forward operator is nonlinear but differentiable the corresponding inverse
problem is often solved via successive linearization, that is given some guess f, one

solves
F(f) = F(fa) + F'[fal (f — fu) = g

to obtain an update f,.1 = f. If this equation is ill-posed one of course has to
regularize again.

e Given a Tikhonov functional with fixed « the following methods can be used:

— If the functionals are smooth one can either apply a Gradient Decent Method
or a Newton-type Method to obtain a locally convergent algorithm. The
problem with gradient decent methods is that they generally converge
quite slowly, also their performance can be improved by suitable adjust-
ment of the step direction, see e.g. [BB88]. The main problem of Newton’s
method is that it require the Hessian of the forward operator, which is
usually very costly to compute, as the method is applied to the first order
optimality conditions. So one typically uses quasi Newton’s methods like
BFGS where only the Jacobian of the forward operator is needed.

- Alternatively one can try to directly apply the technique of the previous

subsection. While there exists no dual problem one can still formulate a
saddle point problem for a nonlinear operator which is of the form

(f,p) € argmin argmax[(p, —F(f)) + R(f) — S*(—p)].
fex  peyr

An algorithm similar to the one presented in Algorithm 1.11 for solving
this equation with nonlinear operator F has first been developed in [Vall4]
for a finite dimensional setting and was extended in [CV17] to an infinite
dimensional Hilbert space setting. Assuming that the forward operator is
differentiable, the iteration reads

Forr = (oo + TdR) ™ [fae (Fu) + TaF' [fu]*pa],
]Fn—&-l = fn+1 JF@n(fn—q—l 7f1’1)l
Pu1 = —(jyr +040S*) " [jy (—pu) + ouF (fur1)]

and local convergence has been shown under suitable regularity assump-
tions. For global convergence properties see [CMV18].
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o Another idea is to solve a sequence of Tikhonov functionals where a;, — 0
together with an early stopping rule which lead to new regularization methods.

— Starting with [Ram03] and extended in [ZW16] an algorithm that yields
global convergence has been studied where S is a norm power and R con-
vex of power type. The idea is to first compute an approximate minimizer
of a Tikhonov functional with a very large « via an iterative algorithm, as
it can be shown that then the Tikhonov functional is convex in a neighbor-
hood of fT. Then a is reduced and the previous minimizer is used as an
initial guess. It can be shown that this algorithm terminates after finitely
many inner and outer iterations, however strong assumptions have to be
made (one needs the nonlinear version of the source condition (2.17) as
well as a tangential cone condition (2.13)).

— A widely used method is the iteration

Fuer € argmin ——8 (F(fa) + FIA1(f ~ fu),8™) + R(f)
n+1

which is the so called iteratively regularized Gauss-Newton method. As at
each step a Tikhonov type functional has to be minimized one can apply
the First-Order Primal-Dual Algorithm presented in the previous section
as an inner algorithm. In [HW12] it is shown that together with an early
stopping rule this algorithm provides a regularization method under suit-
able assumption restricting the nonlinearity of the forward operator (the
conditions generalize the tangential cone condition (2.13)). Furthermore a
large part of the convergence rate theory described later on carries over to
this regularization technique.



CHAPTER II

CONVERGENCE RATES THEORY

Mathematics is the work of individuals. But its concepts and
its theorems belong to no person and no ethnic, religious, or
political group. They belong to all of us. Mathematical
knowledge builds on the work of those who have gone before
us. It is hard won, and we often do not value it as we should.
Anyone of us with an elementary school education can solve
arithmetic and algebraic problems that would have defeated
the most learned Babylonian scribes. Anyone of us with a few
courses of calculus and linear algebra can solve problems that
Pythagoras, Archimedes, or even Newton could not have
touched. A mathematics graduate student today can handle
topological calculations that Riemann and Poincare could not
have bequn. We are not smarter than they. Rather, we are
their beneficiaries.

DONAL O’SHEA, in “The Poincaré conjecture”

We have seen in Theorem 1.8 that if we have a sequence of data for which the limit of
the noise level vanishes, then the estimator of the Tikhonov functionals converge to
the exact solution. A key question in regularization theory is to determine bounds on
the distance between regularized and true solution. In the classical Tikhonov model
one tries to find error estimates of the form

[ st 2] < wo) 21a)
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for some continuous function ¥ : [0,00) — [0, 00) with »(0) = 0 and some parameter
choice rule & = a(8, g°*). More generally one tries to find error estimates of the form

&(fuf) < w(err(F(R)) 2.1b)

where € is some generalized loss functional for some parameter choice & depending
on the data and the noise model. Such error estimates are called convergence rates in
regularization theory.

In order to obtain convergence rates one needs additional information on the true
solution as the following proposition shows:

Proposition 2.1 (see [EHN96, Prop. 3.11]). Let F: X — ) be injective. Assume that
there exists R: Y — X and i: [0, 00) — [0, 00) continuous such that (0) = 0 such that

g— gobs

sup{HR(gObs) — Ffl(g)H: ¢ € ran(F), < (5} < P(9) Vo >0,

then F~1 is continuous.

In this chapter we will study several conditions on the true solution f' which will
guarantee that convergence rate of the form (2.1) hold true. In Section 2.1 we will look
at spectral source conditions that will yield convergence rate in the classical Hilbert
space setting, and in Section 2.2 at the closely related range conditions which allow to
extend some special cases to a Banach space setting. Next we will show how stability
estimates can be used to derive convergence rates for specially constructed Tikhonov
functionals. In Section 2.4 we will present the convergence rate theory based on
variational source conditions which can be considered as the state of the art theory.
Afterwards we will describe an abstract framework to prove such a condition which is
applicable for a wide range of settings and will be an important tool in the following
chapters. Lastly we will discuss the relation to the previously studied conditions and
give some further results on variational source conditions.

2.1 Spectral Source Conditions

In this section we will present the classical convergence rate theory in Hilbert spaces,
the basics of this are already treated in [EHN96]. This theory is very well suited to deal
with solving linear equations in Hilbert spaces. We will recall the main convergence
rate result and briefly comment on optimality, parameter choice rules and extensions
to nonlinear operators. As this theory relies heavily on the spectral calculus it is not
extendable to a Banach space setting, however in special cases the conditions are
equivalent to range conditions which can also be exploited in a Banach space setting
to get convergence rates as we will see in Section 2.2.
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Definition 2.2. A continuous function ¢: [0,00) — [0,00) with ¢(0) = 0 that is
monotonically increasing is called an index function.

We say that f* satisfies a spectral source condition, if

fJr —fo=¢(T"'Tw (2.2)

for some index function ¢, source element w and initial guess fy. The two most
commonly used examples of index functions in spectral source conditions are Holder
source condition where

o(t) = gll(t) = 12 (2.3a)

for some v > 0 and logarithmic source condition where

(—log(min{t,t})) 7 t>0

2.3b
0 t=0 (2.3b)

p(t) := @y (t) = {

for some p > 0 and some fy € (0,1).

The difficulty with condition (2.2) is the interpretation of the equation. It turns out
that for many problems spectral source conditions with the index functions as in (2.3)
can be interpreted as smoothness conditions on fT — f; in the sense of classic Sobolev
smoothness of the true solution. Hence one often refers to (2.2) as a smoothness
condition.

Example 2.3. For the following examples such an interpretation holds true with
fo =0:

e In the case of Numerical Differentiation (that is, (Tf)(x) = fox f(y) dy) with

X =Y =12([01]) := {f € [20,1]: [} f(y)dy = 0} we have (2.2) with

¢ = ¢}! asin (2.3) if and only if f* € Hp,.([0,1]) N L3([0,1]).

o The Backward heat equation tries to determine the temperature distribution at
t = 0 given the temperature distribution at some later time t = 7 > 0 (see
Section 3.6 for details on the operator). If one assumes a periodic setting, that
is X =) = L?(T%), then we have (2.2) with Q= (pII; as in (2.3b) if and only if
ft € H?P(T). Similar results hold for the side ways heat equation and in satellite
gradiometry, see [Hoh00].

e In the case of inverse potential and inverse scattering (which are both nonlinear
problems, see Section 2.1.4 below on how to treat nonlinear problems) it has
been shown in [Hoh97] that even analyticity of the true solution is not enough
in order to obtain (2.2) with ¢ = ¢!l as in (2.3a) while ¢ = 9”]5 as in (2.3b) has
again meaningful interpretations in terms of Sobolev smoothness.

An example for the verification of a spectral source condition which is not of the
form (2.3) can be found in [HHO1, Lemma 4.2] (see also Lemma 5.16).
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2.1.1 Convergence rates

In order to state the convergence rate result for spectral source conditions, we need to
introduce a quasiordering on the set of index functions.

Definition 2.4. We say that an index function ¢ covers an index function ¢ if there
exists a constant ¢ > 0 such that

c(PO(“) in M o
¢(w) Stxﬁtil o(t) va € (0,1].

(a
If pg covers @, we write ¢ = @o.

Whether an index function covers another is only determined by their behavior
around zero; roughly speaking ¢ = ¢y means that ¢y decays faster to zero then ¢.

Theorem 2.5 (convergence rate, see [MP03, Thm. 2]). Let fT fulfill (2.2) for some index
function ¢, fo € X and w € X such that |[w| < o. Assume that ¢ = id and set

O(t) := Vtg(t). Choose & by
7:=0"! (‘5> (2.4)

Q

then there exists a constant ¢ > 0 such that for an the minimizer of the classical Tikhonov
functional the error estimate

Porfsanlon(y)) wewa e
holds true.

The proof is based on splitting the error in two different parts
|f= | < | o= £

where f, is the minimizer of 7 ,. The two error terms on the right hand side are
called propagated data noise error and approximation error (or bias in a statistical context)
respectively. For the propagated data noise error one has the estimate!
)
<c— (2.7a)

| Vi

while the estimate of the approximation error is given by

fu=f 26)

+|

-~

fu—fa

fu= £ < cop(@) (27)

1Throughout this thesis c is a generic constant whose value might change from line to line. In general ¢
can depend on all quantities not made explicit.
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if the conditions of the theorem are met. The parameter choice rule then ensures
that the right hand sides of (2.7) are of equal order and so their sum approximately
minimize the total error.

If we specialize the theorem above to the index functions considered in (2.3) we
see that in the case of ¢ = ¢!! we have ¢!! = id if and only if v < 2. In the case of
v < 2 we see that a choice of & = (6/p)?/(V+1) implies the convergence rate

Fae f*H < corigT

When v > 2 the additional smoothness of the true solution cannot be used to improve
the convergence rate when using Tikhonov regularization (other regularization meth-
ods have to be used in this case, see Section 3.2). One might wonder whether faster
rates are possible for Tikhonov regularization which are attainable under different
conditions. However, the following shows that this only the case if f = fy:

Proposition 2.6 (see [Neu97, Thm. 3.1]). Let & = (6, g°P%) be a parameter choice rule

such that
sup 2 —f*H = 0(52/3).

o> —g"[| <5

Then ft = f.
We would like to give a small example (which we will refer to repeatedly in this
chapter) where Holder type source conditions are fulfilled:

Example 2.7. Let T: (2(IN) — ((IN) be given by (Tf)n = L f,. Let ft € 2(IN) be
givenby f = 1. Then for fo = 0 a short calculation shows that

1-v
= (1) 2w, w") € 2(IN) with wl) = <1> forv e (0,1/2),

n

but not for v = 1/2. Hence Theorem 2.5 shows that for a classical noise model and an
appropriate parameter choice rule & the convergence rate

Iy - o] < o

for the minimizer of the Tikhonov functional j?,g holds true. Note that ;17 < % for all
v e (0,1/2) and [|w® | 2(IN)[|71 — coas v — 1/2.
For ¢ = (Plﬁ we obtain that (p];; = id for all p > 0. Since ® ! does not have a nice

closed form expression we cannot simplify the parameter choice rule but can show
that

fa—f* H <cegop< )[1+o(1)] asZ—>0.
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One can actually prove that this rate is even achievable by the very simple parameter
choice rule &« = /¢ (see [Hoh00, Thm. 5]).

One of the natural questions that appear is whether all possible solutions fT fulfill
a spectral source condition. This question has been answered for injective operators,
first under the assumption that they are also compact in [MHO08] and later for the
general case in [HMvWO09].

Proposition 2.8. Let T be injective. Then for all f € X there exist an index function ¢ and
w € X such that f = @(T*T)w and ||w|| < 2| fF].

Note that this does not contradict Proposition 2.1: while for each specific element
fT € X we get a convergence rate, we cannot uniformly bound these rates on the
whole space X.

2.1.2 Lower bounds on rates

So far we have seen convergence rates for Tikhonov regularization under a-prior
parameter choice rules for linear operators. One might wonder whether the derived
convergence rates are optimal or better rates are possible under the same conditions
either for Tikhonov regularization or any other reconstruction method. In order to
compare different methods we define:

Definition 2.9. Let F: X — ) . Then for any (linear or nonlinear) mapping R: ) —
X the worst case error at noise level 6 on the set L C X is defined as
< 5}.

F( f+) _ gobs
We will say that a method R converges of optimal order on the set K if there exists
a constant ¢ > 1 such that Dg (4, ) < cinfz D (9, K). In order to determine whether
a method is of optimal order, we hence need a universal lower bound for the worst
case error. This bound is given by the following:

Dr(4,K) := sup{Hf* _ R(gObS)

’:f+€/C,g°bs€y,

Definition 2.10. Let F: X — )Y be injective and K C X'. Then the modulus of continuity
of (F|x)~! is defined as

w(6,K) := sup{|[fi = fall: fi, f2 € K, [[E(f1) = E(f2)[| < 6}

Lemma 2.11 (compare [EHN96, Rem. 3.12]). The worst case error for any (linear or
nonlinear) reconstruction method R: Y — X satisfies the lower bound

Dr(6,K) > ~w(26,K).

N —
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Proof. Let f1, fo € K such that ||F(f;) — F(f2)| < 26, then setting g°° = 1(F(f1) —
F(f2)) we get that ||F(f;) — g°P®|| < 6 for i = 1,2. Thus one obtains

21— fall < 5 (1~ R+ 12— R(s™)1))

. — R(g°™)|| < Dgr(6,K),
l,g{lig}llf (&) < Dr(s,K)

IN

and taking the supremum over the left hand side yields the claim. O

It therefore remains to calculate lower bounds on suitable sets K for the modulus
of continuity. In the case of linear operators and spectral source conditions a suitable
source set is given by

K=Kgo:={f =T Tw: ||lw|] < e}

For Tikhonov regularization we know that on these sets the estimate

D1(6, Kp) < ceqo(@rl (j))

holds true by Theorem 2.5.

Proposition 2.12 (lower bound, [MP03, Thm. 1]). Let ¢ be an index function and © be
defined as in Theorem 2.5.

(@) If@1(5/0) € o(T*T), then

w(6,Kgo) = Q§0<®_1 (g))

(b) If©~1(6;/0) € o(T*T) for j = 1,2, then

w< (1—1t)0%2 +t63, IC(P,Q>22 (1—t)o*p? <®1 <5Ql)> + to*p? <®1 (5@2) )

Furthermore it can be shown that if the gaps in the spectrum are bounded on a
logarithmic scale and ¢ is of type (2.3), then there exist a constant ¢ > 1 such that the
estimate in Proposition 2.12(a) also holds true for ®1(5/0) & o(T*T) if we multiply
the left hand side by c; hence Tikhonov regularization is always of optimal order in
this case.
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2.1.3 Parameter choice rules

The previous two sections have illustrated how to obtain order optimal convergence
rates for Tikhonov regularization under the assumption of a spectral source condi-
tion (2.2). Achieving this rate required the choice of the regularization parameter «
according to (2.4). In practice however it is usually unknown what type of source
condition the solution fulfills, i.e. ¢ and ¢ are unknown. Hence one would like to

have a criterion which selects the best solution f] for a sequence of solutions to the
Tikhonov functional f] = anj. Here best solutions mean that the selection criterion
will lead to order optimal convergence rates. We will discuss two of these methods
here, the sequential discrepancy principle and the Lepskii principle which both operate on
the set of regularization parameters

aj = a0, jeEN (2.8)

for some sufficiently large &y > 0 and g € (0,1). The idea is to evaluate after the
computation of f; for j = 1,...,] which f; is an order optimal solution with low
computational cost.

2.1.3.1 The sequential discrepancy principle

The discrepancy principle introduced by Morozov [Mor66] is based on the followmg
heuristic idea: if for the true solution f' solving Tft = ¢ we have that gt —

Obs < 4, then it does not make sense to look for approximate solutions f, such that
pp
H T f,x — ¢8| <« 4. As generally the residual decreases as « decreases one should
instead look for the largest a such that || T f, — g°%%|| ~ 4.

For simplic1t?)7 let fo = 0, T > 1be a parameter and assume that the signal-to-noise
ratio fulfills ||g°°%|| /6 > 7. Then we choose the regularization parameter &4 by the

rule R R
| Thig =g < | Thaass — ™

where &4 € (v(j) jew as defined in (2.8). By the functional calculus we get that

, (2.9)

o
Ata

_ Hra(TT*)gObs

HTan — gobs for (M) =

which shows that the dependence of the residual on « is continuous and monotone.
As the limits of the residual are given by

D‘IEI.}OHT]?‘X 7gobs 2 — ‘gobs 2 > (T(s)z
and ilg%HTﬁé - = 1nf HTf g% § 0% < (16)?
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we see that the sequential discrepancy principle is well defined if «y is large enough.
Moreover note that one can directly check after the computation of each fA] whether
the criterion (2.9) is fulfilled by a simple evaluation of the forward operator; hence
the discrepancy principle is numerically cheap to compute.

Theorem 2.13 (see [AHM14]). Assume that f fulfills (2.2) for some ¢ such that ¢ = /-
and |[w|| < o. Let T > 1 and choose &g € (&j)jc as defined in (2.8) according to (2.9).
Then there exists a constant ¢ > 0 such that the estimate

(o (2)

A proof of this theorem for Holder-type source conditions (2.3a) can also be found
in [EHN96, Thm. 4.17 and Rem. 4.18] and a version for logarithmic source conditions
in [Hoh00, Thm. 7]. There is an important difference between the previous theorem
and Theorem 2.5 if one considers Holder-type source conditions with index function
@il The discrepancy principle yields order optimal rates only for v € (0,1] since
otherwise the condition ¢!! = /- is violated. Indeed it can be shown that for Holder-
type source conditions with v > 1 order optimal rates for this parameter choice rule
are achieved only in very special cases, see [Gro84, Theorem 3.3.6].

holds true for 6 small enough.

Instead of using the sequential version presented above one can also solve the
equation G(t) = 0 where G(t) = ||Tf; ;¢ — g°"||2 — (t6)2. One can show that this
function is two times differentiable and convex, therefore it is solvable via Newton’s
method and the iteration will converge globally. It can be formulated in a way such
that the only inverse operators appearing are of the form (T*T + %I )~! which have
to be computed anyway. This is the original discrepancy principle, however the

sequential version described here can be generalized easier to more general Tikhonov
functionals, see [AHM14].

2.1.3.2 The Lepskit principle

The Lepskii principle builds onto the idea of splitting the error as in (2.6). It originates
from [Lep90] and was further developed in [MP03, BH05, Mat06]. Note that the
bound on the propagated data noise error (2.7a) is known a-priori and decreases in a
(respectively increases in j if we pick a; by (2.8)); we will denote it by ®p;i(j). The
approximation error (2.7b) on the other hand depends on the unknown smoothness
of fT and has a bound - denoted by ®Dapp(j) — that is increasing in & (respectively
decreasing in j). Hence we have an error decomposition of the form

|FF = 7| < ®aoi() + Papp )- (2.10)
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Ideally, after computing j?l,. . ]?] for some | € IN, we would pick the index jor €
{1,...,]} as a parameter choice rule such that

Jor € argmin (P () + Papp(j))-
jefl ]}
As such a parameter choice rule requires knowledge of the unknown exact solution it
is called an oracle choice. Adopting the idea of balancing the two errors which lead to
(2.5) another idea would be to choose j. given by
jer=min{j € {1,..., J}: Poi(f) > Papp(j) }

but as the approximation error is unknown this rule is still not implementable. Even
though we know that for j > j, the total error is bounded by 2®,;(j) which can be
used to define the parameter choice

j* = min{j ef{1,...,J}: Hf+ —ka < 20,0 (k),Vj < k < ]}.

As for all k > j > j* the inequality ||f] — Fiell < 4Dpo;(k) holds true, we finally obtain
an implementable parameter choice rule

frep={j €L} [f— A < 40matorvi<k<T} @)

which is the so called Lepskii principle.

Theorem 2.14 (see [Mat06]). Let fT fulfill (2.2) for some index function ¢ and w € X
such that ||w|| < ¢ and ¢ = id. Let a; for j = 1,... ] be generated by (2.8) and let ] be large

enough such that @noi(]) > Papp(]). Then jLep < j* < ji and with Apep := aoqueP the
estimate

+ ~
Hf _fﬁ(Lep

7 ]a:'{glmljf;(q)noig) + @app(f)) = O (Q(P (®l <Z) > )

holds true as 6 — 0.

The condition ®pi(]) > Papp(]) guarantees that the choice of j. is well defined
which is needed throughout the analysis. For Tikhonov regularization it can be shown
that ®app(j) < 2(|f7]|, and thus we have to choose ] large enough such that

J > mind je N: —2— > 21| .
£/ aog/

It is evident that the main difference between the discrepancy principle and this
approach is that we cannot determine when to stop the computation of f; on the
fly but have to compute a fixed number of iteration as detailed above. In return we

get order optimal convergence rates even for Holder-type source conditions with
€ (1,2].
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2.1.4 Nonlinear operators

If the operator F is nonlinear (2.2) is not well defined. Assuming that the operator is
Fréchet differentiable, we replace it by

fr=fo=o(PUTFI)w (2.12)

where F/[f] is the Fréchet derivative of F at fT and F/[f']* its adjoint. This is,
however, not sufficient, and some nonlinearity conditions that control how well F'[fT]
approximates F in a neighborhood of f* are required. Depending on the strength of
the source condition (2.12) different nonlinearity conditions have been employed.

For spectral source conditions with ¢ = ¢! and v € [1,2] it is assumed that the
derivative of the forward operator is Lipschitz continuous, i.e. that |[F'[f1] — F'[f2]|| <
L||f1 — f2|l forall f1, f, € X. As many operators appearing in practical applications
are smooth this condition is not very restrictive. Furthermore the source condition
implies that there exists some @ € X such that T — fy = F/[f']*®@ (also see the
Section 2.2 about range conditions). If the smallness assumption L||@|| < 1 is satisfied,
then one obtains the same rates as in Theorem 2.5, see [EKN89, Neu89].

But for weaker source conditions this is not sufficient and stronger nonlinearity
assumptions are necessary. Here two different concepts have been used:

o In [HNS95] the tangential cone condition

[E(f2) = (F(f) + F'LAl(fa = A)) [ VI < nll ECA) = ER) I VI A — fo |(§f1||3‘:)

for all fi, f> in a ball around f' with some a € [0,1], b € [0,2] and # > 0
usually assumed to be small was introduced. Then if eithera = 1land 7 < 1
ora>1+v(l—a—b) > 0and ¢ = ¢!l Theorem 2.5 remains valid even
for v € (0,1], see [HS94, Tau97]. Lipschitz continuity of the derivative as
above implies a tangential cone condition with a = 0 and b = 2 however for
convergence rates it is needed that a ~ 1. Hence this condition is much more
restrictive especially since for ill-posed problems ||F(f;) — F(f2)|| can decay
much faster then || f; — fo| if fi — fa.

e Starting from [SEK93] the condition

(FIAl=FlRl)v=FlAlo( fi.f2) ol <klolllfi-fl VoeX
(2.14)
for all f1, f, in a ball around f* has been considered. Convergence rates as in
Theorem 2.5 under smallness assumptions of k|| f* — fo|| for ¢ = ¢!! have been
derived in [JH99, TJ03] and for general source conditions in [MNO7].

The two conditions were put in relation in [Kal08]. Assume that for f;, f close enough
to fT we have either

Flfil = FlAIR(fi, ) |Re(fi fo) = I| < Cellfi — follP (2.15a)
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for some C; > 0and § € [0,1] or

FlAl =Ri(fi. )P Riff) — I < Glfi - flf (2.15b)

for the same range of parameters. Then on the one hand it can be shown that (2.15a)
with 8 = 1is equivalent to (2.14). On the other hand (2.15b) with f > 0 implies (2.13)
witha =1 and b = B. Indeed, since

F(f2) = (F(f1) + F[Al(fa— f1) = /Ol(Rl(fl +t(f2a— f1), 1) = DAt F'[A](fa = f1),

we can estimate

IF(f2) = (F(f) + F' A2 — )| < 1iRﬁHF’[f1](fz = e - £l

The tangential cone condition in a small enough neighborhood then follows with
n =2C,/(1+ B) by estimating

[F'[Al(f2 = )l < [[E(f2) = (E(A) + F'IAIR = )|+ IE(f) — E(f2)]-

In summary, obtaining convergence rate by spectral source conditions for nonlin-
ear operators is still possible. Strong assumptions on the nonlinearity of F, however,
have to be imposed for weak source conditions that guarantee that F is reasonably
well approximated by F” and that F” does not change to rapidly. But these conditions
are very hard to verify and may even not be fulfilled, see e.g. [BH14].

2.2 Range Conditions

Coming back to linear operators T, we will now generalize two specific cases to a
Banach space setting. Consider the case that T fulfills a Holder type source condition
(2.3a) with v = 1 or v = 2, then using the fact that ran(T*) = ran((T*T)'/?) we can
write these two specific source conditions as

either dJoey: er =T'w,
or Jwe X: ft=TTw.

We know that for proper parameter choice rules these conditions lead to conver-
gence rates for A%H'Hz(ﬁ"fr) = %Hﬁ — 1| of O(6) and O(5*/3) respectively. Note
that this formulation of the two conditions does not require the functional calculus,
hence one might hope for a generalization. The aim of this section is to provide
such a generalization that yield similar rates in the non-Hilbert space setting when
S(g,8°%) = %Hg — g°P|| for some g > 1.
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If we explicitly state the dependence on « in (1.5P) and take the limit of « — O for
true data ¢* we obtain the minimization problem

fo € argmin R(f). (2.16)
Tf=g'

which by our assumptions on R (see Assumption 1.4) has the unique solution f.
Requiring that strong duality (i.e. one of the points of Theorem 1.9(c)) holds true for
this problem we obtain the extremal relation

e orR (T*p). (2.17)

Interpreting this equation as a source condition was first done in [BO04] and the
following result has been achieved:

Theorem 2.15. Let fT fulfill the source condition (2.17) then there exists a ¢ > 0 such that
the estimate 5
B (7 _
ARP(fa/f+> SC(Dﬂ l+a>

holds true. In particular for & ~ 69~ the convergence rate
A" (fuft) =00),  ase—o0
R X - ’
is obtained.

Note that for the Hilbert space case and classical Tikhonov regularization (2.17) is
equivalent to fT = T*7 and therefore to the Holder source condition with index v = 1.

As A%H.Hz(fl/fZ) = %”fl — f2||> we obtain the same rate as expected by Theorem 2.5.
To motivate the stronger source condition assume that ) and Y* are uniformly

convex and uniformly smooth. We then replace in (2.16) the equality constraint
Tf = ¢’ by a minimization property to obtain the problem

-~

fo € arg min R(f). (2.18)
feargmingy Gl|ITF—g*||7

where again J?O =f T by assumption. Expressing the minimization property by the
first order optimality conditions and using single valuedness for the duality mapping
we can conclude that

R s . %

fEargmmaHTf—ngHq = ]y,q(Tf—ng) € ker(T™")
Fex

< Tf S g+ —i—jy*,q/(ker(T*))
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after applying the likewise single valued operator ( jy,q)’l = jy+ 4 on both sides.
Note that jy« o (ker(T*)) = jy«(ker(T*)) as the two duality maps only differ by
different scaling and that this set is a closed subspace of ). Indeed jy- (ker(T*)) is
symmetric, homogeneous and convex as the set of solutions to a convex optimization
problem. Hence if we require strong duality to hold for the problem (2.18) we obtain
as extremal relations

fredR (T*p),  p e (jy-(ker(T7)))",

where for a set K C X we denote by K? C A’ the set K° := {f* € X': (f*,f) =
Oforall f € K}. It holds that (jy«(ker(T*)))? = jy:((ker(T*))?) if Y is a Hilbert
space; assuming that the same relation holds true in a Banach space? we get that
p € jy«(ranT). Requiring that even p € jy-(ran T) is fulfilled, see [Res05, Sec. 2] for
further motivation, one obtains

ft e orR* (T*jyTw), (2.19)
which will again be regarded as a source condition.

Theorem 2.16 (see [NHH' 10, Thm. 3.3]). Let fT fulfill (2.19) and assume that Y is q-
smooth. Further let there exist r > 1 and c,, py > 0 such that Ag (f, f1) < c/||f — fT| X"
forall f with || f — f1|| < py. Then for the parameter choice rule

the convergence rate

holds true.

For the classical Hilbert space setting we obviously have r = g = 2 and thus regain
I . . . . .
the expected convergence rate of 63 in Bregman distance. With suitable nonlinearity
conditions on F as well as replacing T with F'[f ] in (2.17) and (2.19) the results of
this section can be carried over to nonlinear operators, see [RS06, NHH"10].

2.3 Rates by Stability Estimates

Convergence rates for Tikhonov regularization can also be obtained by conditional
stability estimates without any further assumptions which restrict the nonlinearity
of the operator F. Conditional stability estimates are of interest e.g. in parameter

2This is at least true if either J = ¥ and ker(T*) = span{e, },c; for some index set [ or ) = L and
ker(T*) = {g: supp(g) C C} for some set C.
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identification problems and proven for a lot of different applications, see e.g. [Isa06]
as well as the references in Chapters 5 and 6. They have the form

Ifi = 21 X S R(@Y(IF(fi) = F(f2) | VI) V. f2 € dom(F)NBF, (2.20)

here R: [0,00) — [0, ) is a monotonically increasing function, ¥ is a concave index
function and Bg isthesetof all f € Z with ||f| Z|| < ¢ where Z C X is a dense,
continuously embedded subspace.

Assuming that the true solution fT satisfies T € Z, Tikhonov regularization with
the functional given by

1
Tesalf) = 5 ITF =& VP +ZIf | 2] @21)

for 1 < g < co can be used to ensure that the minimizer f,x belongs to Z as well. With
a proper parameter choice rule, we can obtain the following convergence rate result,
see [CY00, Thm. 2.1] and [HY10, Prop. 6.9].

Theorem 2.17. Suppose the conditional stability estimate (2.20) holds true and that ft €

dom(F) N Z. Let f,x be the minimizer of the Tikhonov functional (2.21) where « is chosen
such that there exist two constants 0 < ¢ < ¢ < o0 and ¢6* < a < ¢6%. Then there exists a
constant ¢ > 0 such that

ﬁ—f*‘XH <C¥(6)  asé 0.

The main idea of the proof is to find a ¢ that is large enough to ensure that
fA,x, ffeB QZ and then apply the stability estimate.

One important difference to classical Tikhonov regularization is that the parameter
choice rule violates the conditions of Theorem 1.8. Hence we cannot guarantee that
fA,,C — fTin Z for the given parameter choice rule.

In order to get a feeling on how this approach compares to spectral source condi-
tions, we return to Example 2.7.

Example 2.18. For s € R define £2(IN) as the set of sequences for which the norm

1
p
If 13 = (Z ”an|2>
nelN
is finite. Then for f and T as in Example 2.7 we obtain that f € £2(IN) fors < 1/2.
Results for two different stability estimate will be discussed here:
(@) For ¥ = Y = (?(IN) and with Z = ¢2(N) for some s € (0,1/2) the stability
estimate

s
s+1

o) <o

Tf | ()
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holds true and the exponents in this inequality are optimal. Thus Theorem
2.17 implies the same rate as we obtained in Example 2.7. Note, however, that
we need to know the smoothness of f (that is the fact that T € (2(IN) = 2)
in advance, while the rate in Example 2.7 can be achieved with a-posteriori
parameter choice rules without knowing the specific spectral source condition.

(b) Besides the previous stability estimate, T is also Lipschitz stable, namely
Hf‘ﬁl(]N)H — HTf’fz(]N)H Vf € £2(N).

So by changing the functional setting to X = ¢2 | (IN) and Z = ¢?(IN) we obtain
a convergence rate of

"ﬁ‘_f+‘£31(m)“§65 asd — 0

which is the rate of a well-posed problem and therefore faster than the rate
obtainable by classical Tikhonov regularization with an ill-posed operator. It
is, however, obtained in a weaker norm and we do not know whether f,x — ft
with respect to £2(IN). Note that the knowledge ft € ¢2(IN) for 0 < s < 1/2 is
not used in this result.

To summarize the results so far: From the first estimate we could get the con-
vergence rates as before but we would need to know the exact smoothness of f*in
advance which is unrealistic in practical applications. From the second estimate we
achieve a faster rate but this rate is obtained in a weak norm and we cannot use the full
smoothness of our true solution. These shortcomings have recently been addressed in
[EH18]. They assume that the involved spaces are part of a so called Hilbert scale (for
the usage of Hilbert scales in regularization theory see e.g. [Nat84, Neu92]): given a
Hilbert space & and a compact operator L: X — X we define &} for t € R as the
set of all elements such that || f | X;|| := |[L~!f | X|| is finite. An example of a Hilbert
sc[?le was already given in Example 2.18, further examples are L?-Sobolev spaces on
T,

Theorem 2.19 (see [EH18, Thm. 2.1]). Let (X})ter be a Hilbert scale and assume that
(2.20) holds true with X = X_, and Z = X}, and ¥ () = 67 with —a < b, a > 0 and
0 < 7 < 1. Assume that f’r € dom(F)NAX; forb <s <2b+aand letﬁ be the minimizer

of the Tikhonov functional (2.21), then there exists a constant ¢ > 0 depending on || fT | Xs|
such that

< 875 asé —0  forall —a<r<b

fom 1]
s—b
holds true for the parameter choice x = 62~ %7+,

The same rates can be obtained via an a-posteriori parameter choice rule based on
the discrepancy principle. The advantage of this result compared to Theorem 2.17 is
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that smoothness of the exact solution has to be known only roughly. Coming back to
Example 2.18(b) we see that we recover again the rate

fom 2N g0t forse (0,1/2)

with ¢ depending on s which is not surprising as the parameter choice rule coincides
with the rule of Theorem 2.5. It was however derived quite differently. Especially if
the operator would have been nonlinear, none of the conditions discussed in Section
2.1.4 would have been needed. We will sketch the proof of a similar result in Section
2.4.3.3 with the help of variational source conditions and in Section 6.3.1 extend it to a
scale of Besov spaces.

2.4 Variational Source Conditions

Up to now we have seen several different approaches to achieve convergence rates
for Tikhonov regularization:

(@) In Section 2.1 we have seen how to obtain rates for classical Tikhonov regu-
larization via spectral source conditions. However, this theory builds heavily
on functional calculus, hence generalizing these results in a form such that we
get rates for the general Tikhonov functional (1.3) seems impossible. Already
turning to nonlinear problems as discussed in Section 2.1.4 turns out to be quite
difficult as the forward operator F does not only have to be differentiable but
also needs to fulfill nonlinearity conditions which often are very hard to verify
or may not even hold true.

(b) Section 2.2 provided a way to prove rates in the more general setting. However,
the scale of rates which can be obtained is rather limited. The conditions (2.17)
and (2.19) allow to recover the rates for spectral source conditions with Holder-
type source function ¢!l for v = 1 and v = 2 respectively. But Example 2.3 has
shown that these are rather special cases even in a Hilbert space setting, and
might not have a meaningful interpretation.

(c) We obtained a large set of convergence rates in Section 2.3 by deriving them
from stability estimates which are often quite well known for inverse problems.
While the nonlinearity of the operator was not restricted, the main problem
was that in general the smoothness of the solution needed to be known at least
roughly a priori.

A key step to overcome the shortcomings of these ansatzes have been provided in
[HKPS07]: Here a condition of the form

(£ F = 11) < B (£, + Ba| FUP) — FUF)|
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has been used where f* € 9R(f") with some parameters ; € (0,1), 2 € [0,00). If
S(g1, %) = %H g1 — £2||7 for some g > 1 this lead to the convergence rate

83 (fur f1) = 0(0)
for the parameter choice a = §7-1. This idea has been further developed in a series
of papers [BH10, Fle10, Gral0] leading to the following: We say that fT fulfills a

variational source condition (for short: VSC) for a loss function &, and a concave index
function ¢ if

vfeD: E(ffN) <RI =R +9(T (F(F). (2.22)

As with spectral source conditions the difficulty lies in the interpretation of the
condition which is the main subject of this thesis. In the following we will first
present the corresponding convergence rates result before providing a strategy to
verify variational source conditions which will be an important tool later on. This
strategy is also one of the main tools to relate variational source conditions to the
previous convergence rates results.

2.4.1 Convergence rates

This assumption now allows to easily derive convergence rates.

Theorem 2.20 (convergence rates under VSC, see [WH12, Thm. 3.3]). Assume that
fT fulfills (2.22) for a nonnegative loss function £ and extend ¢ to a function on R by
P(t) = —oo for t < 0. Let fy be a minimizer of the Tikhonov functional (1.3)

(a) Then fA,x fulfills the error estimate

~

S(ﬁ,f*><m<FM+<w)*< ! ) (2.23a)

4 Cerrtx

Further the following rate is obtained in the image space

T (P(ﬁ)) < 2Cerr err(F(ﬁ)) + 2Cerrat(—1p)* (— 5 CZM). (2.23b)

(b) If there exists €FF such that € > err(F(f,)), then the infimum of the right hand side

of (2.23a) with err(F(f,)) replaced by €¥F is attained at « = & if and only if
1

- o €2 (Conem) (2.24a)

For this choice of the reqularization parameter one obtains the convergence rate

E(fa, f1) < Conyp(@r). (2.24b)
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Proof. (a) Since f t fulfills (2.22) we have the estimate

(b)

EFurf") < RU) = RO + (T (F(R)))-

For convinience abbreviate 7~ := T+ (F (fa)). As f, is a minimizer of the

Tikhonov functional we obtain together with the definition of the noise level
that

E(Fu ) < 2[5 (s 8%) — S(F().8)] +9(T)
< 1 |en(FG) = =7 +9(m)
< %err(F(an)) - Ce):rﬂéT+ [—E;TQT‘F 1/1(7-)}

forall A € [0,1). Replacing T = T+ (F (fa)) inside the square bracket by T and
taking the supremum over all T > 0 this yields

err (P(ﬁ) A

£ f) < — 2 = e T (FR) +sup |- C 0 — (o)
_ erl‘(i(ftx)) B Cirleg* (F(ﬁ)) + (—lp)*(— 1cerr;\)

For A = 0 this gives (2.23a), if A = 1/2 we get (2.23b) by nonnegativity of the
loss function and rearranging terms.

Note that the condition on ¥ and its extension imply that
(—p)*(t) =00, Vt>0, and  (—9)"™ = —¢.

Hence replacing err(F(f,)) by €ff we obtain that

inf [err + (—p)* <— ! )} = —sup [Cerr€Tr T° — (—4)*(77)]

Cerrfx T* S 0
= — (=)™ (Cerr eft) = 1p(Cery eTT).
The condition (2.24a) for equality follows from Young’s inequality A.14. As ¢ is

concave and §(0) = 0 we can further estimate ((Cerr €FF) < Cerr(p(€FF) since
Cerr > 1 to get (2.24D). O

Remark 2.21. Let there exist eff such that € > err(F(f,)). Then in order to get
convergence rates one does not necessarily need the VSC (2.22) for all f € D, instead
any of the following is sufficent:
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(a) If one can characterize the set {f,x : an is a minimizer of %Dbs,ﬂé} in advance, then
it is enough that (2.22) is fulfilled on this set.

(b) Assume that £(f, fT) = ,BA;; (f, f7) for some B > 0. Then it is sufficent if
(2.22) is satisfied for all f € B(f') := {fex: Ar(f, ff) < p} forany p > 0,
since by Theorem 1.8 we know that if err — 0 we will get eventually that
AR (fu, f1) < p and afterwards we can proceed as above.

For the two most common index function introduced in (2.3) the functions gov-
erning the convergence rate in (2.23a) are given by

1

() =t"? = (—)* <—t> = cytTv (2.25a)

for Holder type functions with v € (0,2) and for logarithmic functions the limiting
behavior

¥(t) = (—log(t)) "(1+0(1)), ast— 0
= (—y)* <— > = (—log(t)) P(1+0(1)), ast — 0,

holds true, see [Fle11].

(2.25b)

2.4.2 A meta-theorem to prove variational source conditions with
Bregman loss

If the loss function is given by a multiple of the Bregman distance, that is £(f, fT) =

ﬁA§2 (f, f7) and the constant § satisfies B € (0,1) we can rewrite the variational
source condition into the following form:

VfeD: (L f =) < A =BInR (f Y +9(T (F()).

Note that by Theorem 2.20 the constant g does only play a minor role; it influences
the constant in front of the convergence rate O(¢(ert)), but not the limiting behavior
which is only determined by 1. Further a VSC with constant 8 implies a VSC with
constant B € (0, B) for the same function . Therefore we will focus on verifying
variational source conditions with B = 1/4 in the form above, that is inequalities of
the form

VfeD: (L f - ) < S8R () 4o (Te(F)). (226)

In principle our strategy presented below could be used to show that a VSC for any
B € (0,1) is fulfilled, but we choose p = 1/4 for consistency with Section 2.4.4.3. A
main ingredient of our strategy will be the following assumption.
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Assumption 2.22. There exist constants Cy > 0 and r > 1 such that

Calfi — 2| X" <AL (i) forall fi, fo € D.

Example 2.23. The following provides a list of examples where Assumption 2.22 is
fulfilled:

(a)

(b)

(©

(d)

Let X be a Hilbert space, then choosing R(f) = 3| — fo | X||? for some fy € X
one obtains that

Ny (fufo) = llfi— fo X1

Let X be a Banach space which is r-convex, see Definition B.1. Then there exists
a constant Cy depending only on r such that

i fl X< MG (ff), forRO)= X @29)

see [XR91] (or more explicitly [BKM*08, Lemma 2.7]) and hence Assumption
2.22 is again fulfilled. For estimates with different norm powers see [Spr18,
Cor. 4.5].

Let X = L'(Q) and R be the Kullback-Leibler divergence given by

RO =KL o)1= [ fo -+ fin( L) a.

Then the corresponding Bregman distance is given by

Ny (fa, fi) = KL(fa, f1)-

If f1 and f, are probability density functions, then the Kullback-Leibler diver-
gence fulfills the estimate

Hfl —f ‘ LlHZ < 2KL(f2, f1),

see [BL91, Lemma 2.2], showing that Assumption 2.22 is met with » = 2 and
Ca = %. A similar estimate for positive, uniformly bounded functions with
X = [%(Q) is proven by the same authors.

An example where Assumption 2.22 is not fulfilled is given by X = ¢!(IN) and
R(f) =IfI €1||. In this case

R fi) = LAY = A" = s (1" - A")

= Y (sen(A") —sgn(i")) "

nelN

and thus if sgn(fl(n)) = sgn(fz(n ) for all n € IN we have AL (fz,fl) = 0 which
cannot be bounded from below in the desired form for f; 7& fa.
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Our main tool for the derivation of variational source conditions will be the
following generalization of [HW17a, Thm. 2.1] and [WSH18, Thm. 3.3]:

Theorem 2.24. Let X and Y be Banach spaces and R a penalty term such that Assumption
2.22is fulfilled. Let f* € Dand f* € OR(f"). Suppose that there exists a family of operators
Pi: X* — X* for j € J an index set such that for some functions x,0,v: ] — [0,00), a

constant © € (0,r) and some index functions ¢, ¢ such that ¢ and §" =) are concave the
following holds true forall j € J:
1T = P f [ 2] < (), (2282)
infx(j) =0, (2.28Db)
i€l

L
(P f1 = f) <alDp(T) + ()| 7= £| x| $(T)
and . / (2.28¢)
for all f € D with Hf* —f’XH < <3C||f*|2(*||> .
A
with T := Tgr (F(f)). Then fT fulfills a variational source condition (2.26) with the concave
index function Pysc(t) := P (t) where

pl) = inf [a(;’w(t) wi(ze) 0+ (5 ) 00R0)T

je] 7 r

(2.29)

Condition (2.28a) describes the smoothness of the solution (actually rather the
smoothness of the subdifferential, but in the examples considered later one of the
two uniquely determines the other, see Section 4.2), whereas (2.28c) describes the local
degree of ill-posedness of the problem. Of course the two are not independent of each
other: given estimates of the form 2.28 any reparametrization of the set | provides
new estimate with different functions x, o and .

Example 2.25. We now justify these interpretations.

(a) Consider the case that X, Y are Hilbert spaces and T is an injective, compact
operator with the singular system (fi, gk, 0k )ken- Set Pjf = ¥y 02>j} (f, fi) fx
for ] = (0,00). As f* = fT, we obtain that (2.28a) holds true with

1/2
H(I—P»f*\XH:( )3 <f*,fk>|2) = (),
{k: 2 <}

i.e. kK measures the decay rate of the coefficients of fT in the system (fj)ren-
When f are trigonometric polynomials this measures classical smoothness.
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We get an inequality of the form (2.28c) by
(B S =) = (T T = ) < ()7t || Tt - )| Y

with o (j) := [[(T*) 1P fT | X |, ¢(t) = t1/2 and 4 = 0. Note that

1/2 +
a<j>=( ) 12|<f*,fk>|2) <A1

. . 2 . 7
(ki 2oy T min{oy: of > j}

i.e. 0 measures the decay rate of the singular values of T relative to the decay
rate of the coefficients of f in the singular system; therefore it measure the local
degree of ill-posedness. In contrast the upper bound only depends on the norm
of ft and the decay of the singular values, thus it measures the global degree of
ill-posedness, further possible definitions of this term are discussed in [HK10].

(b) In [HS94] the following construction is used to define the local degree of ill-
posedness for nonlinear operators F acting between Hilbert spaces: Denote by
%, (fT) the set of all compact operators G: X — Y such that

F(fo) = F(fY)  implies  Gfy — GfT (2.30a)

for any sequence (fu)nenw C Bo(f7) := {f € X: ||f — 7| X|| < p}. Choose
from this class the operator G with the smallest nullspace (to avoid G = 0)
and the slowest decay of singular values. Then the decay rate of the singular
values of G is the local degree of ill-posedness of the operator.3 A condition that
guarantees that G € 4, (f7) is

Hc(f—f*)lyﬂchF(f)_F(f*)’yH’3 forall f € Bo(f')  (2.30b)

for some ¢ > 0 and B > 0. If such an estimate holds true for G and g € (0,2)
then we can proceed as in the first part of the example (at least in a small
enough neighborhood, see Remark 2.21) with G instead of T and obtain ¢(j)
as above with the singular values of G replacing those of T; however, we will
get ¢(t) = tP/2. Thus our definition of the local degree of ill-posedness extends
[HS94].

This definition of local degree of ill-posedness is also connected to the non-
linearity conditions studied earlier. If (2.13) is fulfilled for some a > 0 then
F'[fT] € 9,(f") for p small enough, if even a = 1 then G = F/[f'] and (2.30b)
is fulfilled with § = 1 (see [HS94, Cor. 2 and Prop. 6]). Hence we can conclude
that the nonlinearity of F is already included into our condition.

3The more precise definition only makes sense in case of polynomial decay of the singular values, as for
exponential decay we would get an ill-posedness of co.
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(c) The notion local degree of ill-posedness was for noncompact, linear operators
acting between Hilbert spaces also defined in [HK10, Sec. 4]. We will discuss
the compatibleness of this definition with ours after Lemma 2.29.

Before proving the theorem we first show that a function defined of the form (2.29)
always gives rise to a concave index function.

Lemma 2.26. Let ] be an index set, &: | — [0, 00) be a function such that inf;c; &(j) = 0
and (§;) jey be a set of concave index function. Then

(t) = inf[;(t) + ()]

j€l

is a concave index function.

Proof. Since 1 is defined as an infimum over concave monotonically increasing
functions, 1 is itself a concave monotonically increasing function. As 43]- is continuous
forall j € J, ¢ is upper semicontinuous and hence continuous on (0, c0) (see Lemma
A.3). Furthermore inf;c; #(j) = 0 ensures that »(0) = 0. As we have (t) > 0 for all ¢
we get that

0< ligrl}ionfq)(t) <limsup ¢(t) < (0) = 0.

t—0

This shows that ¢ is continuous at t = 0 and therefore indeed a concave index
function. 0

Proof of Theorem 2.24: First assume that
. 4 r'/r
] (s 1
|77 = (50 1201)

: * * C -
or equivalently that || f* | X*|| < %||f+ — f|X|~L. Then

3Ca

(Ff =Fy IR = £l < 200 = 10 < SaR(ffh),

Y ReS

that is the variational source condition holds true even with i = 0.



2.4. Variational Source Conditions 51

Otherwise using (2.28a), (2.28¢c) and Young's inequality we get for each j € J that
(ff=1)
=(Bif* fH = £y + ((I=P)f*, f* = f)
<o (o (Ta (D) v — £ | 2| 3 (T E)) +50) |t £| |
<28 |2 wopo(crin) + k() e
+ P (5e) - (v)3(Ter (BCPN))
s 1) + oo (T k) + (5 )

) ey

Taking the infimum over the right hand side with respect to j € | yields (2.29) with
t = Tet(F(f)). Setting

»Moo

Bi(8) = oot + =2 (5 Yﬁ( (NP(t)7
B =o()ot) + == 56:) ()
we see that ¢; is a concave index function for all j € J, thus the claim follows by
Lemma 2.26 with #(j) = cx(j)"’ for c as above. O

For linear operators one can often choose v = 0, ¢(t) = t'/2 and the additional
restriction that one needs (2.28¢) only if ||fT — f | X|| is small is not necessary as
already seen in the specific example. For some nonlinear operators however the more
general case turns out to be useful, see e.g. [HW15, HW17b] as well as Chapter 5 and
6.

Remark 2.27. Besides using £(f, f*) = A% (f, f1) with B € (0,1) and f* € IR(f")
two different choices of error functionals £ are commonly used in the literature:

(a) Starting with [Kin16] the so called skewed Bregman distance

Ef, 1) = MR (f1, f) with f. € 9R(f)

gained some attention. In this case convergence rates can (in a different manner
than above) be derived in the case that the VSC holds true with £(f, fT) in (2.22)

replaced by ,BA% (ff, f) for some B > 0. A further advantage of this condition
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is that converse results are available, see [Fle1l7]. As a VSC of this form can
equivalently be written as

(Bf-+ L+ B ff = F) < 1+ BINR (f 1) + 9 (T (F()),

we can use Theorem 2.24 with some small modifications to verify VSCs with
this loss function. For § = 0 it can be proven as before and for f > 0 additional
information on f, is needed. As we need the VSC only on minimizers of
Tikhonov functionals (see Remark 2.21) these information can be obtained from
the first order optimality conditions. If for example X = ) = L?(T*) for the
classical Tikhonov functional and T = T* is such that ran(T) = H?(T%), then
fi = (T*T 4+ al)~1T*g € H* for all possible data g°P* and thus the rate of
decay of k¥ depends on whether f* or f. is less smooth.

(b) In case X = ¢! and R(-) := ||- | £!|| the corresponding Bregman distance is
not very informative, as seen in Example 2.23. However, the choice £(f, f7) =
| f — fT| £}|| was successfully used in a series of papers, see [FG18] and reference
therein.

Further strategies or explicit verifications for VSCs are given in the following;:
Remark 2.28. Besides our results the following verifications of VSCs are known:

e For a phase retrieval and an option pricing problem VSCs with y(t) = v/t were
derived in [HKPSO07].

e Spectral source conditions, range conditions and stability estiamates all imply
that VSCs hold true, see Section 2.4.3 for details. However, then the VSC does
not yield additional information.

e Incase X = 01, R(-) := ||- | €Y, E(f, f7) = |If — fT|£'] and linear forward
operator convergence are often derived based on sparsity (i.e. the true solution
has only many nonzero coefficients) assumptions, see e.g. [LT08, GHS08]. An
analysis where the sparsity assumption is violated was developed in a series
of papers starting with [BFH13] and leading to [FG18]. For an analysis in the
spirit of the setup presented here that extends to the nonlinear case see [HM18].
Furthermore, the results have been extended to elastic net regularization in
[CHZ17].

e Based on a sparsity assumption a VSC was verified for the autoconvolution
problem in [BFH16].

The choice of operators in Example 2.25(a) extends to linear operator acting
between Hilbert spaces in general by setting | = (0,00) and P; := I — E; where
E; := E;(T) denotes the spectral family of T*T; that is

E(T)f =1 ,(T*T)f. (2.31)
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For this choice of the operator family the notions of smoothness and local ill-posedness
are often equivalent.

Lemma 2.29. Let X and Y be Hilbert spaces, T: X — Y be linear and injective, fJr eX
and x an index function.

(@) If |Eif*| X|| < x(j) forall j € [0,00) and « is such that t — t*~'ic(t)? is decreasing
for some y € (0,1), then

A R US| )

forc= (% —1)1/2,

(b) Assume that for all j € [0,00) and all f € X the inequality 2.32 holds true with
¢ = 1. If x(j) is of the form x(j) = cyj¥ for some c,,v > 0, then ||E;f* | X| <

(32) %0

Proof. The proof relies on the functional calculus.
Proof of (a): Since I — E; is a projection we obtain

(U=ENftft=f) = (M) U —EDff Ta—E)(f - £))
< |aya-epst |y |ra-ep(s -1) |7
< Jayra-epr | (s =) >

where (T*)' denotes the pseudoinverse of T*. Partial integration yields

7

2_ =1 LN VAR R LA B
=)t Y= [ Bt ¥ = ar - B 12
H< ) J)f‘ H - A H /\f‘ H i— A2

The assumptions ||E, fT | X|| < x(A) and the monotonicity of t#~!x(t)? then imply

© |Enft| X ©K(A)? 1
/,-_ e W S/]-_ FYET e

N2 o) 2
<) / oar< S0P
JE Ji= ATE 1

Combining the last two inequalities and taking the square root yields the claim.

Proof of (b): Splitting the interval (0, j) uniformly on a logarithmic scale we get that

HEjf’r ’ ;(HZ _ kGZH:VOH (Ej/Zk - E]./ZkH)f’r ‘ XHZ.
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Evaluating 2.32 at j = j/2 1 and f = [I — (Ejjor — E]‘/Zkﬂ)]fJr we get that
((I- ]/2k+1)f f —f={I- ]/2k+1)f+/ (E]‘/zk - Ej/2k+1)f+>
" 2
= || (B = e )17 2]
while the right hand side can be estimated by

(K(j/zkﬂ HT( j/2k — ]/2"+1)f ‘yH) ;j;::i)/jj:i])\dHE)\f*)XHZ

Ciok41N2 i g2k
7 Rt LR

2
< 26/ 2 (B = By )|
Thus the estimate

(2 e ) 4] < vtz

holds true. Inserting into the expression for ||Ejf" | X|| and using the expression for x
then yields

e[ = 2 2= 2 22 ()

keNg

2
_ 2 2 2]/2—21/ 2 Vk 2 21/ D
c ] kGZ]NO 221/ 1 1/]

Let us check the requirement of (a) for Holder type functions x(j) = ¢tl(j) =
cyj¥/?: it holds that j#~1x(j)? is decreasing if and only if v € (0,1) and u € (0,1 —v).
Hence for these cases our notions of smoothness and local ill-posedness given by
(2.28a) and (2.28c) are actually equivalent.

In [HK10] a measure of local ill-posedness was defined by the decay behavior* of
|Ejf" | X|| as j — 0 which we call smoothness of f*. The theorem above thus shows
that our definition by (2.28c) is an extension of theirs. Indeed Lemma 2.29(a) does
not only hold for Holder type index functions but also for logarithmic index function
x(j) = @5(j) = cp(—log(min{j, t})) "7, as we observe that there always exists a to
depending on p such that the condition on « is fulfilled.

“4The precise definition is again only meaningful for polynomial decay of the singular values.
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2.4.3 Relation to previous convergence rate results

Next we study the relation between variational source conditions and the concepts
presented in Sections 2.1 to 2.3 to show that they are a generalization of these concepts.
2.4.3.1 Relation to spectral source conditions

We will now use Theorem 2.24 to derive VSCs from spectral source conditions. That
this is possible has been known for some time, see [HY10, Fle11], however it required
a far more complicated proof.

Theorem 2.30 (see [HW17a, Prop. A.1]). Let T be injective and f* fulfill a spectral source
condition (2.2) such that ¢? is concave. Then f fulfills a VSC (2.26) with index function

2
(1) = 209 (61 (f) )

where O(t) = \/to(t) is defined as in Theorem 2.5.

Proof. We proceed similar to the proof of Lemma 2.29 and set | = (0,00), P := I — E;
where E; := E;(T) denotes the spectral family of T*T defined in (2.31).

Then on the one hand we obtain that
2 j— ,
|a=B) || = IEe(r Te]* = [ gt dlEw]? < p()?

as ¢ is monotonically increasing. Hence we fulfill (2.28a) with x(j) = o0¢(j). As
@ is an index function we note that (2.28b) is satisfied since for injective operators

limj ol (I = P) f1]| = 0.
On the other hand we can rewrite

(Piff, f1 = f) = (w, Bp(T*T)(f* = )

since the two operators P; and ¢(T*T) are self-adjoint and commute. With the
Cauchy-Schwarz inequality we therefore obtain

- <ol [Cowraing - o]
j+

() [~ -
<sup<”7> / tdnEt(f*—f)P]

> I+

<o

S ]
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where the last estimate follows from the fact that ¢? is concave and ¢(0) = 0. There-
fore we get (2.28c) with

¢(j)

o) =e 2 9=V ad  y=0

As a consequence a variational source condition holds true with

: () N2
t) =info| LV + .
(t) ].>OQ[ /i 29(j) ]
Choosing j such that ¢(j)v/t//j = 0¢(j)? or equivalently j = ®1(1/t/0) the two
terms in the square brackets are equal and hence the claim follows. O

Note that the spectral source condition allows again to derive an ill-posedness
estimate similar to Lemma 2.29(a) but under slightly relaxed assumptions on the
index function. Indeed the above theorem allows Holder index functions with v < 1.

As the Bregman distance in the Hilbert space setting is given by the square of the
norm we immediately see that by using Theorem 2.20 we obtain the same convergence
rates as implied by Theorem 2.5. To illustrate that variational source conditions are
indeed a weaker condition we return to the problem discussed in Example 2.7 and
2.18.

Example 2.31. Using the calculations of Example 2.25(a) we know that we can set
, 1\2 00 /12
k(j)F= ), (n) < /1 (x) dx =/,
1 J =
n: ,TZ<] Vi
hence by Lemma 2.29(a) there is a ¢ > 0 such that we get (2.28¢) with

o(j) = XU — ¢j1/s

v

as well as ¢(t) = v/t and ¢ = 0. Therefore we obtain by Theorem 2.24 that a VSC
holds true with (t) = ct'/3 by the choice j = t?/3. Now using Theorem 2.20 we see
that there exists a parameter choice rule & such that even the convergence rate

|7~ 7

holds true — a rate which we could not prove with the help of spectral source condi-
tions.

1
< 3

Corollary 2.32. Let F fulfill the tangential cone condition (2.13) witha =1, b = 0 and
some i > 0, assume that F'[fT] is injective and that T fulfills (2.12) such that ¢? is concave.
Then f fulfills a variational source condition.
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Proof. By Theorem 2.30 we see that fT fulfills (2.22) with ||[F'[fT](fT — f)|? replacing
T.+(F(f)). By the triangle inequality and the tangential cone condition we obtain that

8
PGt =) < avm|Feh - Fe)

hence we can resubstitute while just loosing a constant. O

4

Similar to Example 2.25(b), this result underlines that variational source conditions
are well suited for getting a convergence rate in the nonlinear case since they combine
source condition and nonlinearity assumption into one condition.

2.4.3.2 Relation to range conditions

If Tor(g) = %Hg — ¢'||7 for some g > 1, then we have seen that we can bound

err < %M. Thus Theorem 2.20 implies the convergence rate

AR (fa f1) < O((87))
and therefore a rate of O(4) for the specific cases {(t) = ct!/7 or P(T4r(g)) =clig —

¢"||. This is the same rate we obtained in Section 2.2 under the condition of (2.17).
The connection between those two conditions has already been studied in [HKPS07]
and is one of the motivations for the introduction of VSCs in the given form.

Proposition 2.33 ([SGG'09, Prop. 3.35-3.38]). Let R be Gateaux differentiable at f* and
£ € aR(fY).
(a) If T: X — )Y, then the following are equivalent:
(i) there exists p € V* such that f* = T*p;
(ii) there exists ¢ > 0 such that (f*, f) < c||Tf|| forall f € X;
(iii) there exists ¢ > 0 such that (f*, f) < 3Ar(fY + f, 1) +c||Tf|| forall f € X.
(b) Assume F: D C X — Y fulfills the Lipschitz condition

|FH—F =PI (f = )| < vdr(FfH  VfeD
and define:
(i) There exist some constants By, B2 > 0 such that
(£ f =) < Bor(f /) + B [FH—F(N|  vreD

holds true.
(ii) Thereis p € V* such that f* = F'[f]p.
Then (i) implies (ii), and if in addition «y||p|| < 1 then also (ii) implies (i).
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Note that (a)(iii) is equivalent to (2.26). One of the main downsides of VSCs is that
the previous proposition gives a limit on which convergence rates are achievable.

Proposition 2.34 ([Flell, Prop. 12.10]). Let Tyt (g) = %Hg — ¢||7 for some g > 1 and
F: D C X — Y be Gateaux-differentiable at f*. Assume that (2.22) with E(f, f) =

AR(f, f1) holds true for some index function  such that lims w = 0. Then T €
argmin R.

This further illustrates that the restriction to concave index function for (2.22) is
a natural one, as we even need (#7) to be concave in order to not end up in this
particular case.

2.4.3.3 Relation to stability estimates

Variational source conditions are also closely connected with stability estimates.
Assume for a moment that for a whole class of functions K C D a variational source
condition with uniform constant 8 and function 1 holds true. We will see later that
this is a quite mild assumption and can often be achieved for £ = B QZ N dom(F) with

BQZ as in Section 2.3. Then, if 7;,+ (g) = %Hng — ¢||% for some g > 1, for two elements
f1, f € K we have that

BE(fi f) < R(fi) — R(fy) + w(;uﬂfl) - F(fz)llq),
BE(fo fi) < R(f2) — R(f1) + lP<;IIF(f1) - P<f2>||q).

by (2.22). If further the loss function is either symmetric or bounded from below by
a symmetric loss functional £ (e.g. if it fulfills Assumption 2.22) then we obtain the
stability estimate

E(fifo) < w(;nF(fl) - F(fz)|q> Vhif2 € K. (2.33)

since one of the two terms £(R(f1) — R(f2)) will be bounded from above by 0. On
the other hand it is unclear how to verify a VSC from (2.33) for the same penalty term
R directly, as the term R(f) — R(f') might be negative and we further require the
VSC to hold on the set D which is usually much larger then K.

However, if £ = B QZ N dom(F), then a stability estimate can indeed be used to
verify a VSC where the penalty term is given by the a norm power of Z. We will
use this in order to prove Theorem 2.19 for the choice r = b. To stay simple we will
stick to the case of a Hilbert scale generated by a compact operator L, later on we
will apply the same ideas in a Besov space setting, see Sections 4.4 and 6.3.1. We will
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assume as in (2.20) that the stability estimate

Ifi = 21 Xoll < RUVE(IE(f) = F(£) I V) Vfi, f2 € dom(F) N B,

holds true, where R: [0, ) — [O, o) is a monotonically increasing function and ¥
is an index function such that ¥ o /- is concave. Further the true solution fulfills
T e Xy with ||[fT| X1]| < o where 1/2 < s < 1. Note that the numbering of the scales
is no restriction, since via redefining which space we consider as &} and replacing L
by LY for some v > 0 this is always possible and we are immediately in the setting of
Theorem 2.19.

As in Example 2.25(a) let (f}, g, 0})jen be the singular system of L. Set P;if =
Yk<j(f, fi) fx (note that this is just a reparametrization of the choice in Example

2.25(a), however, it allows a more explicit calculation). Setting R(f) = %|f| Xs||?
we see by Example 2.23 that Assumption 2.22 holds true for X = &; withr = 2
and C = 1/2. Moreover we get that f* = f' and hence can use that f* € ;. This
provides the estimate

i

H(I—Pj)ﬁ ‘ Al = Yo

k>j

(g <ot 2520—2\ (A <
showing that we obtain (2.28a) fulfilling (2.28b) with x(j) = (le_s 0. As

(Bif" f* = P, = (Bf' = Do < ||Pift| 2| | £ = £| %0
and 2s > 1 an estimate as above gives
o] 20 <2

Since (2.28¢c) needs only be fulfilled for f with ||ff — f| Xi|| < §|fT| A:|| we can
assume the bound || f | Xs|| < 40 which with the previous estimates gives us (2.28¢c)
with ¥y =0,

S 0.]1—25

o(j) =0} *oR(4), and  ¢(t) =¥ (V1)
Choosing j such that 0 &~ ¢(t) then shows that a VSC holds true with

9(t) = comax{o, R(40)} ¥ (VD)

Note that as explained above this VSC implies again a stability estiamte. The
derived VSC yields for all fi, f» € dom(F) N Bg‘/ ! the stability estimate

/1= f2| Xl < C\/Qmax{@R(4e)}[‘Y(||F(f1) —F(R) [ Y]

which is not the estimate we started with. Hence a direction of further research is
given by whether or under which conditions these two stability estiamtes are actually
equivalent.

}2725
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2.4.4 Further results on variational source conditions

Lastly we want to discuss some further properties of convergence rates analysis
assuming that a VSC holds true. First we will focus on a question arising from
Proposition 2.34, namely if it is also possible to obtain convergence rate of & 77 for
v € (1,2] as it is possible with Holder type spectral source conditions. In case of linear
operators we will see that imposing a VSC on the dual problem allows such enhanced
convergence rates. The second issue extends Section 2.1.3; we will point out that the
two a posteriori parameter choice rules presented there also provide convergence rate
of the same order as the a priori parameter choice (2.24a). Lastly we show a result
similar to Proposition 2.8, namely that VSC with Bregman loss are always fulfilled if
the forward operator is injective.

2.4.4.1 Higher order rates

The question arises whether faster rates up to O(6%/3) as seen in Theorem 2.5 are
achievable with VSCs. For linear operators this question has been answered in [Gral3],
see also [SH18] for even faster rates by using Bregman iteration as a regularization
method. The idea is roughly the following: If we want to achieve faster rates than
O(d) then at least the condition that guarantees the rate of O(6) should hold true and
hence by Proposition 2.33 we should have f* = T*p for f* € 9R(f"). Further we
will see that p is itself a minimizer of a Tikhonov type functional and thus we suppose
that p fulfills a VSC for this problem.

Recall from Section 2.2 that the motivation for the condition f* = T*p was strong
duality for the problem

f e argmin R(f).
Tf=¢"
This implies that f is a solution to the dual problem which has the form
p € argmin [R*(T*p) + <—p,g+>} .
peY*

IfS(g1,%) = T ($2) = %Hgl — ¢2|7 for some g > 1, then

* * : * * 1 1 /
RATp) + (gt = lim | R (1) + ¢ ((~apgh) + l-apl )|

a—0]

a—0 q'

. [ . y 0(‘7/_1 /
= lim | R*(T*p) — (T*p, f1) + |P||q1‘

Hence adding (T, T*p) — R*(T*p) which does not depend on p we see that p solves

_ .1 [ ® * = lqu_l !
pE argr;m}gr(l) A{z*(T p, T°p) + P qu].
peY”
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This can be understood as a Tikhonov functional with forward operator T*, true data

fidelity term Ag* (-, T*p) and penalty term %H ||". Therefore a VSC for j will take
the form

* = 1 — * * = *
(PP =P <5810 (P P)+9(Br(T'p, T'P))  Vpely (2.34)
q
where p* € B%Hﬁﬂ’?,.

Theorem 2.35 ([SH18, Rem. 4.2] and [Gral3, Cor. 4.6]). Let f* = T*p for f* € OR(fT)
and let p fulfill (2.34). Assume that Y is q-smooth, then

- , 1 Bl
AR (fa, 1) < a7 71 (=) (_aq/l) —i—c;.
Especially if Y (t) = t'/" for some r > 1, then for

q
=0 (g -1)r"+1

=y

the convergence rate

- _r
Ap(fa fH)=0 (5 <q’1>r’+l> asé — 0
holds true.

Note that in the case where ¢(t) = t!/" we always obtain a convergence rate with
Ar(fa, fT) = 0(8) but again we cannot be arbitrarily fast.

Lemma 2.36 ([Gral3, Lem. 5.1]). Let the assumptions of Theorem 2.35 be fulfilled and
assume that R* is twice differentiable at T*p.

(@) Ifp(t) = o(tV/2) ast — 0, then ft minimizes R.

(b) If p(t) ~ t'/2 ast — 0, then the source condition ft € OR*(T*jyTw) for some
w € X holds true.

Hence the VSC on p fills the gap between the two range conditions (2.17) and (2.19).
Therefore if fT does not minimize R convergence range of O(6") with u € (1,4/3]
are still achievable by requiring a VSC on the dual solution.

2.4.4.2 A posteriori parameter choice rules

The main convergence rate theorem 2.20 for VSCs states convergence rates under
the a priori parameter choice rule (2.24a). However, as explained in Section 2.1.3 a
posteriori parameter choice rules are favorable. We have already seen two of these
methods in Section 2.1.3 and will explain how these two can be adapted to the setting
of VSCs and more general Tikhonov functionals.
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Discrepancy principle The sequential discrepancy principle has been studied for the
choices §(g1,82) = T¢,($2) = %Hgl — g2]|7 for g > 1 in [HM12, AHM14]. Together
with a classical noise model we have a well defined noise level §, thus for some
parameter T > 0 choosing &4 according to (2.9) is well defined. Assuming that the
true solution fulfills a VSC of the form (2.22) then yields the convergence rate

E(fag fH) <cp(67)  ford —0

if the following two criteria are met. In order to ensure that 3 < co we have to ensure
again some kind of data compatibility; one needs that 76 < ||g°° — F(finin)| for all
fmin € argminR. Further the case of exact penalization has to be excluded, that is
that the Tikhonov functional recovers the true solution f from exact data g' for «
small enough. This is e.g. guaranteed if F and R are Gateaux-differentiable or more
generally if R is convex and there exists a bounded linear operator T[f] for all f € D

such that E W _F

£\0 t
for all h € X such that f + toh € D for a sufficiently small ¢, > 0. This case is
especially of interest where R(f) = oo for f ¢ C when C C X is a convex set with
empty interior and hence a derivative of F is not well defined.

Lepskit principle The essence of the Lepskil principle is the error split (2.10). Note
that the same analysis as in Section 2.1.3.2 can be carried out if the left hand side is
replaced by some metric d, see [Mat06]. The error split for an analysis of the Lepskii
principle under a VSC is prov1ded by (2.23a). Again we have an approximation error
of the form Cbapp = (=) (— C—) depending on the unknown smoothness charac-
terized by ¢ of f and a propagated data noise error of the form ®;0; = Lerr(F( ).
If £ is a metric and the error is globally bounded by ert, then this spht provides a
convergence rate of S(f]L , 1) < Cy(err) as err — 0 as shown in [HM12].

When € is given by the Bregman distance, a similar analysis has been carried out
under Assumption 2.22. As the validity of (2.22) with Bregman loss then implies
a VSC with the same function ¢ and £(fi, f2) > Ca||f1 — f2||" one obtains an error
decomposition of the form (2.10) with

Papp (/) = (ClA(_l’b)* <_Cer1rvcj>> and  Ppei(j) = <ClAierr(F(ﬁc,~)))r.

This decomposition then implies again the convergence rate

ﬁ‘Lep_f+"r§Clp(m) as ertr — 0

when the error is globally bounded by ert, see [Wer12, Cor. 3.43]. An analysis of the
Lepskil principle where the error is not globally bounded but only bounded with
high probability can be found in [WH12, Thm. 5.1].
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2.4.4.3 Validity of variational source conditions with Bregman loss

We have seen in Proposition 2.8 that for linear and injective forward operators a
spectral source condition (2.2) always holds true. Combined with Theorem 2.30
this implies that also a variational source condition will hold true if ¢? is concave.
Hence the question arises whether a similar result is obtainable for the more general
situation.

It was recently shown in [Fle18] that if F is injective and 7, (g2) = %Hg 1— &l
for g > 1 this is indeed the case under the general Assumptions 1.4 for some > 0.
Following the same ideas we show that this generalizes to general 7.+ and fixed
B=1/4

The main idea of the proof is to use approximate variational source conditions — a
concept which also leads to convergence rates for general Tikhonov regularization. It
was however shown in [Fle11, Sec. 12.4] that this concept is equivalent to the concept
of variational source conditions, therefore we will only study the basics here. The
main idea behind approximate source conditions is to choose a benchmark function ®,
which has to be a concave index function, and then try to measure how close fT is
to fulfilling a VSC with ¢ = r® for all » > 0. This gives rise to the definition of the
distance function

D(r) := sup D(f,r)
feXx

where  D(f,1) == 1% (F,f) ~ R() + R — r@ (T (F(F)):

Obviously D is a monotonically decreasing function and D(r) > D(fT,r) = 0. Before
showing how to obtain a VSC from the distance function D we first need some further
properties of this function.

Lemma 2.37. Let f* € OR(f"), then for all f € X the inequality

ALY - RO < R

holds true.

Proof. Writing out the left hand side we get
1 4 1 1 1.,
SR N =R = =3R() = 3RO = 547, F = £1).

Using Young’s inequality A.14 on (f*, f) and (f*, f1) with the functionals R and R*
we get

IR (F £ = R(F) < 3 (<R() = RO + RO+ R(F) + (7 £1)) = R¥(f°).

O

N~
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Lemma 2.38. Let F be injective, then lim,_ o D(r) = 0.

Proof. By the properties of D stated above we will assume that D(r) > 0 for all ¥ > 0.
We then first show that the supremum in the definition of D is attained for each ¥ > 0.
Let (f1)new be a maximizing sequence. We may assume without loss of generality
that D(fy,r) > 0. Using Lemma 2.37 we have

1 1 1/ 1 p o
FRUD < RO + 3 (~530% U )+ R+ R ()
1 * 1 * ([ fk
< =30 (fu 1)+ RU) = RO +70(Ter (F(F)) + RO + 3R ()
D 1 * (% 1 * (fx
= —D(fu) + R(F) ~ 3R () S R(F) + 2R ()
hence R(fy) is uniformly bounded. As R is lower semicompact this implies the
existence of a subsequence (f,),en converging to some f. As f — R(f) is lower
semicontinuous the mapping f — %A{a (f, f1) — R(f) is upper semicontinuous and
so f fulfills D(f,7) > limsup, . D(fs,r) = D(r), thatis f is a maximizer.

Now let (7,),en be a sequence such that limy, 7, = oo and define a new se-
quence (fn)uew C X by D(r) = D(fu,rn). As above we obtain the bound

SRUa) < ~D(far) + RUY) = 7R(F) < RIFY) + 3R (7).

Using again lower semicompactness the sequence of maximizers has a convergent
subsequence denoted by (fy),en With associated (74),en. We claim that f,, — f.
Indeed, as D(7,) > 0 this leads to

~ 1 *x 7 *( Lx
(T (F(fa)) < 0k Fu fH) = RUF) + RO < R (F) + R
by the nonnegativity of the Bregman distance and Lemma 2.37. As 7, — oo this
implies that ®(7g+ (F(fn)) — 0. Because f — ®(7y+(F(f)) is lower semicontinuous
we get F(f,) — g' and by continuity and injectivity of F that f, — f'. Therefore

lim sup D(7,) = lim sup D(fn, n)
n—oo

n—o0

= limsup EAg (Fur [ = R(fa) + R(fT) — 7n®<7§+ (F(fn))}

n—oo

<timsup | ;0% (o, 1)~ R(T) + R()

< IR - R(F) R =0

This implies D(r) — 0 when r — oo since D(r) is monotonically decreasing (as noted
earlier). O
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Now it is very easy to prove that a VSC is fulfilled for all fT.

Theorem 2.39 (Existence of VSC, compare [Fle18, Sec. 4.2]). Let F be injective and D the
distance function of f* for the benchmark function ®. Then f* fulfills a VSC with Bregman
loss, B = 1/4 and index function

p(t) = rigg[D(V) +r®()].

Proof. By Lemma 2.38 we know that lim, ,. D(r) = 0. Therefore the function ¢ as
defined above is a concave index function by Lemma 2.26, as we can set #(r) = D(r)
and ¢, (t) = r®(t) forr > 0. As

1, s ~
iR Y =R = RUFT) + D) + 19 (T (F())
< R(f) = R() +D(r) + 10 (T (F(f))
for all ¥ > 0 the claim follows by minimizing the right hand side with respect tor. O

Note that the proof of this theorem is, with Lemma 2.38, in principle constructive.
The main challenge here is to compute the function D(r). In a Hilbert space setting a
good choice of the benchmark function is ®(t) = t — also we know that a VSC with
¢ (t) = r®(t) will only be fulfilled if T € argmin R (see Proposition 2.34) — as then
the computation of D(r) is reduced to a quadratic optimization problem.

For the simple example considered in this chapter starting with Examples 2.7 the
optimization problem can be solved explicitly.

Example 2.40. Setting ®(t) = t, a simple calculation shows that D(f,r) = D(r) if
and only if

=~ n?—4r

fn ="z at

Therefore one obtains

2n? 2
Dir)=)Y, 5+
o 3n% 4 dr

fa

Inserting f, = 1/ hence yields

2 i 2 T 1
D(r) = 7</ dx = —
(r) ng\l 3n2+4r — Jo 3x2+4r 23"

which shows that a variational source condition with ¢(t) = ct3 is fulfilled (as already
seen in Example 2.31).

For non-Hilbert space settings however solving the involved optimization problem
is a difficult task on its own as the computation of D(r) for each r is equivalent to
solving a Tikhonov functional. Hence verifying VCSs from the explicit computation
of D(r) seems not to be a viable strategy.






CHAPTER III

EQUIVALENCE RESULTS IN
HILBERT SPACES

An old French mathematician said: A mathematical theory is
not to be considered complete until you have made it so clear
that you can explain it to the first man whom you meet on the
street. This clearness and ease of comprehension, here insisted
on for a mathematical theory, I should still more demand for a
mathematical problem if it is to be perfect; for what is clear and
easily comprehended attracts, the complicated repels us.

DAvID HILBERT in “Mathematical Problems”

In this chapter we study the simplest setup of inverse problems, namely linear inverse
problems in Hilbert spaces as published in [HW17a]. As reviewed in Section 2.1
convergence rate theory for such problems has been studied for some time. Most
importantly several conditions have been shown to be equivalent to convergence
rates, the first major results are in [Neu97] for Tikhonov regularization with Holder
rates. Combining results of [FHM11, Fle12] shows that for certain index function
one of these conditions is that a VSC is fulfilled. The proof requires the concept of
approximate source conditions we briefly touched in Section 2.4.4.3.

In Section 3.1 we will show equivalence of VSCs to a generalization of a condition
introduced in [Neu97]; namely the decay of the spectral projections. By showing
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equivalence of VSCs on the one hand and the speed of the spectral decay on the other
we sidestep the usage of approximate source conditions. Neubauer further proved
that the speed of the spectral decay is equivalent to the approximation quality of
Tikhonov regularization. The approximation property can be seen as a noise-free
convergence rate as it measures how fast fA“ — fT with respect to « where the observed
data is given by g°P* = ¢*. This equivalence result was recently extended to more
general regularization methods and index functions measuring the approximation
rate in [AEdHS16]. These new results, however, exclude iterative regularization
methods. In Section 3.2 we illustrate that under slightly different assumptions on the
regularization methods which include prominent iterative methods the equivalence
remains valid.

By Theorem 2.20 we hence know that the three conditions VSC, spectral decay
and approximation quality are all sufficient in order to get convergence rates. We will
show in Section 3.3 that for the deterministic error model they are even necessary.
Results of this type — showing that a sufficient condition is even necessary — are
called converse results. Our proof will be done in a two step approach: first we prove
equivalence to convergence rates with an oracle parameter choice and then to rates
for more general parameter choice rules.

Another converse results is due to [And15]. It shows that the set of functions
where the spectral decay is of Holder type can be characterized as an interpolation
space. We point out in Section 3.5 that for many interesting applications these interpo-
lation spaces are actually Besov spaces even for infinitely smoothing operators. This
underlines the typical interpretation of source conditions as smoothness assumption
as discussed in Example 2.3 and extends it to VSCs.

We further derive a converse result for the white noise error model in Section 3.4.
In statistics one is typically interested in the following converse result: one wants to
characterize the maxisets of the estimator, i.e. the maximal set where the considered
estimators converge with a certain speed. However this is already covered by our
result and we can characterize the maxisets for many estimators as Besov spaces.
This fits well into known results as in statistics maxisets of wavelet methods for
the estimation of the density of i.i.d. random variables have been characterized as
Besov spaces in [KP93]. Furthermore for thresholding and more general wavelet
estimators maxisets have been investigated in [KP00, KP02], and their results have
been generalized in [Riv04] for inverse problems in a sequence space model and again
Besov spaces were obtained as maxisets.

Lastly, in Section 3.6 we summarize our results of this chapter by applying them to
a set of important inverse problems. Thereby we connect VSCs, smoothness assump-
tions and convergence rates for deterministic and white noise errors respectively.
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3.1 Spectral Tail Condition

We start by recalling Theorem 2.30 which shows that for certain index functions ¢ a
spectral source condition (2.2) implies that a VSC is fulfilled. In the proof we use the
spectral source condition to obtain the estimate

J=st] = [ss"] < et
where the operator P; is given by the spectral projection
P]‘ =1- E] and E/f = ]1[0,])(T*T)f

for j € (0,00).! By Theorem 2.20, this leads to a convergence rate of O(1p,(6%)) with

Po(t) = (p(@);l(\ﬁ)).z Specifying to the Holder case this means that the spectral

source condition f = (T*T)"/2w implies |E;f t| < ¢j*/? and a convergence rate

of 6"/(v*1), Between the two implications the following relation was observed in
[Neu97] for v € (0,2]:

|\8°"581—1gp*|\§5”1‘1>1€ -f H - ( 1) as0 =0 < HEJ‘erH - (J%) asj—0
and\lg"bSSI—lgI)*Hs&‘Do -f H _0< 1) as0 =0 — HEijfH :O(j%) asj— 0,

that is the decay rate of the spectral distribution function j — ||E; £T|| is necessary and
sufficient in order to obtain Holder convergence rates. It was further shown that
||E; Al = O(j*/?) implies a Holder-type source condition ff = (T*T)"*/?2w with
0 < u < v, but not with y = v. As a specific case for this we refer to the Examples 2.7
and 2.31.

But combining Lemma 2.29 and Theorem 2.24 shows that already an estimate of
the form [|E;f t|| < 0¢(j) is enough in order to get a VSC. As VSCs are sufficient for
(not only Holder-) rates we will — motivated by [Neu97] and Lemma 2.29 — investigate
the relation between VSCs and the decay of the spectral distribution function. To this
end we define for an index function ¢ the space

Xl = {fe X Hf‘X(,TH <oo}, with Hf’XTH —j‘;ﬁW

Here we will suppress the dependence of E; on T; if necessary we make it explicit later on.
2Recall from Theorem 2.5 that given some index function ¢, the index function ®, is defined by

O, (t) :== Vig(t).
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that measures the decay rate of the tail of the spectral distribution of elements in A’
The nomenclature “tail” here is rooted in considering compact operators where I — E;
for j > 0 is a projection operator onto a finite dimensional subspace of X'.

Theorem 3.1 ((HW17a, Thm. 3.1]). Let ¢ be an index function such that t — t#~1o(t)? is
decreasing for some y € (0,1) and ¢ is concave. Then for ft € X the following statements
are equivalent:

(a) fT satisfies a VSC with () = Apy(t) = Ap(@,' (V1))
(b) fte X with || f1| X]]| < B < 0.
Furthermore the estimates

1/2
Ameax{Bz,BCl—l) } and BSmaX{\/ggl,S:}

hold true.

Proof. (a) = (b): Inserting f = (I — E;) fT into the VSC (2.26) implies that

s || < 2t | 2]+ v (|7 )

As
[ = [ st 2 < vl |2 < ]
this implies that x(j) := ||Eijr | X|| satisfies
ok < Apy () vj>o0. 6)

Note that lpggl(t) =t(¢- @) 1(t) since
o)) (9~ 9) " (Ye(t) = ¢(O,' (V))?O, (V) = ©4(0, ' (V1))? =

and thus

£t 1 1
wq)(t) - (q) (P) (lP(P(t)) - ®qJ (\/E)
Hence we have
jx(j)* 8Aj '
3.1 — < —= A 0,
GO e 5G0D = 3 e
& 0, Ou)) < 2 ¥j >0,
. 8A 8A . )
o x5 e(%) ¥ >0,
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since ®, is monotonically increasing. The concavity of ¢? yields the inequality

@*(ct) < max{1,c}¢?(t) which applied to the last line of the previous equation
provides the claim.

(b) = (a): The main idea is to use Theorem 2.24 and Lemma 2.29(a).

Setting P; = I — E; we immediately get (2.28a) with x(j) = Bg(j) due to the
definition of & ng . Due to the monotonicity of #~1¢(t)?> we can apply Lemma 2.29(a)
to achieve (2.28c) with o(j) = B(% — 1)1/2%, ¢(t) =t"/?andy =0

Thus we can conclude by the meta-theorem that a VSC is fulfilled with

= inf | B%¢(j)? 1— 1/2@ ma 2 l— v
1p(t)_j>g[B o(j) +B(V 1> \ﬁ\/fléz X{B,B(V 1> Po(t)

due to the choice \L/f] = ¢(j) or equivalently j = @y (V#). O

Recall the remarks after Lemma 2.29 and Theorem 2.30: if ¢ is a Holder type index
functions, then ¢? is concave for v € (0,1] and t*~1¢,(t) is decreasing if and only if
v e (0,1) and u € (0,1 — v), while logarithmic type index functions alway fulfill both
conditions.

3.2 Approximation Property of Regularization Methods

Up to now we only considered Tikhonov regularization. If fo = 0, then it is given by
fo= (T*T+al)” ' T*gs.

More generally a large class of regularization methods in a Hilbert space setting is
given by
fu = Rag"bs, where Ry = qu(T*T)T™.

The function g, is called a filter, e.g. the filter for Tikhonov regularization is given by
gau(A) = ﬁ While further examples are discussed below we mention that e.g. the
conjugate gradient method applied to the normal equation with a stopping rule is
not of this form as this is nonlinear in the input data. Closely related to the filter is
the residual function r4(A) := 1 — Ags(A) which measures the approximation error (or
bias in the statistical context) of the regularization method given by

P =R Tf =1y (T*T) fT.

In order to ensure the regularization property and favorable characteritics of the
method we will impose the following assumption throughout the rest of this chapter
on the filter and residual function:
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Assumption 3.2. There exist constants C; > 0,0 < C; < C3 < 1and & € (0, ] such
that

(@) |4a(A)| < S forall A € [0, |T*T]],

(b) A — ry(A) is decreasing and continuous for all & > 0 and r,(A) > 0,
(c) limy_ora(A) =0forall A € (0, [|T*T]],

(d) @+ rq(A) is increasing for all A € (0, ||T*T|],

(e) Gy <ry(a) <Cszforall0 < a < 4.

Part (a)-(c) are assumptions that guarantee regularization properties. Indeed R,
is a bounded operator due to (a) and as a result we have stability. Furthermore we
obtain that r,(0) = 1 by definition and therefore

0<r(A)<1 VYa>0,A>0 (3.2)

with (b). Combined with (c) this implies that lim, o f* — R, Tf"| X|| = 0 and thus
the desired convergence property. While (a) and (c) are standard assumptions usually
instead of (b) only a relaxed version of (3.2) — namely |r,(A)| < C4 for C4 € (0, 00)
—is demanded to ensure the regularization property. However, we require later on
that r, and g, do not change sign which is guaranteed by (b). Items (d) and (e)
will be similarly needed for converse results. They require a smooth transition at
A = a between modes that are accurately reconstructed, i.e. modes with 7, (A) ~ 0 or
equivalently g,(A) &~ 1, and modes of the order r,(A) ~ 1 which are neglected for
stability reasons.

Example 3.3. The following provides a list of regularization methods which fulfill
Assumption 3.2. If not stated otherwise we have & = oo.

e Tikhonov reqularization: As mentioned above we have g,(A) = (A +a)~! and
hence r,(A) = a/(a + A) whichleadsto C; = 1and C; = C3 = 1/2.

o k-times iterated Tikhonov regularization: Here one has for some prescribed k € IN
that 7, (A) = a*/(« + A)¥ leading to C; = kand Cp = C3 = 27K,

e Showalter’s method: This method is given by r,(A) = exp(—A/a) and therefore
C; =1land C; = C3 = exp(—1).

o modified spectral cut-off: We have g,(A) = min{1/A,1/(2«a)} or equivalently
ra(A) = max{0,1 — A/(2a)} implying C; = C, = C3 = 1/2.

e Landweber iteration: For « > 0 define k, := min{n € Ng: n+1 > 1/a}; then
ky is the number of iterations. Landweber iteration is defined by r,(A) =
(1 — uA)k and g, (1) = Zi.‘ial(l — puA) where 0 < u < ||T*T|| 7! is the step
length parameter. Obviously we have C; = 1. If & = 1/(n +¢) for some
e € [0,1), then ky = n and hence (1 —pu/(n+1))" > ro(a) > (1 —pu/n)"
Both bounds are monotonically increasing in n by the inequality of geometric
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and arithmetic mean if n > p, thus we choose & < min{1, ||T*T||} and get
Co = (1 —pu/ka)** and C3 = limy,ye0(1 — pt/ (n +1))" = exp(—p).

e Lardy’s method: For some fixed B > 0 we have r,(A) = B /(A + B)*= for k,
defined as in the Landweber method. We get C; = 1 and with & = min{1, 8} we
obtain C3 = exp(—1/(2B)). With the choice of « as in the Landweber method
we can estimate 74 () > (14 1/(Bn)) " which is monotonically increasing in
n and hence C; = exp(—1/8).

More information on these methods can be found in [EHN96]. Well-known
methods which do not satisfy the assumptions above are spectral cut-off (that is
ra(A) =1if A < wand r,(A) = 0 else) as it violates (e) as well as the continuity in (b)
and the v-methods as they violate the monotonicity requirements in (b) and (d).

In [AEdHS16, Def. 2.1] similar assumptions on filter functions are imposed in
order to obtain results as in the current and following section. Whereas (b) requires
nonnegativity of 7, they only impose that 72 is monotonically decreasing. At the
same time they require continuity of a — r,(A) which rules out iterative methods.
Further k-times iterated Tikhonov regularization for k > 3 does not fulfill their
assumptions, as they require 4,(A) < C»/+v/aA, which has been relaxed to 74 (x) > Cy
in Assumption 3.3.

Theorem 3.4 ([AEdHS16, Prop. 2.3] and [HW17a, Thm. 3.3]). Let a regularization
method fulfill Assumption 3.2. Moreover, let ¢ be an index function such that there exist
C > Oand p > 1 such that

ra(A)p(A)H < ngo(tx)” (3.3)
forall A > 0, a € (0,&]. Then the following are equivalent for all 1 € X:
(@) f1e X] with A= ||fT|X] ]| < oo,

() B:= sup ——||ra(T*T)fT | X|| < c0.
0<a<t @(a)
Furthermore the estimates
t t + zl 1_%
chc
4 < Hf 1Y b < mand WL UL, GEGs
p(&) o(ITI2)" o(IT]*) 1-1

hold true.

Proof. (a) = (b): Assume at first that &« > || T||%, then we have ¢(||T||?) < ¢(a) as
¢ is an index function and therefore

n(Tf ¥ <

e WP |2 < s | 7]

where the last inequality follows from (3.2).

ITIIZ)
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Let from now on a € (0, || T||?). Then using integration by parts we get

ra(T*T)f‘L ’ XH2 _ /O|T|2+ ra(/\)ZdHEAJ“L ’ XHz

=gt [ st A a(r?)

The integral on the right hand side will now be split into two terms:

/O'T'2+HEAf*\Xsz(—mM)z) :/O"“ EAf*’XHZd(—m(A)Z)

[ et | a ()

For the first integral note that A — (—74(A)2?) and A — ||E, fT | X||? are monotonically
increasing, which implies

f st a(raar) < st | [ a(-min?)

e [ 1 o) < i

by (3.2). For the second integral we have
A_T|2+“EAf+ ‘ Xsz(—i’a()\)z) < A2 /0¢|_T|2+ (P(A)zd(_r“()\)Z)
rn(A?) g d(-ra(A)?)

(w27 = (IR

2 IR+
< A’C{ p(a)? / (

_AZCJ% 2 1
= qq’("‘) 1

1
I

2
cr CZ(l—l/y)
< Azq)(a)z g 13_ T
M
where in the estimates we use ||fT | Xg || < A, (3.3) and Assumption 3.2(b) and (e)
respectively. Combining the previous estimates we arrive at

2 _
””WV*X2<&<T%fWXV+A%mVG+C“?:UW)
I3
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Using again (3.3) we get the estimate

> pla) pa) \'' gla) ()
lITI7) < Co ey = C‘*(mnﬂm) 2UTID = ST

since ¢ is an index function and p > 1 which implies the claim.
(b) = (a): Let 0 < j < &. By Assumption 3.2(b) the mapping A — r4(A) is
decreasing and hence

IN

HEijrH2:/Oj_ldHEAf*‘XHZ <os<115jrj(1t>2> /()j_rj()\)zd‘)EAf+'X"2

1 2 _ B(j)?
< —— (T Y x| < =52
T e < =5
If on the other hand j > &, then HE]-fJr X < |Iff| Xl and ¢(j) > @(&) which
finishes the proof. O

Remark 3.5. Let ¢(A) = A!/2, then the largest number o > 0 for which (3.3) holds
true is called the classical qualification of the regularization method. Considering
the regularization methods in Example 3.3, we have yg = 2k for k-times iterated
Tikhonov regularization and 1y = oo for the other presented regularization methods,
see [EHN96]. It has been shown in [MP03, Prop. 3] that if ¢/ = id"/? for some
fi € (0, o), then (3.3) holds true. So if ¢ is of the form (2.3) with ¢ = @Il of Holder
type then (3.3) can be fulfilled if v < pp and for ¢ = (pI’; of logarithmic type (3.3) it is
fulfilled for all p > 0.

3.3 Convergence Rates Results

The previous two sections have pointed out that we have equivalence of VSCs, the
decay of the spectral tail and approximation properties of regularization methods.
We already know that the first condition implies optimal convergence rates under
certain parameter choice rules for Tikhonov regularization by Theorem 2.20. In this
section we go along the other direction: for certain classes of parameter choice rules
optimal convergence rates in the deterministic setting imply optimal approximation
properties.

3.3.1 Convergence rates for an oracle parameter choice

Under our assumptions on the filter function the following bounds hold on the norm
of the corresponding regularization method.
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Lemma 3.6. Let a spectral regularization method satisfy Assumption 3.2, then the bounds

1—C3)? C
QSHRMIZSJ
o x

hold true.
Proof. The upper bound follows by Assumption 3.2(a) and (3.2) since we deduce

2 x . . . i}

IRa|l* = [IRZRa[| = || qa(T*T)*TT* || = | qu(TT*)(1 — ra(TT"))|
C

< alloo = ralloo < =

For the lower bound note that

_ 2 o 2 _ 5
IRe|? = sup Alga(A) 2 = sup L=reM)® o (=ra(@)? o (1= G
p P 3
A>0 A>0 14 o

where we used Assumption 3.2(e). O

Both bounds will be used to derive the following theorem:
Theorem 3.7 ((HW17a, Thm. 4.1]). Let a spectral reqularization method satisfy Assumption
3.2 and let ¢ be an index function such that there exists a p > 1 such that
p(ra) <rPe(a)  foralla >0andr > 1 (3.4)

(i.e. ¢ does not grow faster than polynomially). Then for f* € X the following are equivalent:

1
(@) A:= sup ——||r(T*T) FH | X|? < o0,
2B, play (T

1
(b) B:= sup —— inf sup |[Ry(Tf 4¢)—f1|X|* < oo
0<s<0, (@) Po(02) 0<si o yijcs
Furthermore the estimates

2p t 2
A < max{ Bmax{1, 2B ,M and B<2(A+ ()
(1-C3)? (1-C3)2 2\ 2
4’( 2B "‘)

hold true.

Proof. (a) = (b): Using the upper bound of Lemma 3.6 the standard error split
leads to

+ ) )2 sy gt 2
sup [[Ra(Tf*+8) = 1122 < ([ra(TT)f | X]| + I Ra0)
Iglx)<s
52
< 2A¢(a)? +2C1;.
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For 6 < ®,(&) choose & = @;1((5) < &, then we have

@;1@)4)(@;1(5)) ~ 0, (@;1(5)) =5

S 0(0,'0))" = pe().

and hence
This immediately implies

Ro(TF +8) — £ 2| <204+ Coy(0?)

inf  sup ’
0<ast ) x||<s

forall 6 € (0,04(&)].
(b) = (a): Expanding

Ro(TF +8) — 2] = el D)t + Rt | X[

= [ D | 2|+ 2T D) RE) RG] P,

we notice that only the middle term on the right is affected by a sign change of . So if
we take the supremum over ¢ we may assume that this term is positive and therefore
obtain the lower bound

Ra(TfH + &) — ft ‘ tz > |lre(TrT) £ ’ XHZ + || Ry |22

sup ‘
IE]x|<s

Replacing || R,||? with the lower bound of Lemma 3.6 we note that

2
ro(T*T) fT ‘ X H is monotonically increasing in « by Assumption 3.2(d),

2
(1- Cg)z% is monotonically decreasing in «,
which implies that for all «* € (0, &] we get

R(17*+8) = f* [ ¥ 2 min (- c3>2‘52}.

lx*

ras (T*T) f ‘ X

inf  sup ‘
t
O<a<z) x| <s
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As the left hand side is bounded from above by By, (6%) we see that choosing a* () =
%@;1 (6) leads to

2
Bipy(6°) > min{ rar(s) (T T fT| X - c3)2af(5)}

2 52
= min{ |75 (T*T) fT | X ,23}
{ (9) @q)l(&)

2
= min{ ror (o) (T*T)fH | X ,2Blp¢(52)}.
This immediately proves Bipy(62) > ||r4+(5) (T*T)f* | X || as it would contradict the

inequality otherwise. Solving the definition of a* for ¢ yields § = @q)(ﬁ“*)
which implies

im0 (0 2)) ) = 5o 2gr))

< Bmax{l, ((1_21(3:3)2)211}4’(“*)2

for all a* € (0, %&] where we used (3.4). Applying monotonicity of ¢ and (3.2)

BGAY S
for a* € ((1 223) &, &) shows

rae (T Xt X
p(a*)? - ¢((13§3)2&)2

which finishes the proof. O

Note that the previous theorem involves a very strong performance concept, as

; t _ gt - +
b, S RTS8 = 1120 = inf Dr, (5.{f'})

where Dg, (5, { f *}) denotes the worst case error (see Definition 2.9). A parameter
choice rule for which the infimum is attained is an oracle parameter choice (compare
Section 2.1.3.2) as it requires a-priori knowledge of the true solution and therefore
it is not implementable. Hence our result is weaker then similar results in [Neu97,
Thm. 2.6] and [AEdHS16, Prop. 3.3] where the order of the infimum and supremum
is interchanged as clearly

sup inf
& | x||<o O<asd

Ru(Tf* +¢) — £ x| < inf ws‘;}fg’

Ra(Tf*+8) = fH] x|
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The advantage of our result is that it holds without further assumptions relating
the index function ¢ with the chosen filter, see [AEdHS16, egs. (23)&(24)]. We will
however show in the next section that the above inequality can often be reversed
while loosing only a constant and therefore gain the results of [Neu97, AEAHS16]
with little further assumptions.

3.3.2 Convergence rates for quasioptimal parameter choice rules

The following characterization of parameter choice rules is due to [RHO07]:

Definition 3.8. A parameter choice rule &: [0,00) x Y — [0, 00) is called:

o weakly quasioptimal for the regularization method (R ), if there exists a constant
¢ > 0and éy > 0 such that

DRﬁ(&,{f*})gcinf sup ||Ro(TfH+8)— fH1X||+006)  V6<d,
0< 1z x|1<s

e and it is called strongly quasioptimal for the regularization method (Ry), if there
exists a constant ¢ > 0 and &y > 0 such that

Dg, <(5, {f*}) <c sup inf||Ro(TfT+&) —fTX|+0(8) V< dp.
g1 ¥ <s0<

In many cases the constant ¢ appearing in the definition can be calculated explicitly.

Example 3.9. For the two parameter choice rules introduced in Section 2.1.3 the
following was validated in [RHO07]:

o The discrepancy principle is strongly quasioptimal for regularization methods
with infinite classical qualification, see end of Section 3.2 for examples. It is
however not even weakly quasioptimal for (iterated) Tikhonov regularization.

e The Lepskil principle is weakly quasioptimal for all methods considered in
Example 3.3.

The following lemma shows that for continuous regularization methods the notion
of weak and strong quasioptimality coincide.

Lemma 3.10 (see [HW17a, Lem. 4.2]). Let Assumption 3.2 hold true, then

inf  sup ]R,X<Tf++g)—f*\xugzﬁ sup inf Ra(wac)—f*)xH
0<a<d|z) x| <s [HETETR
holds true for all

5 e A(f) = { HM(T;"?J'” Ed By zx}

Further the set A(f') has the following properties
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(a) If EofT 0 for all « > 0, then 0 is always a cluster point of A(fT).
(b) Ifa v 1y is continuous forall A € o(T*T), & = coand f # 0, then A(f') = (0, 00).

(c) Let Ry be given either by Landweber iteration with u||T*T|| < 1 or by Lardy’s method.
If 1 = 0 the size of the gaps of A(f) on a logarithmic scale is bounded by In y with

v = sup{Z: a,be A(fYY with0 < a < band (a,b) NA(f7) = @} < 0. (3.5)

Proof. Let 6 € A(fT). Then there exists &’ € (0,&) such that

ra(T*T) f ‘ xH = ||Ra 0.

By definition of the operator norm for every ¢ € (0,1) (even for e = 0 if T is compact)
there exists a ¢’ € Y such that ||¢’| Y| < § and |[Ry& | X > (1 —¢)||Ry]|6. We
claim that there is a choice of & (depending on f') such that

<r,x(T*T) 7, R,xg’> >0  Vae (04 (3.6)

Indeed let T = U(T*T)'/2 be the polar decomposition of T with a unitary operator
U: X —ran(T) C V. As (ker(R,))" C ran(T) we may assume that ¢ € ran(T). Let
{' € X be such that &’ = U{’, then

(ra(T* T Rai’) = (ra(T ) g (T T)(T D)V,

By Halmos version of the spectral theorem (see [Hal63]) T*T is unitary equivalent
to a multiplication operator Mg: L2(Q, u) — L2(Q, i), (Mgh)(x) = g(x)h(x) for all
x € () on a locally compact space () with positive Borel measure y and a nonnegative
function g € L*(Q), i), thatis T*T = W*MyW for some unitary operator W: X —
L?(Q), ). Therefore we have

(DR ) = [ ralg() (WFY) () 90 5(3)) y/2x) (WE') (x) dn(x).

By (3.2) we have r, > 0 and g, > 0 for all & > 0, hence nonnegativity of the right
hand side of the previous equation can be ensured if (WfT)(x)(W¢’)(x) > 0 for
p-almost all x € Q). This can be achieved by replacing (W{')(x) by s(x)(W{)(x)
where s: Q) — {—1,1}. Hence replacing ¢’ be UW*(s - (W(")) shows that (3.6) holds
true.
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With these choices of a’, &’ we then obtain

inf  sup ’
0<a=t ) x||<s

Ra(Tf"+8) — f1] |
=0l Iésillogzs[

re(TT)f 2|+ sup [Rye|X|
g1 x|<é

(T T)f | 2|+ |Ra | X

<

1
< ro Tt X+ T IRe | ]

As ||ry (T*T) £t | X|| is monotonically increasing in & and ||R,/¢& | X|| monotonically
decreasing in & we get that

1 2
7 |+ i ) < g |

ra(TT) £ | + [[Rag | ]

since [|r, (T*T) fT | X|| < 1 |IRw& | X|| < 2 |lra (T*T) £ | X|| by the choice of &’
and &’. As for x, y such that (x,y) > 0 the inequality (||x| + [|ly||)? < 2||x + y||> holds
true we thus obtain by (3.6) that

RlTf )~ £ 2 < 222 ine

2v/2 ,
sup inf
1 — & HE‘XH§50<“<’X

inf  sup ’
f
0<ast iz x||<s

R(Tf*+&) - 1] X

<

Ru(Tf"+¢) — ] 2|

As the above holds for all ¢ € (0,1) this shows the first claim.

It remains to investigate the properties of A(f7):

Proof of (a): By Lemma 3.6 we have that (1 — C3)?/a < ||Ry||?> < C;/a. We have
| (T*T) T X < |If| X || by (3.2) so we only have to ensure that 7, (T*T) fT # 0
for all & close to 0 in order to get the claim. By Assumption 3.2(a) we have that

C 1
re(A) >0 fora > CiA  sincethen  gu(A) < ?1 <7
Hence if E, f* # 0 for all « we have ||ro (T*T) f* | X || > |Ira(T*T)E,)oc,) T | X > 0.

Proof of (b): If & — g4(A) is continuous then also a — 74 (A) is continuous and by
Lebesgue dominated convergence theorem a — ||r,(T*T)f*| X || and a > ||R,|| are
continuous as well. As the above estimate on 7,(A) for & > C;A implies for fT # 0
that 7, (T*T) f* # 0 the statement follows from the intermediate value theorem and
Lemma 3.6.
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Proof of (c): For Landweber iteration and Lardy’s method we can rewrite

* t t
|r1/n<HTRT>Jﬂ 2], e ]N} and oy = sup 2
1/n

nelN 5n+1 (er) .

Using Lemma 3.6 we obtain the bound || Ry /(1) [|/[[R1/n || < v/C1/(1 — C3), which
gives a bound on the quotient of the denominators of neighboring &, (7).

A(f+) = {5n(f+) = ’

For Landweber iteration quotients of enumerators of &,(f") are bounded by

HTl/n(T*T)f‘r | ‘/YHZ _ 0||T*TH+(1 _ y)\)Zn dHE)\f+ ’ XHZ B 1
P R G e LV R At b O

Hrl/(n+1)

since (1 —uA) > 1—u||T*T|| for all A < |T*T||. Similarly, we use B/(B+A) >
B/(B+ ||T*T||) for all A < ||T*T|| for Lardy’s method to obtain

T*T 2n 2
(st 2 T () dlIES | ] < (1+ 1LY
ervet| P T T (B )2 SpUta B )
I @t x| BT ()T RS A
This shows that v is finite in both cases. O

While Theorem 3.7 has shown equivalence of approximation error and conver-
gence rates for oracle parameter choice rules this can now be extended to quasioptimal
parameter choice rules.

Theorem 3.11 ((HW17a, Thm. 4.3]). Let a spectral regularization method satisfy Assump-
tion 3.2 and let ¢ be an index function such that (3.4) holds true and  is concave. Further
let & be a weakly quasioptimal parameter choice rule. Then for f* € X for which A(f")
satisfies (3.5) the following are equivalent:

1

(a) sup 5 |ra(T*T) fT ] X||? < oo

0<a<a P(a)

(b) Forany 6y > 0 we have

R&((S,Tf’urg)(TF +&) —er ‘ XHZ < o0,

1
sup — < Ssup
0<s<s, ¥g(0%) |g|;v|<5‘

Proof. (a) = (b): By Theorem 3.7 and the definition of a weakly quasioptimal
parameter choice rule (see Definition 3.8) we know that there exists a constant C > 0
such that for all § > 0 the estimate

Regsrprsey (TF 48 — £ [ < (g0 +8)

sup ’
I¢]x][<s
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holds true. As ¥, is concave we have that lim ot/ (t) < co. This shows that (b)
holds true for every finite Jp > 0.

(b) = (a): Suppose first that &(J, gObS) > &, then
1 1
p(a)? (&)

hence we may assume that &(J, g"bs) < &. In this case we have by Lemma 3.10 that

e |aff < gl o <o

R,X(Tf++(§)—f+‘XHZ§8 sup inf Ra(Tf++§)—f+’XH2

|&| x| <o O<ask

inf  sup ’
0<a=t ) x||<s

Ra(Tf* +8) — f*| X[ <8C(, 60)0(6?)

<8 sup ‘
gl XxlI<é

forall§ € A(f7) N[0, 4]

Let §p = GW(%) where B = 8C(f*,50) and B = min{&, ||T*T||} as in the
second part of the proof in Theorem 3.7. Assuming that A(f1) N (0,30] = (0, ] we
obtain sup;_,4 ﬁ””a(T*T)f* | X||? < co. This implies (a) as ||, (T*T)fT | X || <
|| X foralla > 0.

If A(fT) has gaps but (3.5) holds true, then for all § € (0, 4] there exists a €
[6/7,6] with 6 € A(fT). Using the concavity of ¢, we have lpq)((Sz)/t[J(p(éz) < 42
This way replacing the supremum over § € A(f7) N (0, y] with a supremum over
5 € (0, 8] increases the value at most by a factor of 2. O

3.4 White Noise Error Model

The previous section has dealt with the case of deterministic noise g°° = Tf* + & for
some ¢ € Y. We will now look into the case of white noise meaning the observed data
is given by

gobs _ g'l' +e7

with a white noise process Z on ) as introduced in Example 1.3. Note that || f, —
fT| X||? is a random variable in this case and hence not a useful error measure if one
wants to evaluate the performance of the regularization method as € \, 0. We will use
the expected square error as a loss function. This leads to the following bias-variance
decomposition which replaces the splitting of the error into an approximation and a
propagated data noise part:

d

- = [ela] - el e
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By the linearity of the expectation and the properties of Z we have that
Em = E[R,X(Tf+ +eZ)} = Ry Tf' + ¢E[RyZ] = R, Tf",

so by Section 3.2 the bias term can be controlled by assuming that ft € X, q,T for some
index function ¢. As Cov[R,Z] = RyCov|[Z]|R} = RyR} we can conclude that

E [\|RaZ|\2] = trace(Cov[R,Z]) = trace(RyR?)

Note that as Ry R} = q2(T*T)T*T this requires the forward operator T to be at least
compacts, as it has to be of trace class. Thus the main difference between this and the
previous section is that the noise is not described by the maximum but the sum of the
eigenvalues of Ry Rj. Often the sum grows faster than the maximum as « — 0 and the
rate does not only depend on the regularization method but also on the distribution
of the eigenvalues of T.

To handle the variance term we will therefore assume that there exists a constant
D > 1 and a continuous, monotonically decreasing function v: (0,00) — R such that

%v(w < E[||R,XZ||2] <Dov(a)* VO0<a<i (3.82)

with limits lim,_,0v(a) = oo and limy—e0 v() = 0. In comparison with the deter-
ministic case in Lemma 3.6, we see that if we replace E[||R,Z||?] by || Rq||*> we could
choose v(a) = 1/+/a with a constant D depending on the specific regularization
method. Moreover, we will assume that v does not grow faster than polynomially as
a \, 0 or, equivalently, that the inverse function v~ 1: (0, c0) — (0, 00) does not decay
faster than polynomially at infinity, i.e. it satisfies

o Y(rt) > r Tt Vt>0,r>1 (3.8b)

for some g > 1. A way to calculate v has been given in [BHMRO7]; under certain
conditions one gets that E[||RyZ||?] ~ E[||(I — E,)T*||?], that is the variance of the
estimator behaves like the variance of the spectral cut-off estimator for which explicit
expressions have been derived.

Theorem 3.12 (see [HW17a, Thm. 5.1]). Let Assumption 3.2 and (3.8) hold true and define

wqo,v(t) = ?(G);%;(\/O) with ®go,v(0() _¢

Let ¢ be an index function such that (3.4) holds true. Then for fT € X the following
statements are equivalent:

3For an analysis with noncompact operators that leads to convergence rates but not to converse results
see [BHMRO7].
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1
(@) A= sup — |ra(T*T)f" | X < o0,
0<a<a 9()
® Bie  sup int B[|[R(Tf +e2) - 1] X)) < o

0<e<@,,(3) Ppo(€) 0<ast

Furthermore the estimates

IFt ]
¢(max{1, (2BD)~1/2}a)?

A< max{B,B(ZBD)”" } and B<A+D

hold true.

Proof. (a) = (b): Setting f,x = Ry(Tf" + eZ) and using the bias-variance decom-
position we obtain by (a) as well as (3.8a) that

E[ﬁ

The infimum of the right hand side is approximately attained if ¢(a) = ev(a) or
equivalently if & = ®(;})(£) As Pg(€%) = ¢(®;1v(s)) = 820(6;}0( £))? we get that

—ft ’ XHZ} < Ag(a)? + De*o(a)>.

inf E{

O<a<a

£ ] < 4+ Dipyate.

(b) = (a): Using again bias-variance decomposition and the lower bound in
(3.8a) yields that

Note that by Assumption 3.2(d) the first term is increasing in « while by our assump-
tions on v the second term is decreasing. Hence

]2 g o+ o

‘ra(T*T)ﬁ ( XH2 + iv(a)Z]

2 22
,i)v(a*)Z}

Btpw,(sz)z inf {

O<a<i

> min{Hr,X*(T*T)er

for all a* € (0, &]. For the choice

one gets that
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so the minimum has to be attained at the first argument. Solving a* for ¢, abbreviating

zZ:= v‘l(f}(;%) = @;},

(¢) and inserting into the resulting equation yields

r (T°T) f1 ’ XHZ < Bypo(e?) = B‘l’qv,v((@%v(z))z)
2

= B(040(2))*0(0,}(040(2)) ) = Bo(2)?

by the definition of ¢ ». The growth restrictions (3.8b) and (3.4) now imply that

ra (T*T) £ ’ XH2 < B(p(Inax{l, (2BD)W2}(X*)2 < Bmax{1, (2BD)"M}g(a*)?

showing (a) for all « of the given form.

If « € (0,4&] is not of this form, then —as ¢ < @,,,(&) — we get by (3.8b) and
monotonicity that & > v~1(v/2BDv(&)) > max{l D)1 } Thus for these «
we obtain
L] )

(P( )? ¢(max{1, (ZBD)_WZ}&)2
finishing the proof. O

ra (T*T) £ ’XH <

Note that the previous proof is essentially the same as the proof of Theorem 3.7,
the only difference being that the latter treats the special case v(x) = 1/+/a.

Remark 3.13. If Assumption (3.8a) is relaxed to
(@)® < E[[ReZ|?| < 04 ()?
v_(a)” < " <ovi(a

with v functions with the properties as v in (3.8) where possibly lim,_,o(3+)(a) = oo,
then an inspection of the proof shows that

1
Theorem 3.12(a) =  sup  ——— inf E|:||R4x<Tf+ +eZ) — f1] XHZ} < oo
0<e<Oy,0, (&) lp(p,m (S ) O<a<a

Theorem 3.12(a) <=  sup ! inf E{HR,X(Tf +eZ)— f+|X||2} < o0
0<8§®¢,v l/) U ( )O<a<

This is especially relevant for operators T with exponentially decaying singular values.
While (3.8a) can be verified for polynomially decaying singular values by results in
[BHMRO?], for the asymptotic behavior 0; = exp(—cjP) for some ¢, > 0 one can
only verify the relaxed condition above with

v (a) =c_a"1/? and vy (a) =cpa V2V (3.9)
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for any v > 0 and some c_,cy > 0 easily. However, for such operators Theorem
3.12(a) is typically only fulfilled for ¢ of logarithmic type, that is of the form (2.3b) for
some p > 0, see Example 2.3. In these cases one has

Poo_(t) =c(— lnt)72p(1 +0(1)), ast—0,
and Y0, () = c(—Int) (1 +0(1)), ast—0

independent of the choice of v € (0, c0), see [Mai94]. Therefore the equivalence in
Theorem 3.12 still holds true with either v = v..

3.5 Interpretation of Maxisets

The previous sections have illustrated that f* € X q,T does not only yield convergence
rates results but converse results also hold true. So the question arises whether
these spaces have a more natural, that is operator independent characterization. We
will start with results from [And15] showing that the spaces can be regarded as
interpolation spaces in Hilbert scales before showing that these spaces are Besov
spaces for a wide class of operators.

We will build on the ideas and notation of Section B.2: we set Ay := X and
Xy = (T*T)kX, thatis || f | A1 || := || (T*T)~*f| X||, for some k € (0,00). As X; C X
the spaces are obviously compatible. Then for fixed t > 0 we get that

kio 2 = int ([ [ 2]+ 217 02)

fex

As this is a convex and coercive minimization problem we know that there exists a

unique solution ﬁ of the minimization problem. The first order optimality conditions
establish

fr=(1+2TT))f
-1 -1
or f‘l‘ _ (1 + tz(T*T)izk) tZ(T*T>72kf’r + (I—|— tZ(T*T)72k> f+~
Using the spectral measure we hence obtain

o)

K(t 1 = |

0

oo t2 + 2
= |y w2

£A% 2\ —2k 1 | 2
1+ 222k A (1+t2A—2k)2 dHE)‘f‘XH
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Therefore for any 6 € (0,1) this results in

t>0

172
£ (X, 2o = lsuptze/o e d| Bt x| ] . (3.10)
This form will be used to prove the following:

Lemma 3.14 (see [And15, Prop. 2.2]). Let k > s > 0 and set ¢(t) = t°. Then we have
Xq? = (X0, X1)s k0 with equivalent norms.

Proof. Note that for j > 0 we have

e <(Z)s/k (1 B ;)1—s/k>2t_zs/kt2 szk for t=j .

Thus we get for fJr € (Xo, X1)s/k cor that

2 -
s LU
R CH E esrvE

S () R U I Wy e VY

since A < j and the integrand is monotonically decreasing in A. Furthermore it
follows that

2
L < ()0 I | e

by (3.10). Taking the supremum over j > 0 on the left hand side reveals f' € X, 4? .
If on the other hand f' € X, g , we have for each t > 0 that

t_zs/k/o deE,\f ’)(H <f—25/k{HEf’XH +/ t2+A2k HE)\f""XHZ].
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Setting j = t!/* yields
e [ et
S [ Ry S LR
<72 [l P (s P 2k [ et o)

< o2 ./j°° /\ZS—Zk—le'l' ‘ X(’?H2d/\ o k

2
T
%]

As this holds for all t > 0 we obtain fT € (X, X)s/k o by (3.10). O
Recall that by (B.1) that for 6 € (0,1) and ! € R
(L% H')ge0 = B3

if the underlying manifold is smooth enough. Hence if ran((T*T)*) = H', then we

get that X’ Tq = Bésgok, that is we found an interpretation of the spectral decay space in
terms of more classical smoothness spaces.

We will extend this result further by assuming that T: X = 12 (/\/l) — Y, where
M fulfills Assumption B.17, is such that

T*T = A(—A) (3.11)
with A meeting the following conditions:
Assumption 3.15. Let A: [0,00) — (0,0) be such that
(a) A is continuous,
(b) Al[t,,c0) 8 strictly decreasing for some ¢y > 0,
(€) limj_yoo A(t) = o0.
For such operators we obtain the subsequent characterization of maxisets:

Theorem 3.16 (see [HW17a, Thm. 6.3]). Let M fulfill Assumption B.17, A Assumption
3.15, T be of the form (3.11) and s > 0. Define

0 ifj=0
_ —-1/2
20) =1 ((Alw) 1)) #7< @A),
ty /2 if i > Alto)

then X1, = BS _ with equivalent norms.
1% 2,00 q
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Proof. Define the operator S := ¢(T*T)"/2: L2(M) — L*(M), then
S*S = @(T*T) = (po A)(—A).

As (poA)(t) = t71/2 for t > tgand info<i<s, (¢ 0 A)(t) > 0 by continuity we get that
ran((S*S)¥) = H*(M) with equivalent norms for all k € R.
Denote by E! the spectral projection with respect to the operator T*T and by Ei

the spectral projection with respect to the operator S*S. For t € (0, t; 1 2) we then
obtain by the substitution t = ¢(j) that

B ||| = (i)~ ES ) f| | = @)
As for t > t; /% we get

ESF| x| < 8/211 %1 = (@0 M) (ko)) ||ER i f | X
= (9o N)®)*||ERpf | | < ||| 45

with f = arg maX;e o] A(t). Taken together the last two inequalities illustrate that
£ 1 X5 < NIf] ng ||. As on the other hand for j > A(ty)

t*S

Ef| x|

t*S

o) e 2] < 20r 10 = (572)

Efomf’)(” < Hf‘xiss

we can conclude by using the first inequality that || f | this | >flX gs ||. Therefore
Xi(sis =X 47;5 and the norms coincide.

In summary this implies that if we choose k > s then
X = X5 = (I H g ko0 = B3 o
by Lemma 3.14. O

3.6 Examples

The previous sections have yielded several equivalence results for convergence rate
theory in Hilbert spaces. In order to conclude this chapter we now apply these results
to a set of well studied inverse problems in order to illustrate our findings.

Operators in Sobolev scales In the following we describe a fairly general class of
problems. It contains convolution operators (if M = R? or M = T*%), for which the
convolution kernel has a certain type of singularity at 0 as well as boundary integral
operators, injective elliptic pseudo-differential operators and compositions of such
operators.
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Theorem 3.17 ((HW17a, Thm. 7.1]). Let M be a d-dimensional manifold satisfying As-
sumption B.17, and let T be an operator which is a-times smoothing (a > d/2) in the sense
that T : HY(M) — H'T"(M) is well-defined, bounded and has a bounded inverse for all
t € R. We will consider T as an operator from L?(M) into itself, ie. X = Y = L2(M)
and a spectral reqularization method with classical qualification (see Remark 3.5) yg > 1
satisfying Assumption 3.2. Then the following statements are equivalent for all fT € X'\ {0}
and s € (0,a):

(a) f* satisfies a VSC (2.26) with ((t) = ct5a for some ¢ > 0.
(b) f*e B (M).

(c) For a quasioptimal parameter choice rule & and a reqularization method for which A(fT)
meets (3.5) we have

sup{|Ry(s rprae) (TFF +8) = 1] 17| |g| 17| < 0} = 0(677), 6 0.

@ (infos0 B[ |[Ra (TS +eW) — fF| L2||2D1/2 =o(e7m), -0,

In addition, (b)—(d) are equivalent for all s € (0,2apg), and furthermore the assumption
a > d/2 can be relaxed to a > 0 if (d) is neglected.

Proof. Note that ¢ = ¥, with

p(t) =c't/?*  forsomec’ > 0.

e 1)& ffeX q? : The assumption s € (0, a) ensures that ¢ satisfies the conditions
of Theorem 3.1.

e ffe Xg < (b): Tt follows from Lemmas 3.14 and (B.1) that

XD = (L2(M), (T*T)(LA(M)))

9 = (L*(M), H*(M))

_ ns
s/2a,00 s/2a,00 BZ,oo(M)'

o fle Xg & (3.12) below: For s/2a < yy Theorem 3.4 yields equivalence to

sup q /2

a>0

r(T*T) £ ‘ Lz(M)H < co. (3.12)

e (3.12) < (c): This follows from Theorem 3.11.

¢ (3.12) & (d): It has been shown in [BHMRO07, § 5.3] that (3.8a) holds true for
o() = a~(@+4/2)/(22) and hence (3.8b) is satisfied with g = 2a/(a +d/2) > 1.
Therefore we can apply Theorem 3.12. O
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Example 3.18. We will now have a look at the example studied in the Examples
2.7,2.18 and 2.31 in the light of the previous theorem. If M = S, then the Fourier
transform F is a mapping from L?(S) — ¢%(Z) and a convolution operator Tj, f =
h % f can be written as T,,f = F*(h - f). Via relabeling we can identify ¢?(Z) and
¢2(IN) and hence we see that T as in the examples can be seen as a convolution
operator with the desired properties which is 1-times smoothing. As (after relabelling)
(Lpew n%]f(n)[?)1/2 is an equivalent norm on H*(S) we see by Example 2.7 that
a spectral source condition f = (T*T)"/?w for some w € L2(S) is equivalent to
f € HY. Therefore we can infer for the considered f' that fT € H® fors < 1/2.

On the other hand Example 2.31 illustrates that f € B - if and only if s < % as

G% s jl f(n)]?)"/? is an equivalent norm on Bj . This shows that the convergence
rates obtained from the variational source condition are optimal.

Backward Heat Equation Let us consider the heat equation on a manifold M
satisfying Assumption B.17:

ou=A~Au inMx(0,7)

u(-,0)=f onM (3.13)

The backward heat equation is the inverse problem to estimate the initial temperature
f from observations of the final temperature ¢* = u(-, 7). This fits into the framework
(3.11) with the function

App(t) = exp(—21t).

We gain the following equivalence result:

Theorem 3.19 ((HW17a, Thm. 7.3]). Let M be a compact manifold satisfying Assumption
B.17. For spectral reqularization methods meeting Assumption 3.2 and the forward operator
T:L2(M) — L*(M) with T*T = Apu(—AN) of the backward heat equation the following
statements for s > 0 and fT € L2(M) \ {0} are equivalent:

@ f* € BE,(M).
(b) fT satisfies a VSC (2.26) with index function () = c(—log(t)) (1 +o(1)) as
t — 0 for some ¢ > 0.

(c) Fora quasioptimal parameter choice rule & and a regularization method for which A(fT)
satisfies (3.5) we have

sup{ | Rags.rprae) (TFF+8) = £1 | 12| g | 12 < 6} = O(in(6™) ™), 6 0,

(@) (info-0 B[||Ra(Tf* +eW) — f1| L2||2]>1/2 —O(In(e))%), e—0.
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Proof. Let ¢(a) = ((1/27)Ina~1)"1/2 for 0 < & < App(tp) and any ty > 0.
e ()& ff e X(PTZS: By Theorem 3.16 we have f* € B3 (M) if and only if
ffe Xq)Tzs.
. er € X;zs <> (b): This results from Theorem 3.1 and (2.25b).
e fle X(PTZS < (c): This can be inferred from Theorems 3.4 and 3.11.

o fl e X(PTZS < (d): Using the results of [BHMRO07, § 5.1] and applying Remark
3.13 and Theorem 3.12 it is evident that (3.9) is fulfilled for any v > 0. O

Example 3.20. We want to highlight again the difference between spectral and varia-
tional source conditions. It has been shown in [Hoh00] that for the backwards heat
equation on S we have

ff=¢y(T"T)w <=  f'eHP@S)

with ¢, as in (2.3b). At the same time the previous theorem shows that the conver-
gence rate as the one implied by the spectral source condition with ¢, is obtained on

the set Bg’;(S) hence spectral source conditions fail to predict the convergence rate

for functions fT € BS . \ H® correctly. Due to the embeddings H® C B ., C H* ¢ for
all € > 0 this dlfference seems small but nevertheless contains 1rnportar1t functions.
If we consider the case of ff(t) = 1,ift € (—7/2,71/2) and f'(t) = O else as a
prototypical function that is smooth up to jumps we see that it Fourier coefficients
ft(n) ~ L forn # 0. As argued in Example 3.18 this shows that ' € Bl/2 \ H'/2 and
hence for this class of functions spectral source conditions fail to predlct the correct
rate.

Sideways Heat Equation We now consider the heat equation in the interval [0, 1].
We may think of [0,1] as the wall of a furnace where the right boundary 1 is the
inaccessible interior side and 0 the accessible outer side. We assume the left boundary
is insulated and impose the no-flux boundary condition 9, (0, f) = 0. The forward
problem reads

Up = Uy in[0,1] X R,

u(l,t) = f(t), teR, (3.14)

ux(0,t) =0, teR.

We will consider the inverse problem to estimate the temperature f(t) = u(1,t) at
the inaccessible side from measurements of the temperature g(t) = u(0,t) at the
accessible side for all times t € R. As shown in [Hoh00] this fits into the framework
(3.11) if we set

Asu(t M=R.
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Theorem 3.21 ((HW17a, Thm. 7.4]). For spectral reqularization methods satisfying As-
sumption 3.2 and the forward operator T : L2(R) — L?(R) such that T*T = Agy(—A)
of the sideways heat equation the following statements for s > 0 and f* € L2(R) \ {0} are
equivalent:

(@) f* € BY2(R).

(b) fT satisfies a VSC (2.26) with an index function (t) = c(—log(t))~2(1+o(1)) for
some ¢ > 0.

(c) Fora quasioptimal parameter choice rule & and a regularization method for which A(fT)
meets (3.5) we have

sup{ | Ra(srprae) (TFF+8) = £1 [ 12| g | 12 < 6} = O(in(6™) ™), 6 0,

(@ (infuso B[ | Ra(Tf" +eW) — 1| LZHZ])M = O((Ilne 1)),  e—0.

Proof. Let ¢ be of the form ¢(a) = 2(Ina~!)~2(1+ o(a)) as a — 0. Then we
obtain the equivalence of f te X(Zs /» to (a)—(d) as in the proof of Theorem 3.19, since

Asp(t) = (1/4) exp(—v/2t1/4)(1 + o(t)) as t — oo as shown in [Hoh00]. O

Satellite Gradiometry Let us assume that the earth is a perfect ball of radius 1. The
gravitational potential u of the earth is determined by its values f at the surface by
the exterior boundary value problem

Au=0 in{xeR>:|x|>1},
lul =0 [x] = oo, (3.15)
u=f onS.

In satellite gradiometry one studies the inverse problem to determine f from satellite

measurements of the rate of change of the gravitational force in radial direction at

height R > 0, i.e. the data is described by the function g = % |rs2- As shown in
[Hoh00] this fits into the framework (3.11) if we set

1 273 2 1
Asg(t) := (2+A> <2+/\> R, A= S+t M =82

Note that Agg (unlike Apy and Agpy) is not globally monotonically decreasing unless
R is large enough (one needs R > exp((4v/2 +2)/(v/2+5)) ~ 3.3, which is not
realistic in application).

Theorem 3.22 ((HW17a, Thm. 7.5]). For spectral regqularization methods satisfying As-
sumption 3.2 and the forward operator T : L?(S?) — L?(S?) such that T*T = Agg(—A) of
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the satellite gradiometry problem the following statements for s > 0 and f1 € L2(S?) \ {0}
are equivalent:

(@) € B3 (5?).

(b) f1 satisfies a VSC (2.26) with an index function (t) = c(—log(t))~2*(1+o(1)) for
some ¢ > 0.

(c) For a quasioptimal parameter choice rule & and a reqularization method for which A(f1)
meets (3.5) we have

sup{ ‘

@ (infoso E[|[Ra(TFF +eW) — fF| L2||2D1/2 — O((lne™1)%),  e—0.

Ryarprag) (T +6) — fH] 2] g L2] <0} = O(in(6 ™)), 6 — 0.

Proof. Evenif R < exp((4v2+2)/(v/2+5)), then Agg(t) is still strictly decreasing
for t large enough. Therefore, if ¢ is given by ¢(a) = 2InR(Ina=!)~1(1 +0(1)) as
a — 0, the equivalence of fT € X (;; to (a)—(d) follows as in the proof of Theorem 3.19,

since Agg(t) = exp(—2t1/2InR)(1+0(1)) as t — oo. O






CHAPTER IV

OPTIMAL CONVERGENCE RATES
IN BESOV SPACES ON THE TORUS

In Riemann, Hilbert or in Banach space

Let superscripts and subscripts go their ways.
Our asymptotes no longer out of phase,

We shall encounter, counting, face to face.

Verse of “Love and Tensor Algebra” from “The
Cyberiad” by STANISEAW LEM.

In this chapter we study Tikhonov regularization in the scale of Besov spaces on the
torus. For readers unfamilar with Besov spaces we recommend to read Appendix B.3
first. Besov space regularization is often implicitly employed when using the weighted
sum of a wavelet expansion as a penalty term, as the Besov norm can be expressed via
wavelet coefficients as defined in (B.5). Such penalties with wavelet Besov norms with
small index p are frequently applied to enforce sparsity (see e.g. [DDDMO04, RR10]).
For arbitrary p € (1,2] and g € (1, 0) choose the functional setting given by

1
X =By (T"), R()= - By

w and Y =B, (TY) = L}(T7).

The idea behind picking p € (1,2] is to keep the idea of “sparse” representations of
the minimizers of the Tikhonov functional. In this case sparse means a faster decay
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of the coefficients and not necessarily only a finite number of nonzero coefficients.
On how to choose g no guideline seems to exist in the literature; the most common
choice seems to be g = p for simplicity. Here we will study the whole range of
possible values. Recall that our strategy Theorem 2.24 to verify a VSC relies on
Assumption 2.22 which allows us to bound the Bregman distance from below by a
norm power. This assumption can be fulfilled if X’ is r-convex (see (2.27)), so we set
r:=max{2, p,q} as Besov spaces Bj, , are known to be convex of power type r (see
[Kaz13]).

In the deterministic setting Tikhonov regularization will hence be given by

obs

2
fac argmm—HF LZH +1Hf’32,q '
fedom(F) r 44 (4.1a)

where ¢ :=F(ff)+¢&  with Hg‘LZH <.

Convergence properties of minimizers of this functional were already studied in
[DDDMO04] but no convergence rates were obtained. Rates of the order (’)(\/3 ) and
O(5%/3) based on the range conditions of Section 2.2 have been derived in [LT08] and
[RR10] respectively.

As our goal is to derive order optimal convergence rates we will first study lower
bounds on regularization methods in Section 4.1 whose derivation will be similar to
Lemma 2.11 and present an idea on how to compute them.

The application of Theorem 2.24 requires knowledge of subgradients. Therefore
we will study whether additional smoothness on f' leads to additional smoothness
of f* € 9R(f") in Section 4.2.

In Section 4.3 we move to a statistical setting where the error is given by Gaussian
white noise. Hence the Tikhonov functional has to to be altered as described in
Example 1.3(b) to

I

argmin o[ | 2] = (Fe, ) + D |32,
fedom(F

with ¢ = ( N +ez, where Z is a white noise process on L?(T%).

(4.1b)
For statistical inverse problems convergence rates have been considered for methods
based on wavelet shrinkage. Here minimax optimal rates under Besov smoothness
assumptions have been achieved, see [CHR04, DJKP95, KPPW07, KMR06]. The
advantage of our appoach, however, is that fewer assumptions on the operator are
required — it even works for nonlinear operators.
In Sections 4.4 and 4.5 we then derive convergence rates via variational source
conditions for finitely and infinitely smoothing operators respectively. It will turn out
that our strategy leads to order optimal rates for g > 2.
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4.1 Lower Bounds on Convergence Rates

Recall that the modulus of continuity was defined as

w(6,K) == sup{|lfi = fall: fi, fa € K, |F(f1) = F(f2)]| <6}

In a certain sense the modulus of continuity gives the best possible stability estimate
fulfilled by F~! on the set K. If F = T is linear, then the modulus of continuity is
alternatively often defined as

@iin (6, K) := sup{[|f]|: f € K, |Tf[| < 6}
Note that these moduli behave quite similarly since
w(6,K) = win (6, K = K)
and if IC is given by some ball around 0, then K — K = 2K.

Lemma 4.1. Let R(-) = %H | X9 for some g > 1, T: X — Y linear and K C X such

that K = —K. Then any reconstruction method R: Y — X fulfills the following lower
bound:

1
q

infsup{ Az (R(g™*), f): f* € K, € V), ||Tf — g™ (wiin(6,K))"

<o} >

Proof. Let f € K such that || Tf| < é and set f* € 9R(f). Setting g°*° = 0 we see
that ||Tf — g°%|| < ¢ is fulfilled. By symmetry of K and linearity of T we also have
—f € Kwith |T(—f) — g°*|| < dand —f* € 9R(—f). Hence

<4}

Sup{AR<R(g°bs),f+) . f+ e /C,gObs cy, HTf*g(’bs

> sup  S[AR(R(0),f) +Ar(RO), )]
fERNTSI<o
= sup  S[R(R(0)) +2R°(f°) + (f,RO) + (~*,R(0))]
fFERITSII<S
=R(R(0))+ sup R(f)
FER|ITSII<o

by the equality condition in Young'’s inequality. By Theorem B.7 we get
* * 1 * / 17, 1 q
R() = 2l 1 = S 17120

and as infg R(R(0)) = 0 this proves the claim. O
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For a nonlinear operator F where the penalty term meets Assumption 2.22 one
can obviously conclude with Lemma 2.11 that

F(f) -8 < 5} > %(w(&,/@)r.

In order to prove lower bounds one hence needs to find good estimates from
below of the modulus of continuity. The following theorem is built upon [DDDMO04,
Prop. 4.6] and estimates the decay of the modulus of continuity in the case where the
data has a nice representation in the Fourier domain.

Theorem 4.2 ([WSH1S, Prop. 29]). Let 1 < p,f < 00,1 < gq,4 < 0o, 5 > 0 such
that BS 5 C B . Set X := By ((T9), K := {f € Bj 2 || B4l < @}, ¥ := LX(TY).
Assume that there exists (b.),cz4 C R with b, > 0 for all z € Z4 such that

|y — B | 2] < L o) - )

infsup{ A (R(g™), f1): ' € K, g™ € Y,

‘ 2

Then, if F(0) = 0, the modulus of continuity satisﬁes

1
-2
w(4,K) > sup ¢ min Z_kSQ, (maxbz) )
kelN zely
with Ty introduced in (B.3).

Proof. For w € Z% let k € Ny be uniquely defined by w € T and set

1
R R 2
fw = Fhy where hy(z) == 620 min{zksg, (max bz> 5}.

z€ly

o)

One immediately calculates that

BgrqH = ﬁw(w)’ = min{zksg, (rzréarx bz>_
k

e 5] - 2t <

HFfw ﬁw(w)‘ < 4.

Hence f, € K for all w € Z# and since 0 € K we obtain

1
—2
fw’B H = sup{ min{ 27 %, (maxb, ) &y }. O
kelNg zel

Note that this theorem can be easily adapted to any other orthonormal system in
L? that provides an unconditional basis for Besov spaces.

N—=

fw

12| = (b:)?

w(6,K) > sup

wezd
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4.2 Subgradient Smoothness

The general strategy to verify VSCs formulated in Theorem 2.24 requires knowledge
on the subgradient f* € 9R(fT) at the true solution. It is, however, more natural
to assume a priori knowledge on the true solution fT. If X is a Hilbert space and
R(-) = 1||-| X||%, then (and only then) the mapping f — f* is equal to the identity
mapping and hence a priori knowledge on one function immediately transfers to
the other. In the more general case that R(-) = h(]|- | X||) we get that f* € Jy s (f1)
under mild assumptions, see Theorem B.7. The continuity properties of the duality
mapping have been studied for some time, see e.g. [CSZ07] and references therein
(recall from Proposition B.8 that a different choice of & only results in a different
scaling of the mapping). Much less is however known about the following question:

If ff € XN A for some space X, does there exist a space X such that
freXna=

In the language of convex analysis we can rephrase this as: Are there linear subspaces
that are mapped into linear subspaces by the duality mapping? In the inverse prob-
lems context this means: Does the a priori knowledge of f* € X give some insight
on f*? This question is not only of interest for the proposed strategy, it also appears
naturally in the study of the range conditions introduced in Section 2.2.

4.2.1 Smoothness of Besov norm subgradients

Before answering the question in the context of Besov spaces, we will take a look at
sequence spaces. For this let I = I; x I, be an index set and w: I; — R be a weight
function (that is w(«) > 0 for all & € I). Define for p,q € [1, 0] the space £1,(¢) as
the set of all sequences A = (A4,p) (4 p)c for which the norm

ae)|| = LZ w(rx)q<2 w,,sy”) Z] |

I
€l Bel,

is finite with the usual modification if p = co or 4 = co. Note that this definition can
also be extended to p, g € (0,1), although the spaces are then no longer Banach spaces.
For p,q € [1,00) one easily checks that the dual space is given by (£%,(¢7)) = ] (")
where v: I} — R is given by v(a) = w~!(a) foralla € I.

In the context of subgradients, one sees that if p,q € (1,00), then 1||- | £}, (¢7)||"
is Gateaux differentiable for all r > 0. Thus Lemma A.7 yields y = ( P‘a,ﬁ)(u,ﬁ)e ] €



102 4. Optimal Convergence Rates in Besov Spaces on the Torus

oL||A | €h,(¢P)|| if and only if

-1

—-q P Azxﬁ
w(w)? Z Ay, —5—-
(/3’@2 ) ‘)‘%ﬁ‘z ’

a,p
(4.2)
This allows us to answer the initial question of this section in the following way:

==

] = e

Hap = aAaﬁr’

Proposition 4.3. Let p1,q1 € (1, oo) Pz, P3,42,93,1 > 0and wy, wo, w3 be weight func-
tions. Let A € (3}, (6”1) and p € LA | €3}, (€PV)||". Assume that the parameters are related

-1
as follows: p3 = Pl—l’ g3 = qlqzl, w3 = w)

(a) either g1 = p1

w;ql and

(b) or py = p1.
Then

A€ L (0P2) = pelh(m).
In both cases the norm of y in L35, (£P3) is given by

r—=mm

1] €5, om0y

NP

GG

Proof. Let A € (1, (¢P?), then by using the explicit form of the subgradient (4.2) we
see that A = || | €22, (¢73)||9 /|| A | €23 (¢P1)||30 =) is given by

o (q—p1) =
A= 2 w3 (a)Bw (a 111113<2|/\k,ﬁ’l’1> <Z|Aa/ﬁ|P3(P11))

acl Beh pel

If (a) holds, then the first sum over I, will be taken to the power zero and therefore
not influence the product. The relation of the parameters then yields

A=Y wi(a)Bws(a (2’/\ |p3p1 1)

a€ly Bel,
12

N ( y \w”) §

acl; Bel,
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which implies the expression for the norm. If we have (b), then

Bq—p)+ 5
A= L ontwprao gl

acl; Belp
a2

P2
- L (ool
acly el

and hence the norm results holds true.
For the reverse direction use that

pea NI ifandonlyif  Aed |l ¢ ()]
1

by Corollary A.15 and replace the parameters accordingly. O

The result of Proposition 4.3(a) has already been worked out for g, = p; indepen-
dently in [RR10] and [LT08] in the context of range conditions of Section 2.2. While
the former focuses more on the aspect of the form of abstract sequence spaces as we
did here the latter provides a more specific interpretation for Besov spaces; however,
both results miss the reverse direction.

Let S: Z — X be a linear and bounded mapping, then for all h € Z the subdiffer-
ential chain rule (see Proposition A.8(b)) yields

(R oS)|, = S"(0R|sp).

We can now extend the result into the scale of Besov spaces and unify the results of
[LT08, RR10] with [WSH18, Thm 3.5]. Recall that the wavelet norm on Besov spaces
is given by

==
K

L.
W = 2 ZJZZfSQZfd(%*%) 2 Ml',m P

JENp I=1 mEP}”

I

where A = Wf and W is the wavelet transform defined in (B.5a) for either R or T*.

Corollary 4.4. Let p1,q1 € (1,00), 7 >0, p2,P3,92,93 € (0,00] and s1,s5,s3 € R such
that p3 = pil, qs = q 25 and s3 = —s1 + (sp —s51)(q1 — 1). Assume that the wavelet

system is at least max{|s1| |52, s3]} smooth. Let f* € 91| ft| By g, I3y, then if either
g1 = p1 or pp = p1 we have that

S —S
fT€Bg NBRa, — fre B, 1/ N By gs-
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Furthermore
g1—1

w

r=q

w

+ S
1| B,

s . + s
£ 1Bl = | £ | B
Proof. Using the wavelet norm we see that || f | B} ,[[w = [Wf | 04,(e7)|| for

w() == ws,((,1)) = 252727,

1=1 /=0
-—_— i 2 i ]
where L = {(],l) € INy with {1 <1<29-1 else }

Setting A := Wf let yu be uniquely defined by u € 91 ||A | £4,(¢P)||". By the subgradient
chain rule we hence have f* = W*p and therefore || f* | Bj ;|| = [|lpt| €, (€7)] as
WW?* = 1. Now the result follows from Proposition 4.3. O

The consideration above does not only hold for Besov spaces on R or T¢ but
whenever a wavelet system with the properties of (B.4) exists. If e.g. O C R is a
sufficently nice open domain one can show that a wavelet system carrying over the
main properties of (B.4) exists, see [Tri08, Thm. 2.33], and that the characterization of
Besov spaces (B.5) remains valid, see [Tri08, Thm. 3.13 and Prop. 3.21]. The difficult
part is to compute this wavelet system explicitly.

The interesting case of the corollary above is if B3 ;, C B} ;5 as in these cases
B} 4, is also a proper subspace of B;,s;,; otherwise the explicit expression of the
1

norm might still be useful. Note that if go = oo, that is f' is in the largest space
with smoothness s, then also g3 = oo, so f* is again in the largest space with fixed
smoothness s3.

From now on we will always assume sufficient smoothness of the wavelet system
in the sense of the previous corollary without further mentioning.

As the definition of the norm influences the form of the subgradient an immediate
question that arises is whether the result holds true for other norm definitions as well.
While we cannot give a complete answer we will show that at least for the norm
defined via (B.3) one obtains the same smoothness results for T¢ and R? with the
help of multiplier theorems, see the remark below. Hence the advantage of using
the norm definition via orthogonal wavelets is in this case to provide a simple and
self-contained proof of the subgradient smoothness result.

Remark 4.5. Let pj,q;j,s;,r for j € {1,2,3} as in Corollary 4.4. Using the norm
(B.3) on By, one calculates similarly to (4.2) with the help of the chain rule that

f* €0%||fT| Bl g |I" if and only if

FroFft|Lm

* +
* + B =n ]ﬁ‘h g * X f (P]ff
f _Hf ‘Bpl/ql jeX]N:oz (F 90]‘/?) |}-*¢j}-f+‘2—p1 '
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In comparison with the proof of Proposition 4.3 the difficulty lies in the fact that

FroiFft FroiFft
,F* T ] RS A
H ! (f* FFP

[FogFfpn
The first idea that may come to one’s mind is to use the convolution theorem in order
to estimate
p3 H

]-'*go']:fr
H( v )<|]-'*qo]-]-'f’f2m>

This is, however, an insufficient approach: On T¢ we would obtain that || F* @i | LY ~

-[rors|in)f

f*¢jff+

<|7elvlm7 Arem

i* by [Ton10] which would have to be compensated by a loss of e-smoothness for
some ¢ > 0. Even worse on R? we get that F* ¢ & L! for all j € INg so this ansatz
would not be useful at all. The remedy is the usage of multiplier theorems which
follow from the Marcinkiewicz multiplier theorem:
(a) On T? we know by [Gral4, Thm. 4.3.16] that there exists a constant ¢, 4 such that
1F*X -tz <mimt,.ay FF TLP (DD < cpall f | LP(T9)] uniformly for all n > 0,
therefore

]-"*q)‘]-"f‘L
H( 90] ) <|}-*(Pj]:f+|2p1>

(b) On R? by [Gral4, Thm. 6.3.2] there exists again a constant ¢p,q such that

P2
173 (T4) gch,dHF*qoij*‘LPz(Td) g

1F Xzt <mizt, oy FF | LR < cpallf| L7 (R

uniformly for all n > 0, so the claim follows as above.

Hence for both cases the result of Corollary 4.4 remains true.

4.2.2 Jackson-type inequality

We now return to our motivation for studying properties of subgradients. If one
chooses as an operator familiy P; in Theorem 2.24 a projection onto subspaces whose
elements have compact support in Fourier domain, then explicit bounds on « in
(2.28a) follow from exploiting the smoothness of the subgradients. In order to do so
choose | = Ny and define

i
p;: B 7 Bp 7 Pif := k;)fk (4.3)
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with fi 1= F*erFf and Pyf := 0 with ¢ as in (B.3). Note that these operators fulfill
fi=@P1—P)f and PP f = Pyingjpf-

To distinguish different norms on Besov spaces B} ;, we will write ||-| B || for
the norm in (B.3); in case it does not matter which norm definition we use we will
drop the subscripts of the norm. The following Jackson-type inequality will give an
immediate expression for .

Lemma 4.6. Let 1 < p,q < oo, r = max{2,p,q} and s > 0. Let ft € B} o and
freal|ft Bg,q 13- Then there exists some constant ¢ > 0 such that

s e

< cor—12-js(a-1)
e

fre B;Sq;l) and ‘
R AYE 0

.}.
|7 [Bosll 0 =

Proof. We can infer ||f* | Bfﬂ; Y |7 < co™! from Corollary 4.4 and the equivalence

of the norms. Hence, expressing the Bg, q,—norm via (B.3) we obtain

q/ , q/
[ =207 [ B = L [[Pea =BT =) |27
€lNp
o0 /
=Y || B =R |27
k=j
< S o—ks(q=1)q" | || £ Bsgqfl) H”’
<ol iriae
< CZ*J’S(qfl)q’Q(rfl)q’/
which proves the second part of the claim. O

In other words, our choice of (P;);cn, fulfills (2.28a) with x(j) := cg' 12 /sa-1)
which satisfies (2.28b). Note that the constant c > 0 only depends on the wavelet
system and the parameters s, p, q. The proof just requires r > g but the additional
Assumption on r guarantees that Assumption 2.22 will be met.

Keeping the notation of Corollary 4.4, a different approach for the choice of the
operator family is the projections P; defined by

Bf = L LY Mol
k<j 1 m
which would give the same bounds as in the lemma. The difference then lies in
how to prove an estimate of the form (2.28c¢): if the operator has good properties in
Fourier domain it makes sense to use Pj ; however, if it is easier to study the operator
in wavelet domain one should use 15]
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4.3 Abstract Convergence Rates for Gaussian White
Noise

In this section we will extend the convergence rate theory of Theorem 2.20 to the white
noise model (4.1b). In comparison to the deterministic case we have two difficulties
to deal with:

(a) The Tikhonov functional will not meet Assumption 1.4 as we cannot guarantee
that inf rc gom(p) S(F(f), ¢°%%) € R. Hence the existence of minimizers has to be
shown.

(b) Another difficulty in the application of Theorem 2.20 is that no global bound err
on the noise level exists. As seen in Example 1.3 we only know that err(g) =
e(Z,¢ — ¢") is a Gaussian random variable with E[err(g)] = 0 and V[err(g)] =

2o _ of 2
ellg =g V1%
It turns out that both problems can be overcome by a further assumption. In order to
motivate this property we address the second issue first.

Assume that ) = L*(T%). Then a Gaussian white noise process can be seen
as a mapping Z: Q — 2'(T%) where (Q, %, P) is the underlying probability space
and 2'(T?) the space of distributions on T%. In this case the following deviation
inequality is known for white noise Z:

Lemma 4.7 (see [Verll, Thm. 3.4, Cor. 3.7]). Let p € (1,00). Then Z € B} oo almost
surely if and only if s < —d /2. Further there exists a constant Cz > 0 depending on p and
d, such that

vt > 0: ]P[Hz ‘ B;;,SO/ZH > My +t] < exp(~Czf2).

where My is the median of || Z | B5%/?|.

Pl

Aserr(g) = ¢(Z,g — g*) itis natural in the light of the previous lemma to estimate
the error functional for p € (1,2] via

o =l (25| <ele s o] o

and the right hand side will be bounded almost surely if g, ¢* € Bz/lz. Since we only

need a bound on the error functional if g = F (ﬁ) this can be achieved by assuming
that F(X') C BZ,/lz' Still finiteness of ||F(fy) — F(fT) | BZ,/12|| is not enough as control
over the factor is needed. To formulate a general error bound as well as to establish

existence of minimizers we will hence assume that the second factor can be estimated
as follows:
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Assumption 4.8. The operator F, regarded as F: dom(F) C Bg,q — Bd/l2 is compact.

Furthermore there exist constants Ceom, 8, ¥ > 0 with f < 2 and 7y < ,1 — B/2such
that the inequality

HF(fl) F(f2) ‘ Bd/zH < CcomHF(fl) — F(f2) ‘ LZHﬁAR(fLﬁW
holds true for all f1, f, € dom(F).

In many cases this assumption can be verified in the following way:

Remark 4.9. Note that if Assumption 2.22 is met the previous assumption can be
fulfilled by an interpolation approach if F is Lipschitz continuous into a space of
higher smoothness and p € (1,2]. That is assuming that for some § € [1, o] and some
t > d/2 there exists a constant L > 0 such that ||F(f1) — F(f2) | Bt,q~ — | X,

then by standard interpolation (see Proposition B.14) we get that

e~ £ ] = e 0 | 3 00— 0 |3

Now as || |B o < | L2]| for p € (1,2] we obtain with the Lipschitz property
Assumption 4.8 where g =1 — 2t, v = % and Ceom = cint(LCgl/')d/(Zt).

This allows to generalize [WSH18, Prop. 4.8] in order to show that there exists a
minimizer of the Tikhonov functional almost surely.

Theorem 4.10. Let Assumption 4.8 be fulfilled. Then the Tikhonov functional (4.1b) has a
global minimizer f, almost surely.

Proof. As g°* = F(f1) +eZ we have Ny := ||g° | B;/"ZEH < oo almost surely. Then,
picking any fy € dom(F), we can estimate

(6™ F() = Nz ([P0 - o | 8572+ [[FR) B2

<Nz (ccom ]P(f) — F(fo) ‘ LzHﬁAR(f,fO)“Y n Hp(fo ‘ Bd/z”)

< GIF — PG [ 2]+ (CoomNzrntf, o) 7 4 8 [P B

by Assumption 4.8 and Young’s inequality. Thus the data fidelity functional can be
estimated from below by

SE(F),8™) = 5 [F0 | 2]~ (6™ F ()

> gl |2l = (Gl - rom 2

+HCamNzdr (4, )5 + N [F( | B2 ).
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By Cauchy Schwarz and Young’s inequality the estimate

2rin | 2| - ||Fo) - Fw | 2] = [|E | 2] + 2t B P [ 2]
S

holds true, thus we can estimate

2

S(E(),8™) > —o | F(fo) |12~ (CoomNzaR (£, f0)1) 77 — N ||Fiso) [ B
Hence there exists a constant D > —oo depending on fy and Nz such that the
Tikhonov functional can be almost surely bouned from below by

r

sllF0 |2 - pm + ]

r

r 22715 r
2 .
1 ) +?Hf’BW

As 2y < 2 — B the last line tends to infinity as || f | Bg,q || — oo.

2 27
>D — (CcomZ\IZ)27ﬁA72(fsz)27;3 =+ ;Hf ’ BO

2 (2 r
>D — (CcomNZ)zfﬂ (er ‘ Bg,q

5

This shows that any minimizing sequence (f,)nen of the Tikhonov functional
must be bounded in BY) ; and hence has a weakly convergent subsequence. Without
loss of generahty assume fu — frasn — oo for fi € X. Since F is compact as
a mapping into B by Assumption 4.8, we get that ||[F(f,) — F(fx) | Bd/2|| —0as
n — oo and therefore

2
LZH — (g°%5, F(£.)), asn — oo.

%HF(M LZHZ — (g%, F(fu)) — %HF(f*)

Together with the weak lower semi-continuity of |- | Bgqu’ it follows that f, is a
minimizer of the Tikhonov functional. O

Furthermore the following estimates of both noise level and rate are obtained.

Theorem 4.11 (see [WSH18, Thm. 2. 6]1'). Let a variational source condition (2.26) and
Assumption 4.8 be met, and let f,x be a global minimizer of the Tikhonov functional in (4.1D).

(a) There exists a constant ¢ > 0 such that the effective noise level at F( f,x) is bounded by

err( (f2) ) <CHSZ‘B 4/2

7P A (o )7 + 20y (‘21)

1The idea and the proof of this theorem are due to of Benjamin Sprung; further results presented in this
and the following sections on the white noise error model have been obtained in cooperative research.
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(b) The error bound

1. -
EAR(ftxrf ) Sea > S

e7 ‘ B—d/z

Z'Y o * 7i
39" (5
holds true.

Proof. For (a) note that due to Assumption 4.8 we obtain with (4.4) that
err(F(f)) < ez | B2 [[F o —Fety | By
< Ceome|2 | B2 [P — B | 2] ar o
By the image space convergence rate (2.23b) of Theorem 2.20 we can hence estimate
err(F(f2)) < Ceom|eZ | Bﬁ”’o{EHzﬁ/z exe(F(R)) + a9’ (—i)}ﬁ/2AR<ﬁ,f*>*
(o7 + fere(F) + -9 (-5 )]

by Young’s inequality. Rearranging terms yields the bound on the effective noise
level.

To prove (b), note that due to (2.23a) in Theorem 2.20 we have

R (o f) < ""”@+<—¢>*(—1) < erlF) ()

<cH£Z‘B d/2

o o 14

Together with the first part we get

A (far f1) < ca AR (fu, f1) T /SHsZ’B dr2

+3(—¢>*(—21a)

s (—5)

which proves the claim. O

1 -~ _ 2B
< 30 (fu f) a7

e7 ‘ B-4/2
p’ 00

Note that the obtained error bounds are still random variables, but now the
deviation inequality can be used in order to find deviation estimates as well as
expectations for the error estimates again.

Lemma 4.12. Let the assumptions of Theorem 4.11 hold true. Then there exists a constant
¢ > 0 such that forall t > 0

]P{AR(an,f*) > c(zx R + (= 1/))*(_21‘)‘))(1 + My —i—t)} < exp(—Czt?)
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with Mz, Cz as in Lemma 4.7 holds true. If further Assumption 2.22 holds true, then for any
t > 1 there exists a constant ¢ > 0 such that

el 1)) sl it ()

Proof. As Theorem 4.11(b) holds true we get that
1 i v 2 Z*ﬁZ*Z“Y * 1
SR (foff) <ca TP +3(-9)" (52
__ 2B 2 % 1 —d/2
< =p—2 Z—ﬁ—z _ _
_c<zx eI 4 (—y) < 2a)><l+HZ’Bp,/m 1)

as Z—ﬂ%zv € (0,1). Hence one obtains for all t > 0 that

SZ‘B d/2

P[AR(ﬁ,ﬁ) > c(a‘zzﬂ_ﬁzvswzm + (=) (—21“»(1 + My —i—t)]
gJP[Hz ‘ B;Zo/ZH > Mz + ] < exp(~Cz#?).

For the second part note that due to Assumption 2.22 we get that

e o] < (st s oo (-5)) o 2]

asr > 1. By linearity and monotonicity of the expectation and ¢ > 1 we have that

(e[ e me) ) < (e[ (o e ] )])
<2(veefzfme]]) " <21+ (el m2f]) )

so we can infer
N 1/t
-7 2[])

(e
gc(a 22ﬁ_ﬁ2we2ﬁ27+( 1P)*(21‘X)>1<1+(E[HZ‘B d/z‘”) )

The expectation on the right hand side can be estimated by the deviation inequality

el 2yt ] < Eennoele- o < 2] 8,222 < o

<M, (; +Y K exp(—CZM%(k - 2)2)> < oo, O
k=2
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Remark 4.13. Note that the results of this sections are extendable to other probabilistic
error models as long as a deviation inequality like in Lemma 4.7 with a sufficiently
fast decay holds true.

4.4 Application to Finitely Smoothing Operators

In this section we assume that the forward operator F := F; is a-times smoothing for
some a > % - g in the following sense:

Fi(B),) C B, (4.5a)
|7 = | Bg]| < | Fatr) = R [ 2] (45b)
and  ||E(f) - E(fo) ‘ L2H < LHf1 — 5 ] B, (4.50)

for some L > 0 and all fi, f; in the weakly sequentially closed set D = dom(F;) C
Bg,qr which will be sufficient for rates in the deterministic error model. For the white
noise error model we will strengthen (4.5a) and require that

|Fatf) = Ealh2) | By || < L|f2 = £2| B (45d)

holds true. Due to the choice of parameters, (4.5a) and the continuous embedding of
Lemma B.18(d) F;: Bg,q — Bz,q C L? is well-defined and continuous.
—a/2

A simple example which meets (4.5) is F, = (I — A) in which case F; : B}, ; —
B;ﬁ,}“ is bounded and boundedly invertible for all s € R. More generally, it is fulfllled
for injective elliptic pseudodifferential operators of order —a. In the case of a Fréchet-
differential nonlinear operator it was shown in [HM18, Lem. 2.9] that (4.5b) and
(4.5¢) follow from (4.5b) and (4.5¢) with F, replaced by F, [f*] and the nonlinearity
condition (2.15b). It is further shown that this allows to verify these conditions
for well-studied inverse problems like the identification of reaction and diffusion
coefficients or Hammerstein integral equations.

4.4.1 \Verification of variational source conditions and convergence
rates

We now validate a VSC for an operator fulfilling (4.5) via Theorem 2.24. The family of
operators P; will be chosen as in (4.3).

Theorem 4.14 (see [WSH18, Thm. 4.1]). Assume that F, fulfills (4.5a) and (4.5b), further
suppose that ft € By o for some s € (0, 721) with (Fad B}l < 0. Then fT fulfills the
VsC

08 = 1) < 300 0,05, U7 0 (5 FOD - F 2]

pally
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with f* € 91| f1| Bgrqu,V where

qa >9 1_s g>2
— nHV _ ) ats q= — ) 2ats =
P(T) = col't’ where u {aJrs%Zl) <2 and v { s(g-1) <>

for some constant ¢ > 0.

Proof. With the choice P; as in (4.3) we obtain by Lemma 4.6 and our assumptions
that we can choose x(j) = co’127/5(4-1),
To verify (2.28¢) denote by S, the operator mapping f = Yren fk = Tien 28 fi-

Then using the Besov norm ||- | B) .||  given by (B.3), the relation to Lebesgue spaces
(see Lemma B.18(c)) and (4.5b), we get the estimate

(Bf* 1" = £) = (SaPif " 5-alf = 1))

gc]sapjf* ¥ ‘s_u(ﬁ—f)]ﬁ”‘l’ﬁ”p

(4.6)
<csrs [Bal||l 7" - £ [ 223
<ct|[pir | Bo ||| Fatrh = Rty [ 22

Setting ¢(t) = v/t and ¢ = 0 in (2.28¢) it hence remains to bound 1P f* | BZ’Q | by a
function of j in order to get o(j).

Here we use again the subgradient smoothness f* € B;(,qo; Y with the norm bound
of Lemma 4.6 as well as the assumption s € (0, q%l) to obtain

1/2
2]

gsla-1) H

pleo

|7

a
BY

(Pes1 — Po)f* ’ L’

j—1 L
‘ — 22 a
>

i1 1/2
< [2 22k(a—s(q—1))] ’f*
k=0

1

v (a=s(q=1)) pr—1
jla—s(g— r—
= C[22(ﬂ5(q1>) - 1] 2 ¢ -

This implies that we can choose
0’(]) = CQT’—lzj(a—s(q—l))

in (2.28¢) for some ¢ > 0 independent of f.
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Now Theorem 2.24 implies that a variational source condition holds true with
Pvsc(t) = inf ¢ {folzj(afs(qfl))\/{ 4 Qrszs(qfl)r’ .
jE€No

Choosing j such that 2/ ~ (¢/+/t)* with T = m we can estimate

s(g=D)r’ 1 sg=nr

1PVSC (t) S CQr_ a+s(g—1)(r'—1) ti s(g-1)(r"—1)+a

Now use that for g < 2 we have r = v/ = 2 while for § > 2 we have r = g and
r'=yq. O

Remark 4.15. In Remark 2.27(a) we focused on applying our strategy to the skewed
Bregman distance: If one had chosen § # 0, then we needed information on f, €

E)’R(ﬁ) For the problem under consideration they can again be obtained from the
first order optimality condition if F = T is linear, as then

fo = (wy,, + TT) T
If (4.5¢) holds true, then T*(L?) C B3 , and we can use Corollary 4.4 to obtain that

ad(i-1)

f-€B,,

The difficult part is to find bounds on the norm of f; in this space.
Remark 4.16. For small changes of the penalty functional the following can be ob-
tained:

e Let the requirements of Theorem 4.14 hold true, but use X = Bf,/q and R(-) =
1 B;qﬂ% for 5 € R. Assuming that a* =a+§> 4 — 4 then for ft ¢ B} o
with s € R such thats* :=s—3§ € (0, -2 i
Theorem 4.14 holds true with ¢ given as in the Theorem but s, a replaced by
s*,a* respectively.

“)a Varlatlonal source condition as in

e Suppose the constraint fT € D is incorporated in the penalty term R by re-
placing it by R := R + xp. Then 9R(f*) = 8R(f+) +9x(f*") by the sum rule.
9x(f") coincides with the normal cone to D at f' and while {0} C ax(f") for
all f € D it contains more elements if fT is not in the interior of D. In this
case IR (f) may contain elements of higher smoothness than 9R (') leading
to faster rates of convergence (see [FH11] and [EHN96, §5.4]).
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Convergence rates for deterministic error model The variational source condition
will now be used to derive convergence rates for deterministic errors.

Corollary 4.17. Let the assumptions of Theorem 4.14 hold true together with (4.5¢). Then a
minimizer of the Tikhonov functional (4.1a) exists. Furthermore, if for some ¢, > 0 we choose
wby & = cuo V6* 2 with u,v as in Theorem 4.14, then every minimizer f,i satisfies the
error bounds

qa qs

coaFs fats qg>2

Ar(fa f1) < 0 ) (472)
CQa+s(q—1)5a+s(q—l) q S 2
~ cqaﬂﬁéﬁ qg>2

and ‘ fﬁé - f+ ’ Bg,q ’ S s(q—1) (47b)

CQaJrs(i]—l)éaJrs(q—l) q S 2

with a constant c independent of f t ﬁ, 0, and 6.

Proof. Minimizers of the functional exist according to Theorem 1.6 if Assumption 1.4
is met. Using weak topologies we see that only sequetial continuity of the forward op-
erator is an issue. But this follows from (4.5c) and the compactness of the embedding
B) , — Byj.-

The convergence rate in Bregman distance is an immediate consequence of Theo-
rem 2.20 as the parameter choice rule is just (2.24a) up to a constant. For the rate in
norm note that Assumption 2.22 is fulfilled. O

Of course the parameters s and ¢ describing the smoothness of f' are typically
unknown in practice. As shown in Section 2.4.4.2, however, the convergence rate
(4.7) can also be obtained without prior knowledge of s and ¢ by using either the
discrepancy or the Lepskii principle as an a posteriori parameter choice rule.

Convergence rates for white noise error model We now assume that the data is
given by the white noise error model. To apply our results on existence of minimizers
and convergence rates we need to prove Assumption 4.8 which will be done as
outlined in Remark 4.9.

Lemma 4.18. Suppose that a > d/2 and (4.5d) hold true. Then the operator F, fulfills
Assumption 4.8 with p =1 — 2%, v = S and some Ceom > 0.

2ar
Proof. By (4.5d) we get that F(f) C B}, forall f € D. Since a > d/2 the embedding
By g — le/lz is compact, hence F: D — B%z is compact.

By interpolation (see Proposition B.14) we have

i i
Hl—ﬂ b

B b 2 4 B
L 3 (I

B3] <<l B2
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for all ¢ € By, since |- | Bg,z('IPd)H < || L2(T%)|| for p < 2. Using (4.5d) and

Assumption 2.22 one obtains that

Combining both inequalities for § = F,(f1) — F;(f2) gives the claim. O

1
-

<t a [ < t(antim)

Ei(f1) = Falf2) | By

Therefore the following rate results is achieved for the white noise data model; a
deviation inequality would follow as outlined in Lemma 4.12 for the same parameter
choice rule.

Corollary 4.19 (see [WSH18, Thm. 4.9]). Let the assumptions of Theorem 4.14 hold true

as well as a > d/2 and (4.5d). Then ﬁx in (4.1b) is well-defined almost surely and for the
parameter choice rule

_aq+d/2(g—2) 2(a+s)—gs
Q ats+d/2 g ats+d/2 q Z 2

K =

_ 2a 2a
0 a+s(q—1)+d/2 ga+s(q—1)+d/2 q <2

one can infer for all t > 1 that there exists a constant ¢ > 0 such that the following
convergence rate in expectation

1 a+d/2 s
~ + 0 t| T co a+s+d/2 ga+s+d/2
El|fa— f ‘ Bp,qH < a+d/2 s(q=1)

CQu+s(q—1)+d/2€n+s(q71)+d/2 q <2

holds true.

Proof. Existence of ﬁ follows from Theorem 4.10 and Lemma 4.18.

Concerning the rate: Inserting the form of the variational source condition into
Lemma 4.12 one sees that with the notation of Theorem 4.14 that

i
holds true by (2.25a) and rules for Fenchel conjugates. Hence for & = & we see that
both summands are of the same order in ¢ and ¢ and the claim follows. O

fom 11| B,

t % _ a+d/2 2a v ¥ 7
] §c<¢x at+d/2(1-2) ga+d/2(1-2) +QVvaV>
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4.4.2 Lower bounds

We next show optimality of the rates in Corollary 4.17.

Theorem 4.20 (see [WSH18, Thm. 4.10]). Suppose that F, satisfies (4.5¢) and F,(0) = 0.
Then for K = {f € By o ||f|Byell < o} their exists a constant ¢ > 0 such that the
modulus of continuity is bounded from below by

w(6,K) > cosassia

as 0 — 0. Hence for g > 2 the rates in Corollary 4.17 are optimal up to the value of the
constant.

Proof. The assumptions of Theorem 4.2 are met with b(z) = c(1 + |z|>) ™ for some
¢ > 0 by (4.5c). Hence we obtain

w(6,K) > Cg%ﬁ{min{Z‘kSQ,Zkaé}} > costissta

where we have chosen k € INj such that the terms are balanced, i.e. 2F ~ (§)/(s+4),
Now the claim follows by Lemmata 4.1 and 2.11 for optimality of rate in Bregman
distance and norm respectively. O

On optimality in Corollary 4.19 for g > 2 see [WSH18, Cor. 4.12].

Remark 4.21. Let g > 2. Then comparing the optimal convergence rates obtained
in Corollary 4.17 with the optimal convergence rates of Theorem 3.17 it is evident
that convergence rates of O (7<) are obtained on Bj ,, and B; , respectively. As for

p1 < p2 one gets that B}, ., C B},  on T9. At first glance it looks like only the set for
which optimal convergence rates are attained increases when p — 1. But for a specific

solution f * the maximal smoothness index Smax with f te B;,oo if and only if s < smax

(or s < Smax) depends on p. Consider a function f* which is smooth up to jumps,
then smax = 1/p and hence in the Hilbert space case one obtains for such function the

1
convergence rate O(62%+1) while with the Besov space regularization approach one
1
gets the rate O(67°71), i.e. for p < 2 one achieves a faster convergence rate.

Knowing that ft € B}« implies optimal convergence rates for Bg/q regularization
with g > 2 by a variational source condition one could ask whether a variational
source condition also implies smoothness of the solution similar to Theorem 3.1 (recall
that for linear operators of the form T = F, the space X $ could be interpreted as a
Besov space, see Example 3.17).

Lemma 4.22. Let g > 2 and F, meet (4.5¢). Let fT € Bg,q fulfill a VSC (2.26) for the
Yl“ikhonov functional (4.1) with (t) = ct9*/ C0) then ft € BY , withu = s +d(} —
Lys,
p’/a
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Proof. Let ff(x) = Yjm /\é.’m47]l,m(x) be the wavelet decomposition of fT. Define f;rl
as ]‘Tl (x) =Y, /\é/mgi)/l,m (x). By assumption f* fulfills a variational source condition,
hence for f = f* — fI, we obtain that

(7 ) < Zgumw(f S f+ (‘F“(f i) - ’LZH)

Note that in this case the dual pairing can be explicitly calculated as (f*, ]T,> =
| f]*l | Bg,q |7 and thus the Bregman distance is given by

B oo = fu f1) = HF fis|B

- (1q)\\nfz B%Hq-

Rearranging terms and using the smoothing properties of the operator (4.5c), we
therefore infer that there exists a constant c such that

(1=3 (= 5)) I 2= o(

As for any p, g and s we have that || fjJrl | By g

Ll et | go |7 t | po ||
i A g A

g5
s+a

st~ - | <

= || f;rl | B}, | this implies

_5_
s+a

t | po t | g
I8 | 8] =<l | 222

Via norm estimates on /¥ spaces we can conclude that

1

1
] <afn]
m m

Inserting into the equation above and rearranging yields

I

1 a
Cas (11 p p s+ta
m

which is equivalent to ||fj+l |Bjooll < cwithu = s+ d(} — %)% As ¢ does not
4B O

dependent on j and [ this implies fT € B, o since | fHIBY |l = sup;

In summary we cannot show a similar equivalence as in Theorem 3.1; but at least
for p = 2 extend it to nonlinear operators fulfilling (4.5)
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FIGURE 4.1: Convergence rates in Bg,z for different values of p. The blue crosses

indicate measured reconstruction errors in the example while the red lines represent
convergence rates predicted by Corollary 4.17.

4.4.3 Numerical validation

Let us consider a problem of the type (4.5) where F; : Bg,q (T) — L?(T) is given by

F, := (I — 3%2)7!, that is we have a = 2, with a deterministic error model. The true
solution fT is given by a continuous, piecewise linear function, therefore ft € B}
fors <14 1/p. As for g = 2 the obtained convergence rates are of optimal order, we
test for different values of p if they are also achieved numerically using the a priori
choice (2.24a), thatisa ~ ¢ &,

Numerical computations were carried out in MATLAB. In order to make the
implementation of the operator F, efficient we used the FFT on a grid with 2!0
nodes. For the Besov norm we used the wavelet decomposition of the Wavelet
toolbox with periodic db7-wavelets. Data was first generated on a finer grid and
then undersampled. To obtain the minimizer of the Tikhonov functional we used
the extension of the Chambolle-Pock algorithm to Banach spaces with a constant
parameter choice rule, see Section 1.2.3, where the iterations were stopped when the
current step gets small compared to the first. Note that the steps of this algorithm
become especially simple since the considered spaces are 2-convex, see Example 1.10.
The duality mappings were evaluated with the help of (4.2).

We tested which convergence rate we observe if we choose R(f) = 1||f| BO,2 |2
for different values of p. The results of this test are shown in Figure 4.1. Note that
the observed rates coincide quite well with the predicted optimal rates for the tested
values of p.
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4.5 Application to Backward Heat Equation

Consider again the problem of the backward heat equation as given in (3.13) and
denote the forward operator by T.

Theorem 4.23 (see [WSH18, Thm. 5.1]). Let s > 0 and suppose that ft € B} e with
/11 B5ll < . Then f* satisfies the VSC

Fft = 1) < By

ally

r<ﬁfﬂ+¢(ﬂF07FU”\ﬁW>

with f* € 9| 1| B2,L7||§/V where

p(t) = co’ [‘f (3 - %) v " <ln < (3 . 52) 1/2) ) —S(q—l)r’/2]

for some ¢ > 0.

Proof. Analogous to the proof of Theorem 4.14 we apply Theorem 2.24 with the
choice P; as in (4.3). Again we obtain by Lemma 4.6 and our assumptions that we can

choose (j) = co’12775(4-1),
In order to verify (2.28¢) note that for z € T we have |z| < v/d2*, hence

Bt -] = ZZ\ @) < U@)ZZ\MZ )|

=02z€el} =02z€el}
< () HT<f* -l

Therefore, we can estimate

et = e
it -2

gcd*&ﬂﬂhu*—ﬁ]ﬁﬂ

(st =)< |

<c

2p
([l

2
s(q— 1)Hedrzf

p00

and hence can choose o (j) = co’ 1e9™”, ¢(t) = y/fand 7 = 0.
This implies by Theorem 2.24 that a variational source condition with

lpvsc( ) — 11’]}\%: C[Qr 1 dTZl\/“_i_QrZ js(g—1)r }
j€No
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holds true. Now choosing j such that

: 1

% i 34 L

2 dTIn 3—|—\/E

we can infer that
—s(qg—1)r"/2
Soe ) (o(0+5)"))

vse(t) <co' | — |3+ — 1 3+ = . O
lPsc()_CQ[Q +\/¥ + | In —‘r-\/E

Note that the VSC behaves like

. Q —s(g—1)r"/2
P(t) = co (ln(5>> [1+40(1)] asé — 0,
so one immediately obtains the following:

Corollary 4.24. There exists a unique minimizer of the Tikhonov functional (4.1a) for the
backward heat equation for any « > 0. Furthermore, the parameter choice rule « = & given
by (2.24a) implies the error bounds

- [eern(@)
Ar(fa, f1) < {C Z(In(g)) asd — 0

—s/2
and |7 — #1180 || < o(In(3)) 456 — 0
fon B3| {cean(zns < ”

with a constant ¢ > 0 independent of f*, 6 and o.

Proof. This follows along the lines of the proof of Corollary 4.17, see also Lemma
4.26 below. O

Concerning optimality one obtains the following:

Theorem 4.25 (see [WSH18, Thm. 5.2]). Let 1 < p <2,1 < g < oo,s,0 > 0. Then for
K =A{f € B}t If|Bjooll < 0} there exists a constant ¢ > 0 such that the modulus of
continuity for the backward heat equation is bounded from below by

_s
2

w(6,K) > co (ln %)

as § — 0. Thus the convergence rates of Corollary 4.24 are optimal for ¢ > 2 as 6 — Q up to
the value of the constant.
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Proof. Choosing b, = exp(—27|z|?) the assumptions of Theorem 4.2 are met. Hence
we obtain

_ 1. o 3
@(8,K) = max{min{27g, e/ s} } > mi ln) ,
(6,K) > Ilcrelﬁa\l); min 0,€ 2 minq ¢ —In~ 0
where we have chosen k € INy such that 2% ~ % In {. The optimality then follows
from the Lemmata 4.1 and 2.11. O

Turning to the white noise error model a rather coarse interpolation bound is
sufficient:

Lemma 4.26 (see [WSH18, Lem. 5.3]). The operator of the backward heat equation fulfills
Assumption 4.8 with f = %, v = % and some Ceom > 0.

Proof. By interpolation we obtain

1
2

7 - g B2 < el o | B 7 - 1| B2,

1
As p < 2, the first factor can be bounded by || T(f1 — f2) | L?||?. To control the second
factor we again use p < 2 to get

7= ) | B < & 2| o, exp-2e=)| (= )2
j€Ng

q
2

q
2

< ), 2% exp(—%z%) |:Zzerj’(f 7f2)(z)’ }
j€Ng
As there exists a constant ¢ > 0 such that
2jdap i3 =) exp(—%sz) <c foralljeN
one can infer that
i -4 1
[T = 1) | Bl < cllfi = 21 By Tl < e||fi = o | BY|| < c(Caan (A1 £2)

by the embedding properties of Besov spaces (Lemma B.18(d)) and Assumption 2.22.

As the embedding Bg,q — BZ,/lz is compact this completes the proof. O

Corollary 4.27. Suppose that f* € B}, o for some s > 0 with (Fas! B} el < 0. Then fuin
(4.1b) is well-defined almost surely, and for the parameter choice rule & = €/2 it satisfies for
all t > 1 the following error bounds in expectation

. 1 co(ln(2)) /2
<E{ fa—f’f‘XHfD S{czgngéiis(qlm Zii ase — 0

with a constant ¢ > 0 independent of f¥, o and e.
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Proof. Existence of ]?,X derives from Theorem 4.10 and Lemma 4.26.

By Theorem 4.23 a logarithmic variational source condition of the form (2.3b)
holds true. Hence from (2.25b) one obtain that

s(g=1)r’

AN ey -
(=¢) (t) - (ln<t>) (140(1)) ast—0.
Thus Lemma 4.12 gives
= a2 a4 1\1*
(E[ fa—f ‘XH}) < |:c1x Z2g3r2 +C(—l/))*():| .
2w
Choosing « = % we get
l‘

(E[ ﬁ—f*‘XHt}>} < cev2 +c(—lp)*(1> ,

see (2.25b) for the asymptotic behavior of (—9)*(1). Since r > 2 — and therefore
3r —2 > 0 —we get the claim. O

The other two infinitly smoothing operators in Section 3.6 will not be treated here
for different reasons. For the sideway heat equation (3.14) and p # 2 the problem

2,
is that ||1 | L7 (R?)|| = oo, hence in order to proceed similarly as above a support
constraint with finite measure on f would have to be known a priori. For the satellite
gradiometry (3.15) problem one can in principle use the approach above; however,
we would need to introduce Besov spaces on the sphere $* which we would like to
avoid here. One would then obtain that f* € B, , for p € (1,2] fulfills a VSC for the

choice of R(+) = 1| Bg,q”r with

(t) = c(ln(g))*zs(q*”’/u +o(1))  ast—0

as might be expected from Theorem 3.22.






CHAPTER V

CONVERGENCE RATES FOR THE
REGULARIZED SCHRODINGER
EQUATION

People think they don’t understand math, but it’s all about
how you explain it to them. If you ask a drunkard what
number is larger, 2/3 or 3/5, he won't be able to tell you. But if
you rephrase the question: what is better, 2 bottles of vodka for
3 people or 3 bottles of vodka for 5 people, he will tell you right
away: 2 bottles for 3 people, of course.

attributed to ISRAEL GELFAND in “Love and Math” by
Edward Frenkel

We consider the following scattering problem: given an energy E and some compactly
supported potential f we want to find solutions u to the Schrodinger equation

(=84 f(@))u(x) = Eu(x)  inR. (5.1)
Corresponding inverse problems are to recover the potential f from measurements of

u at known energy E. The inverse problems studied here will be made more precise
below.
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Stability estimates for these problems were first studied in [Ale88, Ste90]. It is
known that corresponding stability estimates have to be of logarithmic type (see
[Man01, Isal3b]), that is the function ¥ in (2.20) has to be of the form (2.3b). Never-
theless in recent years stability estimates for these problems have been significantly
improved by deriving an explicit dependence of the stability estimate on the energy E.
While in first results the estimate increased exponentially with the energy [NUW13]
more recent results show that is possible to have only a polynomial behavior of the en-
ergy [Isal0, IN12, Isal3a, INUW14, IN14]. This leads to so called Holder-logarithmic
stability estimates were the stability estimate consists of two parts: the first with a
logarithmic dependence on the data that decays with increasing energy and a second
with Holder-dependence on the data that gets amplified with increasing energy.

In this chapter we want to improve our finding of [HW15]in two ways: we
want to derive VSCs for the inverse problems under lower smoothness assumptions
and make the dependence on the energy E of i explicit in a way that allows us to
prove Holder-logarithmic convergence rates. A similar result has been announced in
[WH17].

While Section 5.1 offers a more explicit description of the first inverse problem with
near field data, we discuss the choice of an appropriate penalty functional as well as
the regularizing properties of the resulting Tikhonov functional in Section 5.2. In order
to verify a VSC we will use the strategy presented in Theorem 2.24, and the main tool
for the proof of the ill-posedness estimate (2.28c) will be the construction of complex
geometric optics solutions which will be introduced in Section 5.3. Results based on
these solutions to (5.1) will then be used in Section 5.3.2 together with trace estimates
in Sobolev spaces and regularity estimates of boundary value problems to derive
energy dependent bounds on the difference of two potentials for low frequencies
in Fourier domain. The statement and verification of the VSC will then be given in
Section 5.4; furthermore we extend our results to a second inverse problem with far
field data and end with a discussion of the results.

5.1 Problem Description

It is well known that the equation (5.1) together with the Sommerfeld radiation
condition,
lim |x| (a — i\/E>u(x) =0, (5.2)
|x| o0 o|x|
which ensures that the solution models outgoing waves, has a unique solution in
HL _for f € L compactly supported; i.e. for supp(f) C B, for some r > 0, where
Br := {x € R3: |x| < R} for all R > 0. Furthermore, physically meaningful
potentials have to satisfy J(f) > 0. The solution can be calculated by finding a
solution to the Lippmann-Schwinger equation below. Splitting the solution into an
incident field 4™, which is known a priori and satisfies (5.1) for f = 0, the total field
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u is the solution to
u™(x) = u(x) - RSf(y)u(y)CP(xry) dy

where
e_i\/f‘x -y I
[x Yl
is the free space fundamental solution. Efficient numerical implementations of this
equation have been discussed first in [Vai00]; see also [Hoh01].

O (x,y) =

For the inverse problem choose R > r. Assume now that we can put a point
source generating the incident field

uiyn(x) = ®(x,y) (5.3)

at each point y € dBg and measure the corresponding total field solving (5.1) and
(5.2) on 0Bg, i.e. we are able to measure the Green'’s function g(x, y) of the problem
on dBr x dBg. The forward operator is hence defined as

F:XNdomF — [?(@Bg x dBr), f+ g,

_ (54)
domF := {f € L*: supp(f) C B, 3(f) > 0}

with & as introduced later on. For this inverse problem it has been shown in [Nac8§,
Thm. 1.2] that the solution is unique. As a difference to most results on stability
estimates we point out that in our case )) = L? and that for ¢ = F(f) the norm
g | L?|| can be interpreted as the Hilbert-Schmidt norm of the operator mapping
incident field generated by sources on 9By to the total field on dBg; see [LKK13,
Sec. 4] for more details. For the stability estimates it is most often assumed that for
all solutions u to (5.1) and (5.2) the normal derivative d,u on dBy is known and the
mapping u|yp, — 9|y, is considered as a measurement. It is, however, usually
considered as a mapping from H'/? — H~1/2, see e.g. [Isal0, NUW13], or as a
mapping from L= — L%, see e.g. [IN12, IN14]. Yet boundedness of a measurement
errors of u[yp,, duu|sp, can usually only obtained in L%-norms which do not directly
translate into boundedness of errors in the norms above.

5.2 Regularization Approach

The problem to reconstruct the potential from measurements is ill-posed hence one
should apply regularization techniques to get a reasonable reconstruction from mea-
surements. We will use again Tikhonov regularization, this time of the form

ﬁ € argmin [1HF(f) —g"bs
fedom(F)NX 2

2
yH +R( f)] (5.5a)
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with the operator introduced in (5.4) and the data g°P® given due to the classical error
model. We will choose the penalty functional

i) (5.5b)

R(f) = 5|f| B3

where p € (1,2], the norm is defined as in (B.5) and

(f) == 1c.(f) = {0 Iflls= < Ceo (5.50)

0 |[|fllre > Ceo
is the indicator function of a L* ball with radius Co, > 0.

As we have already seen in Chapter 4 that a regularization approach with a 32,2

penalty term leads to order optimal convergence rates for certain problems. We
choose g = 2 since our strategy leads to suboptimal rates for ¢ < 2, and if we choose
g > 2 a smoother wavelet system is required, because then f* will be smoother then
fT (see Corollary 4.4). Furthermore, if p ~ 1 we can take advantage of Remark 4.21,
i.e. obtain faster rates for the same solution without further assumptions.

The added indicator function has a twofold purpose: On the one hand the con-
struction of complex geometric optic solutions presented in Section 5.3 requires uniform
L® bounds on f. While these bounds could be achieved by using R(f) = 3 ||f | By 1%
for s large enough this would exclude the interesting case of potentials f with jumps.
On the other hand (as we will see in the following) it guarantees that the Tikhonov
functional is regularizing in the sense that it meets Assumption 1.4.

To see this we choose X = Bg,z for p € (1,2] and Y = L?(dBg x 9Bg) together
with their weak topologies. As we are in the deterministic error model and the inverse

problem has a unique solution, it remains to check the sequential closedness of D
given by

D:={fe 322 NL®: supp f C B, S(f) > 0,|f | L®|| < Coo}- (5.5d)

as well as the sequential continuity properties of the operator F on this set.

A regularization strategy similar to our choice has already been considered in
[LKK13]. It has been shown that for p > 3/2 and

R(f) = ;IfIL”II”, pe (1,0

as a penalty term Assumption 1.4 is fulfilled. However due to the lack of a unique
continuation principle for f € LP with p € (1,3/2] the result could not be extended
toall p € (1,00).

Lemma 5.1. Let (fy)pew C Dand f, — f € 82,2/ then f € Dand f, — f in L for all
t € (1,00) and f, = fin L™,
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Proof. Since (fu)uew C D we get that || f, ||z~ < Ceo for all n € IN. Hence there exists
some subsequence (fy, )xew and fo € L® with || fo | L®|| < Ce, supp(fo) C By and

S(fo) > 0such that fu, — fo in L. As the domain is bounded we can infer f; € Lf
forall t € (1,00). Using again boundedness of the domain the weak-*-convergence
implies that f,, — foin L' forall t € (1,0).

Due to the continuous embeddings L? C BY, and B%,, C L? we obtain that

g P2 p'2

fn, — foin Bg,z and hence fy = f by uniqueness of the limit.
By repeating the above arguments every subsequence of (f),en has a subse-

quence that weak-*-converges to f in L®. Thus f, — f in L* which then implies that
fn— fin L' forallt € (1,00). O

This illustrates that D is weakly sequentially closed and the weakly convergent
sequences in Bg,z for p € (1,2] also converge weakly in L! for t € (1,00). In other

words: as F has been shown to be sequentially continuous with respect to the weak L?
topology in [LKK13] our regularization strategy fulfills Assumption 1.4 and is hence
regularizing by Section 1.2.2.

As usual we will measure convergence and the rate of convergence with respect to
the Bregman distance A associated to the penalty term R. Due to the added indicator
function the subgradient of a potential f with R(f) < oo is not unique. However, R
is regular enough to apply the sum rule for the calculation of the subdifferential, see
Proposition A.8(a), thus we get that

IR(f) = aGHf | 32,2H2> +au(f).

If ((f) < oo, we always have 0 € di(f), therefore we will always consider in the
following the Bregman distance to be associated with the uniquely determined sub-

gradient f* € E)(%Hf1L \ B2/2||2) which is of the form (4.2) for A = W*. Note that due
to 1(fT) = 0 we get that

Cho

B0 < Ay e D) < AR

for C B, as in Lemma B.21; this makes evident that our choice of the regularization

functlonal fulfills Assumption 2.22.

A VSC fulfilled by this problem will be stated and proven in Section 5.4, but
beforehand we will discuss the basics required for the ill-posedness estimate (2.28c).
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5.3 lll-posedness Estimate

The general idea for proving that a VSC is fulfilled is to choose the operator family
similar to P; as defined in (4.3), i.e. the Fourier transform of P;f is zero for high
frequencies and coincide with the Fourier transform of f for low frequencies (for the
concrete choice of P; see the proof of Theorem 5.13 below; nevertheless (4.3) is the
main part). Before going into the details, we would like to describe the idea behind
the ill-posedness estimate. For simplicity assuming a L2-setting we can estimate

O M
< cGo|pst || 7met = 0[]

where F denotes the Fourier transform as defined in (B.2), by norm equivalence for
Sobolev spaces. While the first term can be estimated with the help of smoothness of
f* the challenge is to find a good control of || FP;(f* — f) | L*||. However, this this
term also appears when proving stability estimates for this problem as we explain
next.

For stability estimates one usually proceeds as follows: One chooses P; as above
and splits

lfi = f2 | HY P = |[(1 = B)(fi = f2) | HY|* + | Py — fo) | H]2.

As one typically assumes that f; — f € H® with s > v we get that the Fourier
coefficients will decay with a certain speed and hence one immediately obtains an
estimate for the first summand. For the second summand one uses as above that

|Pi(f1 — f2) | H'|| < c(j,v)||FPi(f1 — f2) | L||

holds true. A stability estimate then follows after estimating || FP;(f1 — f2) | L*| by
properly balancing the terms.

Therefore to verify the VSC we can rely on techniques to prove stability estimates.
But how does one control || FP;(f; — f2) | L||? There are two key factors involved in
estimating this term: Alessandrini type identities and complex geometric optics solutions.

Alessandrini type identities are relations of the form

[ (i = fyura = G(E(R) = F(f2), 11, 12)

where 1y, is a solution to the Schrodinger equation (5.1) for the potential f; and G
is some linear functional. The name originates from [Ale88], where the first such
identity was proven in order to derive the first stability estimate for the Schrodinger
equation as explained above. We will see two such identities later on (see the Lemmas
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5.9 and 6.2). Suppose now that we can find solutions uy such that uju; = e (1 + p)
where p is a — hopefully small — perturbation. By rearranging terms, an Alessandrini
type identity thus allows the estimate

(A-2)@] < [Ip(h = £+ G(E(f) = F(fa), 1, )|

where the right hand side can typically be controlled by a function depending on
ILf1— f2ll, IECA) — F(f2)1 lpll, lual| and ||uz||, and the first two of these are the
ones we need for the stability or ill-posedness estimate, while the others are at least
bounded.

Note that the assumption to find solutions such that uju; = ™" (1 + p) is not
unrealistic; if f = 0 a solution to (5.1) is given by el for all { € C® satisfying { - { =
E.! These solutions are plane wave solutions but with a complex valued direction of
propagation {, leading to an exponential growth in the direction —3((), hence for
() # 0 they are unphysical. If we have two such solutions with {7 + {» = —¢, then
we found the solutions we wanted to plug into the estimate.

If f # 0, then of course u(x) = ell* for ¢ with - { = E does not longer solve (5.1).
Therefore we will use the ansatz

uz(x) = €& (14 vz (x)) (5.6)

and solutions of this form are called complex geometric optic solutions. Inserting into
(5.1) and using the relation - { = E we get the following differential equation for the
perturbation v;:

Dyo; = (A +2i¢ -V )og = f(1+72;). (5.7)

Note that we still have some freedom in our choice of {, so we are in particular
interested in cases where ||v;|| gets small in some norm.

Properties of D and its solution operator G; defined by D;(G;f) = f have been
studied by many different authors via Fourier methods. They already appear in
[Fad65], and have been applied in [SU87] to prove uniqueness of the inverse problem.
Starting with [Ale88] they have been used in order to derive stability estimates. The
construction has been greatly simplified for a periodic setting in [Hih96]. Here we
will employ estimates of [Wed91] in combination with ideas from [BT03] in order to
show that |[v|| — 0 as [{| — co.

5.3.1 Complex geometric optics solutions

Before we are able to study the mapping properties of G; we have to introduce some
Sobolev based function spaces.

Here for vectors { = R({) +iS(g) € € wedenoteby ¢ := R(Z) - R() — I(Z) - () +2iR(7) - I(0)
and [g] := (IR(Q)* + [S(D))!/?
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5.3.1.1 Some function spaces

We start with weighted Sobolev spaces and define for y, t € R:

HM(RY) = { f € S'(RY): || | HM

where ||f | Hit

2 2
[/ (14 1R) a4 ]
with  Aufi= (F 1+ P2 F)f.
Note that H*? = HV = g,z ; these spaces have the following properties:

Proposition 5.2. Let p, pi1, o, t, b1, tr € R with py # upand 6 € (0,1), then:
(a) HM(RY) ¢ HM2(RY) if and only if ty > ty;
) (HM(RY) = HP (B,

(c) [HMh (]Rd),HVZ'tZ(Rd)]e,z = Hﬁ'f(Rd)for fi=01—-0)u+06upand t = (1—
0)t1 + 6ty;

(d) if u € Ny, then an equivalent norm on H*! is given by

1/2
HESES [/W (1+17) T |aaf|2dx] ;

|ee|<p

(e) an equivalent norm on H"! is given by

[l o]

Proof. See [Lof82]. O

I£1

Usually the mapping properties of G; are formulated with respect to these spaces
(see Proposition 5.5 below). However, we would like to exploit more explicitly that the
right hand side of (5.7) has compact support. Inspired by [BT03], we thus introduce
two further classes of Sobolev spaces. The first will be for functions with compact
support and is given by

Hh(R) := {f € H": supp(f) C B,}. (5.8a)

Note that for each f € H},(RY) we have that flg, € H}(B,).2

2The space H}j(B,) is defined as the closure of {f € C®(B,): flap , = 0} with respect to the norm
If | H (B)|| := inf{||f | H¥(R?)]|: f € H'(R?) and fl5, = f}.
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For our purposes the following lemma is important which allows to estimate the
HMt-norm from above for compactly supported functions:

Lemma 5.3. Let y € Randt > 0. Then for f € Hg(]Rd) the estimate
| [ 1t )| < ) £ 2k |
holds true.

Proof. Let f be in Hf,’ (RY), then f € N;eg H™. Indeed for u € INj this is obvious by
Proposition 5.2(d); interpolation then extend this to all # > 0 and duality to all # € R.

Hence we can look at the embedding of f as an element of H*'2 into H*" for
t1 > tp. Starting again with u € INg we can estimate by Proposition 5.2(d) that

i = [ ()" E P
B(p)

] <p
t1—ty ty
< (1+02 / 1+ |x|? A fPdx
(ee2)" 7 ), (1 12) L
= (1+02)" 2 P

Due to Proposition 5.2(c) and Proposition B.14 this extends to

If |

P< (ee?)" s vezo

Setting t; = t and t; = 0 then yields the claim for u > 0, since \/1+ p? <1+ p. By
duality (see Proposition 5.2(b)) we have

bt
e e S (R R VAT Rl R
The claim follows by setting t| = 0 and t, = —t. O

For the second class we compare the norm of different localizations of a function;
to be more precise we set

HI(RY) o= {f € Hig (R): [|f | H"]| < oo},

Aﬂ(ﬂpf) ’LZH :supp71||77pf|HHH (5.8b)
p=>1

with  [[f|H"]| := supp~
p=1

where 7, := 5(x/p) and 7 € C®(R3 R) is a smooth cut-off function such that
In(x)| <1,7(x) =0if |[x| > 1and 57(x) = 1if |x| < 1/2 (in [BT03] a different power
of p has been used to define ##). The choice of the power of p is such that we can
guarantee that H~1 C HH:
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Lemma 5.4. There exists constants C,, > 0 depending on |u| and the choice of i in (5.8b)
only such that for all f € H*~1(R?) the estimate

LF 1) < G| B2
holds true.
Proof. Let 7 be the function in the definition of the H*-norm in (5.8b) and let p > 1.

Consider the operator T,: H*! — H¥*1 defined by T,f = 1, f. We will first show
that this operator is bounded.

Assume that u € Ny and f € H*! for some t € R. Then we get that for all
multi-indices a with 0 < |a| < y hat there exists constant ¢, > 0 depending on # such

that
9o f)] < e} 19pf]
0<B<za
by the product rule. Indeed for all multi-indices 8 we have [dg77,| < p~ IBl||o g1 | L[| <
l0gn | L[| As |0gf] € HY% forall0 < B < a we therefore get that there exist constants
C, depending on y and 7 only such that
o f [HH| < Cull £ | H*]|
Using again Proposition 5.2(d) we see that

s | 1P = [, (14 1P) K [t )eta

loe| <p

> o (1) o) s = oo |0

|ee| <p

2
ie. T,f = 1,f is a bounded linear operator from H*! — H¥!*1 with norm bound
Cyup for C, := v/2C,,. Therefore interpolation implies

|To | H* = B*4Y < Cup Vuz0teR

for an appropriate constant C,.

By definition of the norm on H;,' for y > 0 we therefore choose t = —1
1F 170 = sup || Tof | H#0|| < ¢ | 1.
p=1
Using duality and t = 0 yields that

[ |77 = supp|
p=1

—u,0
T;f‘H z

| el

for the same constant Cu. O
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Note that by the embedding H*(R¥) ¢ H*~1(R“) the previous lemma shows
that
H*(RY) ¢ H*(RY) c HI!

loc

(RY).

We will need the introduced spaces for the construction of complex geometric
optics solutions only. As their construction will merely be carried out for d = 3 we

will from now on only write H*/, HFP,‘ and HH for the respective space with domain
R3.

5.3.1.2 Complex geometric optics solutions for bounded potentials

We now return to study the solution operator G;. Note that this operator can actually
be represented as a convolution operator of the form

(Ceh)(x) = g+ ) = [ gelx=y)fw)dy,
ei@-x

S T

(5.9)
where

¢.

This form was used to prove the following:

Proposition 5.5 ((Wed91, Theorem 1.1]). Lett > 1/2, u € R, v € [0,2] and { € C3
with { - { = Eand |{| > 1/10, then there exist constants C(v,t) > 0 such that

|G | H*" — HFHV | < C(v, )[g|"

Proof. The finding of Weder is only valid for 4 = 0. The extension to i € R follows
by observing that G; and F*(1 + |-|2)#/2F commute. O

The result in [Wed91] gives a more explicit value for C(v, t) but for our purpose
the estimate in the previous proposition is sufficient. Furthermore the equivalent
norm definition of Proposition 5.2(e) was used.

The spaces introduced in (5.8) now allow an estimate similar to [BT03, Thm. 2]:

Lemma 5.6. Let { € C3 with {-{ = Eand |{| > 1/10. Then for y € Rand v € [0,2)]

Gz | = w7 < Curucv @ + )12

with C(v, 1) the constant of Proposition 5.5 and C,, 1, the constant of Lemma 5.4.

Proof. Setting t = 1 we get by Proposition 5.5 and Lemma 5.3 that for f € Hzf the
estimate

HGgf ‘ HH+V,—1H < C(U’1)|€|V_1Hf ‘ i

<C(v,1)|gl" 1 +P>Hf \ HF’H
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holds true. Since Lemma 5.4 implies

IGef | H* || < Cp

el
the claim follows. O

We now rewrite (5.7) as
(D; = My)o; = f (5.10)

where M is the operator defined by (Mfv)(x) = f(x)v(x) and define G,f := (D —
M) ~1. This operator has the following norm bound:

Lemma 5.7. Let f € dom(F) and { € C® with { - { = E such that
12| > max{1/10,C,||f | L®||} with C,:=4CoC(0,1)(1+7r)?  (5.11)

where C(0,1) and Cy are the constant of Proposition 5.5 and Lemma 5.4 respectively. Then
there exists a ¢ > 0 depending only on r such that the estimate

Jous -+ ] < e
holds true.

Proof. We have G; ¢f = v; if and only if (I — G;My)v; = G¢ f. Assume that G My is
a contraction on H° with norm bound 1/2, then Banach’s fixed-point theorem yields
that

Z)g = Gg’ff = (I - Gng) 71Ggf = Jio(Gng)]Ggf

7

and thus H%’HOH SZHGCf"HO

the norm estimate is then implied by Lemma 5.6.
In order to see that GgM f is indeed a contraction note that by Lemma 5.6 we can
infer that

CoC(0,1)(1+7)

oMy |46 < | M|
S coc<o,1)(1| . DL | 12
<201+ SOOIy

4

for all h € H°, since (5.11) guarantees |{| > 1/10. The second lower bound on ||
hence gives the desired contraction result and the claim follows. O
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In summary, we obtain the following estimates for v; solving (5.7):

Theorem 5.8. Let the assumptions of Lemma 5.7 be met, v € [0,2] and choose { € €3\ R>
according to (5.11). Then there exists a constant ¢ > 0 depending on r only such that for v,
solving (5.7) the following estimates are fulfilled:

(a) va‘HOH <¢
®) flog | L] < ellfIL];
© Jog [ M) < cllfFIL=flg)"

Proof. We use the findings on complex geometric optics solutions:

Proof of (a): Since supp(f) C B, we get by Lemma 5.7 that there exists a ¢ > 0
depending on r only such that

2
o ) = loess ) < gl 2 = iy <

and c depends only on r.
Proof of (b): By (5.7) and the first part we obtain that

loz(x)| < /B 18z (x = y) f(y) (1 + 12 (y) vz (y))| dy

< ([ tsete-nrar) (1|2

1/2
< c(/ gz (x —y)|2dy> IFIL®|  Vx € R¥if ¢ fulfills (5.11).
B,

: +4r2Hv§ ‘ HOHZ)me L™

Combining this with the fact that |gz(x)| = O(1/|x|) uniformly in { € C®\ R? (see
[NK87]) we see that there exists a constant ¢ > 0 depending only on 7 such that

log [ L[| < ellf [ L=

if ¢ is chosen according to (5.11).

Proof of (c): Note that supp((1+ 1, v7)f) C By and by (a) this is even in 7. Hence
by (5.7) and Lemma 5.6 we get that

[og [ #°]] = [ Ge ((xs, + m2r00) f) | 7|
< CC 1) A+l Crs, +m2r00) f | 2
< GC A+l 1) (|

)
Taking the supremum over C,C(v, 1) for v € [0,2] (which is finite) yields the claim.
O

XB,
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5.3.2 Energy dependent estimates of low Fourier frequencies for
the difference of two potentials

The next aim is to derive the key estimate which will be used to obtain an estimate
of the form (2.28c). This will be done in three steps: First we need to establish a
Alessandrini type identity as a connection between potentials and corresponding
data; this will lead to a transmission problem. A solution to the transmission problem
is given by a complex geometric optics solution in the inner domain which is then
continued as a radiating solution meeting (5.2) in the outer domain. Secondly, as the
desired connection between potentials and data involves the jump of the Neumann
traces across the boundary, we have to find estimates on these as well. Lastly, a
combination of these estimates yields an estimate of |F(f; — f2)(¢)| for ¢ small
enough.

5.3.2.1 Connecting measurements with potentials

In the following we consider a transmission problem that will help us to connect
measurements and potentials in a different way. For f € dom(F) and given a function
h on the sphere I' := dBg with R > r we seek for a solution w of

(—A+f)w=£w in R3\ T,

w™ =w" onT,
ow  Jw (5.12)
anff - Bni = h on T,
lim |x|( zf)w-O
R NANCIEY

where the traces are defined by

with 7 being the outer normal vector of I'. The solution to (5.12) is unique and can be
calculated by

= /rgf(x,y)h(y) ds(y) for x € R®

where g¢ = F(f); see [HHO1, Lem. 2.2]. Now define the operator Sy : L*(T) — L2(T)
by

(Sfh)(x /gfxy ds(y) forx €T.
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Then we obtain the following characterization for the difference of two potentials in
dom(F) by the solutions of (5.12):

Lemma 5.9 ([HHO1, Lem. 3.2]). Let R > r and f; be potentials with f; € dom(F) for
j =1,2. Let wj be solutions to the boundary value problem (5.12) given by f; for j = 1,2.
Then the identity

dw;  Jdwy dw,  Jdw;
i~ ooz dx = /r(an - an+) (55 = Sr (E)n - an+> ds  (513)
holds true.

Note that if w; and w, have the form of complex geometric optics solutions (5.6)
in B, with {1 + {, = —¢, then the left hand side is of the form F(f; — f2)({) +
O(|log, | HOI, log, | H°||) and the perturbation of the Fourier coefficient will get small
if [C1], 02| — oo due to Theorem 5.8. It therefore remains to find a good control of the
right hand side.

5.3.2.2 Trace estimates for complex geometric optics solutions

We now want to find estimates for 9;Fw where w is a solution to (5.12) and the
restriction of w to By has the form of a complex geometric optics solution. Note that
such a solution exists, since we can define

_ Jug(x) x€Bg
we(x) = {ﬁg(x) e RO\ By (5.14)

where 7; is the unique scattering solution to the Helmholtz equation in R3\ Bg with
prescribed Dirichlet data ii;|r = uz|r (see [CK13, Sec. 3.2] for uniqueness, existence
and regularity properties of this solution) with I' = dBg. Then obviously w; is a
solution to (5.12) and uniquely defined for { € C3.

To estimate 0,f w; we need an estimate for the Neumann trace of a radiating
solution to the Helmholtz equation. Several estimates of such kind exist that also
make the dependence on the energy explicit, see [CGLS12] for an overview. Here we

will use the following estimate which is known to be sharp with respect to the energy
E.

Lemma 5.10 ([BSW16, Theorem 1.4]). Let O~ C IR? be star-shaped with Lipschitz bound-
ary and set T := 00y~ and QO := R3\ Q. Let u € HL_(QT) solve

(A+E>u:0 inQF,

lim |x| (8 - i\/E)u =0,

|x] =00 o|x|
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such that u|r € H'(T). Then for every Ey > O there exists a constant ¢ independent of u and
E such that ‘

Note that w; and Bp, fulfill the regularity assumptions on u and ()™ respectively
and hence Lemma 5.10 can be applied to estimate 9,} w;. We now use simple trace
estimates and Lemma 5.7 to find a bound on the jump of the Neumann derivative of
wg across dBg.

Lemma 5.11. Let E > 1, R > r, f € dom(F) and w; be the solution to (5.12) defined by
(5.14). Choose I € €3\ R3 according to Lemma 5.7. Then the estimate
aw§ awg

‘an— on™

holds true for all { fulfilling (5.11) with ¢ depending only on R and r.

Ju
ont

ir)] < e |

holds true for all E > Ej.

L2(3BR)|| < ceRB@NEV2|g12 4 12%)

Proof. By Theorem 5.8(c) with v = 2 the complex geometric optic solution u; is in

leo .- SO we can estimate

Hug‘Hz(BR)H: Heié'(lwzzwg ]HZ Bg) H< c

o |exm - ||
< cl¢ PN (|1 H2(Br) | + |[parog | H2|))
< clgPeRR @I (1] H2(Br) || + 2Rel¢] )
< c|g?eRIBE@I for ¢ meeting (5.11);
and the constant ¢ depends on R and r only. Likewise we obtain the norm estimate
g | ' (Br) | < elgle®¥@

with Theorem 5.8(c) with v = 1 and ¢ depending again on R and r. Therefore via
interpolation we get

Hug ‘ H3/2(BR)H < C|€|2eR|%(§)|,
with a R and r dependent constant if  fulfills (5.11).

By the trace theorem there exists a constant ¢ depending on R such that together
with Lemma 5.10 we can estimate

aw€
a —

L?(9BR)

< CHug ‘ H2 BR)H

LZ(aBR)H < cEl/ZHug ‘ H3/2(BR)H.
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Inserting the estimates above results in

aw§ aw§ 2 o~
< SO (1721712 3
e = 5L 12(@Bg) | < ce’POI(EV2 g2+ |g)
for ¢ according to (5.11) with ¢ depending on R and r only. O

5.3.2.3 Bounds of the Fourier transform at fixed frequency

We now want to apply the above results to obtain a bound on the low Fourier
frequencies of the difference of two potentials, while making the dependence on the
energy E explicit.

Theorem 5.12. Letv € [0,1), E > 1, R > r, Co > 0and fy and f, be potentials with
fj € dom(F) and || f; | L|| < C for j = 1,2. Denote by g; = F(f;) the error free data of
fjfor j =1,2. Choose t,b > 0 such that

1 b?

> ~(t3—E),0 d  E+£2>—

max{z( 5—E) } an + > 4 (5.15)
where to := CCoo and C, as in (5.11).

Then there exists a constant c depending only on R and r such that for all & € R® satisfying
|&] < b we have

1+ C% _
- f-plH vn)

T 7 3 (2R+1)t
(A fz)<c>\<c<E R = f .
5.16

Proof. For fixed & € R3? choose two unit vectors d; and d, in R3 such that ¢ - d; =
¢-dy=4dq-dp =0.For t asin (5.15) define

, 1, . , 181

C1:= —5C +itdy +\[E+ 12— =dy,
1 2

gg::—ig—itdl—\/EthZ—%dz

Then ¢!, ¢} € €3\ R3 and they satisfy
G+h=-¢ lal=l=vVE+22>ty and {1 =00=E
since £+ — 4 > 0. As || > g and |¢!| > E > 1imply that {! fulfills (5.11) for
j = 1,2 there exists by Section 5.3.1.2 complex geometric optics solutions of the form
1 (x,¢1) = €4 (1 + o1 (x,20)),
ua(x, ) = €4 (1 + 0a(x,2h),
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where u; solves the equation —Au; + fju; = Eu; in By for j = 1,2. By extending u; to
radiating solutions outside of B solving (5.12) for f; we obtain that

(i - 1) @) =\ S (=)@ n ) g d- [ (=)

(0101, €1) 9,85 005, € o, £ ]

(5.17)
Using the results of Lemma 5.9 and 5.11 we can bound

‘/B,(fl — f2) (x) u (x,§3) ua(x, 33) dx

N 2
< e EIEVZ P+ 151P) g1~ 52| V)

since [|Sy, — Sg, | L?(9Br) — L*(9BR)| = [l§1 — 82| Y| and |¢}| = |}]. Inserting ||
we get that

et (El/z\/E 22 1 VES 2t23>2 < 2e2Rt (E(E +22)2 4+ (E + 2t2)3)
< 40 (B2 + 4t 1 2E% 1 161°).
Note that there exists a constant ¢ depending only on R such that
2Rt < ce(2R+1)E and {0e2Rt < pe(2R+1)t forallt > 0.
Therefore we obtain that

’/B,(fl — fo)(x) ur(x, 3 ua(x, 24) dx

< cE3ePRH D0y — gy | V.

The second integral in (5.17) can be bounded by

= 20 (o108 + o B) 015, ) o, £)

< [Aa-uth = £ [ 23] (|| 21 21220 | 2|+ [ Aw 21y 22,280 | 27

At 012 [ 2 lea ) 1)
1+C% L
ScﬁHh—fﬂH ,

using the estimates Theorem 5.8(b) and (c) for v € [0, 1) with ¢ depending on r only.
Combining the two last estimates gives the desired estimate. O
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5.4 Convergence Rates

Recall that we proposed the Tikhonov functional

fA,x c argmin{zlleF(f) — gObs yHZ + %Hf ’ Bg,zHiV +1Coo(f)]

feD
with D= {feB),NL”: suppf CB,S3(f) >0,|f|L°] <Co}

in (5.5) to recover the potential from the Green’s function. We now have the necessary
tools at hand to show that for this functional the following VSC is fulfilled.

Theorem 5.13. Let R > r > 0and E > 1. Let Coo > 0, p € (1,2, s > 0,0 > 0
and choose ¢ € (0,1). Suppose that the true potential f' satisfies fT € dom(F) such that
11| L] < Cooand || fT| B} ol < 0. Then there exists a constant c depending on'r, R, p,
s and € only such that for the Tikhonov functional (5.5) the variational source condition

1 1 v 1
E4-——1 “2)2) E3t1
( t R MG ) B

<f*rf+*f> < ZA;H"B%HZ (frf+)+CQ(1+Q)
+(1+C%)? (E + ﬁ In(3 + r%)2> #1

. 1 ] 2
with 7= 5Hz?(f) — F(fY ’L (3Bg x aBR)H
holds true for all f € D withv = min{1/2 —s/8,0} and y = %Wmin{s/él,l}. If
p = 2 we can even choose ¢ = 0.

We will now introduce a related inverse problem, afterwards we verify VSCs for
both problems. We finish with a discussion of the the result.

5.4.1 Extension to far field data

The data of the operator F described in (5.4) is sometimes called near field data, as we
measure the data on dBg which is in this denomination assumed to be not too far
away from B, which contains the support of the potential f. An interesting case for
applications is the limit of R — oo. Recall that every solution u of the Schrodinger
equation (5.1) fulfilling the Sommerfeld radiation condition (5.2) has the asymptotic
behavior

u(x) :ui“(x)+(m<u°°(f)—l—(’)(l>>, as |x| — oo

|x] |x|?
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uniformly for all directions £ = x/|x| € dB;, and u® is called the far field pattern
(see e.g. [CK13]). Roughly speaking the previous equation states that far away from
the potential the scattered field u5°(x) := u(x) — u™™(x) has the form of an incident
point source as in (5.3) for y = 0 with an amplitude modulation that just depends on
the direction of travel. As incident fields of the form (5.3) decay with their distance
to their origin ¥ we cannot probe a potential located around the origin with such
incident fields generated at dBg with R = co. Instead we will consider incident plane
fields of the form
U (x) = eV

which propagate into the direction d € 0By. Define now u®(%,d) as the far field
pattern in the direction £ generated by an incident plane field propagating into the
direction d for all directions £,d € 90B;. Recovering the potential from such data
coincides with solving F¢(f) = g with the far field operator

F:DNX — L[2(0By xdBy) =: Y,  f— u™. (5.18a)

Using the similar regularization approach

o s Sl o]

with  D={f¢€ Bg,zﬂL“’: supp f C By, S(f) > 0,||f| L®|| < Coo}

one can verify the following VSC for this problem:

Theorem 5.14. Letr > 0and E > 1. Let Co > 0, p € (1,2],5s > 0, 0 > 0 and choose
g,0 € (0,1). Suppose that the true potential f* satisfies f* € D such that || T | L*| < Coo
and || f1| B} ol < 0. Then there exists a constant ¢ > 0 such that for the Tikhonoo functional
(5.18) the variational source condition

o ff=h < ZA o (f,f+)+c(1n(3+r‘1/2))72w

i[5
with v = 3 |R(H) - R |9

holds true for all f € D with y = %pﬂ min{s/4,1}.

5.4.2 Proof of the theorems

We now prove the two Theorems 5.13 and 5.14 stating that a VSC is fulfilled by each
of the two inverse problems.
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5.4.2.1 \Verification of the variational source condition for near field data

To prove our claim the following lemma is necessary which helps us bringing Theorem
5.12 into the desired form of Theorem 2.24.

Lemma 5.15. Let f € 32’2 N L® with supp(f) C By for somer > 0and p € (1,2], then
forall e € (0,1) there exists a constant c depending on ¢, p and r such that the estimate

e 2—p+e

2 )
IFIL=] 2

I = el 35
holds true. If p = 2 we can even choose € = 0.

Proof. For p = 2 the claim is obviously true, since ||f | L?|| < ||f | L*|l|Ixs, | L?||-
For p < 2and ¢ € (0,1), define 6; by the equation 5* = 1 — .. Lastly define
Pe 1= GSTP Then the Lemmas B.19 and B.14 yield that

p—¢ 2—p+e
2

0 2
18]

Using the wavelet norm || | Bge »|lw, we note that for each wavelet coefficient we can
estimate

12 = (Bg,Z' Bg&z)g&z hence Hf ’ L2H < ch ’ 82,2’

l l l
L] = | F | < 11220 e 0|
As we know that xp, € B:,E/,’gé, there exists a constant c depending on ¢, p and r such
that

Bl/pe

| <elf 1zl xs, | BYA:

£ [B.2]| < 1f 1220 s, <cllf 1L

and the claim follows. O

0
BPS/Z

Note that for p # 2 in the limit of ¢ — 0 the constant of the lemma satisfies ¢ — oo
as Xg, & Bl eo-

Proof of Theorem 5.13. For convenience the proof will be split into several parts.
Support results: Since fT and the wavelets qb} ., are compactly supported it is clear

that at a fixed level of resolution j € INy only a finite number of the wavelet coefficients
)\} . can be nonzero. As for the wavelet coefficients y} ., of the subdifferential f* we

have #;,m = 0if and only if )\j-,m = 0 the function f* will also have a compact support.
To be more precise, we know that supp(¢g) U (U;<;<7supp(¢')) C B 1 with ¢p and
¢>’ the functions from (B.4), then

By (m) j=0

supp(¢! ) C{ 2 )
PP (®jm) B (2 im) (>0
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with B,(z) := {x € R®: |x — z| < r}. Due to supp(f") C B,, we obtain )\l = 0if
omin{1-70}yy o B 1= Q). This in addition implies that f*(x) = 0 for x ¢ Q.
Choice of operator family: To apply our strategy Theorem 2.24 we need to define

the family of operators P;. To do this we mix the ideas of Chapter 4 and the support
results above. Denote by P as the projection defined in (4.3) and by Py, the projection

Lj
l 1
Pof=Y Y ). o i m) P
k€N =1 pmin{1-0} ;e )
We will set P; := PjPoP;Pq for j € N. Note that the action of Py, is described by the
same equation and that ||Pq | B}, — B} .|| < 1aswellas ||| B}, — B; || <1 for
alls € Rand p,q € [1,00].
Smoothness: We can decompose I — P; = (I — P;) + P;[Po(I — P;)Pq + (I — Pq)].
By the support result we have supp(f*) C Q and hence P f* = f*. With the norm
bounds of the operators we get by Lemma 4.6 that
p’,q”

py) f*
ngI—EM*B

Ja=rs

B g’,q’

Py f*

( < ce2F,

0
v.q

that is «(j) = co2 7.
Ill-posedness: For the ill-posedness result use the findings of Section 5.3. We get
that

(Pif*, fF = f) <{ ,Pof Pabi(f" - f))
< |[Bpas [ By |[[Pari(st = 7) [ B3]

4 H< c2/=5)g s (0,4)
Lol = co s> 4

For the first factor note that

HE&JﬂBﬂ

as f* € B;, - For the second factor we want to apply Theorem 5.12. Note that

S 3k(3—3) 5
DI BE ) D DR LU VAR W1
kelNy I=1 mez3
zmin{l—k,O}mEQ

[Par (s =1) |2, =

and therefore we need to estimate [(B;(fT — f), ¢} ) |. Asby assumptions the wavelets
are continuous and compactly supported we know that their Fourier transform is in
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L'. Hence we can estimate
B = Futhan)| < 1011208y F U = O 22| Fobn

and by definition of the wavelets and calculus rules for the Fourier transform we
obtain that || F¢l |LY|| < 23%/2||F¢! | L. As for fixed k € Ny their are O(2%)

points m € Z3 with 2MM{1-k0}y € () we therefore receive the upper bound

|PaPi(f* 1) | B,

3

1
p
k(L 1) 3 ; [P
< Y Y 2k Y CZZPHXH,‘S\/@/}]:(JE —f)‘L H
ke I=1 mez3

omin{1-k0} ;= )

= CHX{Hgﬁzf}f(f*—f)]LwH Y 2 p(b-})pdky ik

and the sum is finite.
For T = T (F(f)) = SIE(f) — E(f7) | L%(9Bg x 0BR)||> we now apply Theorem

5.12 with .

H) = 20 +71)

Then t > 0 and t* > %(t% — E) at least if T is small enough. To be more precise the
last inequality holds for T < Tmax := max{ T}, 1} with

0o if exp (22R+1)(t3—E)) <3
(exp (2@R+1)(2 —E)) — 3) 7 else

In(3+171/2).

max

so (5.15) is satisfied for b?> < 4(E + t(7)?). Inserting into the first summand of the
right hand side of (5.16) yields
E3e(2R+1)t(T)T1/2 — E3(3+ T*1/2>1/2T1/2 — E3T1/4(3T1/2 + 1)1/2
< E3V4(3cl/2 + 1)1/ = cE3TV/A

For the second summand choose v = 0 and use Lemma 5.15 with ¢ € (0,1) to estimate

1+C2 1+C2 2—p+e ?
\/E+;2Hf1_f2‘L2H = 1/E+2to(or)*2c°"2 fl_f2‘32'2‘

p
5—¢

1+C3

=BT 2t

|71 =r2[ B2

since # €(0,1).
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Combined we see that

1+C3

W“ﬁ —f ’ Bg,zHZ];

thus we get an ill-posedness estimate (2.28c) with

<ij*,f+ _f> < CQjmax{OA—s} E3T1/4—|—

3 _
1+ Ce and 8 = F—¢
E +2t(7)? 2

o(j) = 7(j) = ™04k, g(7) = E3ci, G(x) =

for all  satisfying 32% < b? = 4(E + t(1)?).
Choice of j for small T: The previous parts make evident that by Theorem 2.24 we
get a variational source condition with

' . ' ZJ%W min{0,4—s}
lpvsc(T) =co ler]}\j; E32]max{0,4—s},rz + 92—2]s+ (1 + Cgo)2Q . .
322 <A(Et(0)) (E+2t(z)2) ¥
for T < Tyax, Since 23—9 = 4%;”8 € (1,2). As E > 1 we can choose j such that
1 .
55 (E + 2t(T)2) <28 < (E + 2t(T)2).

This choice is admissible as 3 2%/ < 24 < (E 4 2t(1)?)1/2 < E+2t(1)? < 4(E +
t(t)?). Further we get that

: o ' 1/2—5/8,0}
275 < c(E+2t(r)2) YR pjmax{04-s} < C(E+2t(r)2)max{ s

4
2 T=pre max{04—s} min{s/4,1}

2
and — < E—I—Zt(T)z) e

E+21(r)2 P

Inserting the estimates into ¢ above we thus see that f satisfies a VSC with

_ 1 “12y2) g3l
P(1) =co(1+0) (E+4R+21n(3+r )°) E’t4

(5.19a)

1 B
2\3 1/2\2

with v = max{1/2 —s/8,0} and u = %Wmin{s/él,l}.
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Extension to all T: We now prove that a variational source condition of a similar
form also holds true for T > Tmax. Independent of T the following inequality

ot = < [ B - £ B < 2 [ D e
holds true.
If T > T} .y, then we have 1 < \/E + 2t(7)2 < tq with t chosen as above. Thus we
get that

H
1< B(E+2t(r)?)
as p € (0,1]. Therefore we obtain for these T > T}, the VSC

L
D) P g o 8D+ (4 g G+
(5.19b)

If on the other hand T > 1, then we have In?(3 + 771/2) < 2. Hence there exists a
constant ¢ such that

P/ZHW

1<E# B <o(E+n2@+77172)) " 4 B
since again E > 1 and 0 < u < 1. Therefore we obtain for T > 1 that

+ 3 o2 2342 LB s
=0 <G8y U e | () el | 6190

Final result: Combining now (5.19a) with (5.19c) we see that we have the VSC

3

8= 1) S 38y g o Uf) +eel1 40 In(a+ v h2) £l

1
E4__ -
( +4R+2
1 1 —H
2 12
4y (E+4R+21 B+t )) ]
as stated in Theorem 5.13. O

5.4.2.2 \Verification of the variational source condition for far field data

The proof uses the VSC of Theorem 5.13 together with a spectral source condition
which connect near field data with the far field pattern:
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Lemma 5.16 ([HHO1, Section 4]). Let R > r, ¢ > 0and 0 < 6 < 1. Then there
exist constants w,p, Tmax > 0 such that for any two potentials f1, f» € D satisfying
I £i Bg;” < Cp we have

2 ® _— 4| L%(0B; x 0B i
ngfgl‘ﬁ(aBszaBzR)H szexp((ln |u5® — u§ ‘w[() 1% 1)H> )

if lug® — u$® | L2(9By x 9B1)|| < Tmax where gj = F(f;) and ui® = Fy(fj) denote near (for
R = 2R) and far field scattering data for f; forj =1,2 respectzvely

Note that the dependency of the constants of the lemma on E and ¢ is unknown.
Thus — if we use this Lemma in the proof — we cannot hope to make the dependence
on these constants explicit in Theorem 5.14.

Remark 5.17. The statement in [HHO1] requires stronger regularity assumptions on
fj than stated here. It is required that f; € H® for some s > 3/2. This regularity is
used to show that the mapping f; — g; = F(f;) is compact. However, this continues
to hold under the weaker regularity assumptions, see Lemma 5.1 and [LKK13, Sec. 4].

Proof of Theorem 5.14. Recall that the VSC holds for f € 32,2 with || f — 7| Bg,z | >

S1IFT | BY vl = 3CA [Fas' 32,2 || as seen in the proof of Theorem 2.24 (for the estimate of
the constant Cp see Example 2.23(b) and Lemma B.21). Hence we may assume that
< ft B pal < o, therefore Lemma 5.16 is applicable with Cg = Lo.

Set T := L||Ft(f) — F:(ft) | L?(9B1 x 9B1)||, yn(t) as the function ¢ of the VSC

of Theorem 5.13 and ¢(t) := p? exp(—(—In(v/2t) + In(wp))?). Theorem 5.13 and
Lemma 5.16 then yield that a VSC is fulfilled with ¥(7) = ¥n(¢(7)) if T < 3T

Bounding ¢ (t) < A(Int~1)~2# for t < 1/2 for some constant A we obtam

fort < 5 min{rr%lax, 1}.

0
#a(p(r)) < 4|~ (~In(VZD) + o))~ 7]
Thus we can find constant B > 0 and T, € (0, 2 min{72,,,1}] such that
n(p(7)) < B(In@+712)7 20 for < g
In order to extend this to all T recall from the proof of Theorem 5.13 that

(f" f f>—4 H‘lBO H ff)+CQ2

As for T > T/, we see that (In(3 4+ 771/2)) =2 is bounded from below we obtain
the result by enlarging the constant if necessary. O
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5.4.3 Discussion of the result

Before discussing the result let us state the following corollaries of Theorems 5.13 and
5.14:

Corollary 5.18. LetR >r > 0,E >1,Co > 0,p € (1,2],5s > 0,0 > Oande € (0,1) and
suppose that the potentials f7, f1, f» € dom(F) satisfy || fT|L®||, || f1 | L=||, [ f2| L=|| <
Coo m?d (K&l B} ol [1f1 1 By eoll, [l f2 | By eoll < @. Denote by 4 the the index function of the
VSC in Theorem 5.13.
(a) Let g°5 € Y be observed data with ||g°® — F(f) | V|| < 6 and let f, minimize
(5.5a). Then, if we choose & = & according to (2.24a), the convergence rates

AJ; (far f1) < 9(62) = (9<ln(571)72”) asd — 0

and (=11 Bpa|| =0 (g™ ) aso—o0

with y = 4%% min{s/4,1} hold true.

(b) The stability estimate

|- 2| B < \/l/;(;nF(fl) - F(f) 91?)
holds true.

Proof. First note that by Section 5.2 minimizers an of (5.5a) exist. The convergence
rate then follows from (2.24b), while the estimate for y when § — 0 is due to the fact
that the logarithmic term will dominate the mixed term.

For the conditional stability estimate simply apply (2.33). O

Corollary 5.19. Letr >0,E>1,Ceo >0,p € (1,2],5s >0,0>0ande, 6 € (0,1) and
suppose that the potentials f*, f1, f» € dom(F) satisfy || fT | L=, || f1 | L=|I, || f2 | L®|| <
Coo and || f7] B} coll, If1 | By eoll. [ f2| By ool < €

(a) Let g°P € Y be observed data with ||g°® — F(f1) | V|| < & and let f, minimize
(5.18). Then, if we choose & = & according to (2.24a), the convergence rates

8 (far f1) < 9(8%) = O(In(e™)™9)  as5—0

and

J?&_]d‘Bg,zH IO(ln(é_l)_”g) asé — 0

with y = 4%% min{s/4,1} hold true.
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(b) The stability estimate

_ —2u0
[ = 2| BO2| < c(n(3+ IF(A) — F(R) 1 V171))
with y = ﬁ min{s/4,1} holds true.
Proof. As the proof of Corollary 5.18. O

If we compare our results Theorems 5.13 and 5.14 for p = 2 with [HW15, Thm. 2.1,
Thm. 3.2] it is obvious that several improvements could be made. For once the
assumption of having a smoothness larger then 3/2 on the true solution as well as
on the elements allowed in the Tikhonov functional could be dropped at the cost
of assuming L*-bounds — which is a realistic assumption for practical applications.
Hence convergence rates are now obtained for less smooth functions. Further on,
while the maximal convergence speed is still bounded, the corresponding maximal
rate is now achieved at a lower smoothness s and we do not have to exclude specific
smoothness values because of divergence of the involved constants.

Comparing the stability estimate of Corollary 5.18 for near field data with the
best known stability estimates [[INUW14, IN14] we see that the main disadvantage
of our result is that the exponent of the logarithmic part u is bounded in s. We will
discuss why this is the case after Theorem 6.10. Further in both cases the function of
the stability estimate ¥ dependence of E is better, i.e. the exponent of E in the Holder
part is lower. At the same time we would like to point out (as already discussed in
Section 5.1) that the data term is more meaningful in our setup.

A stability estimate for far field data similar to Corollary 5.19 has been derived in
[IN13]. The advantage of their result is that the exponent y of the stability estimate
is again unbounded with respect to the smoothness of the solution; however, a
minimal smoothness of f € W3 := {f € §’: 9,f € L! for all a € IN3 with |a| < 3} is
required. Likewise the stability estimate for far field data in [HHO1, HW15] require a
minimal smoothness of H3/2, thus the main improvement of our new result is that it
is applicable for potentials with low smoothness.

Lastly we would like to discuss the advantage of making the dependency on the
energy explicit. Assume we can perform a sequence of measurements where E — o
as 0 — 0, where we suppose that f is independent of E. In this case Holder rates can
be achieved. To be more precise assume that we choose

1
E~ ¢ vtuts

then the convergence rate

L

< ¢d2v+pt3) asd — 0

fa— 1] B3|
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is attained which is much better than any logarithmic rate of convergence (even when
the exponent is small).

Note that it is known that the problem is even Lipschitz stable if one assumes
that f(x) = }:1 fixa;(x) for some a priori known Lipschitz sets QO; C B but
unknown coefficients f] forj=1,...,], see for example [BAHFS16]. Yet besides the
disadvantage of allowing only piecewise constant functions with known jump sets
the Lipschitz constant is exponentially increasing with respect to the energy E and the
number of partitions J. This makes the advantage of Holder-logarithmic estimates in
the high energy limit obvious.






CHAPTER VI

ELECTRICAL IMPEDANCE
TOMOGRAPHY

There were, however, hurdles on the road to becoming a
professional mathematician, “a mathematician’s
mathematician”, as Alberto Calderén was sometimes called,
because other mathematicians would come to him for help
when they got stuck on a difficult problem.

[...] When I marveled at how he could remain so unsassuming
despite all the acclaim, he would simply answer “I know how
little I know”. It was the answer of a mathematician’s
mathematician.

ALEXANDRA B. CALDERON about ALBERTO P.
CALDERON, in “Selected papers of Alberto P. Calderén
with commentary”

Electric impedance tomography is a noninvasive imaging technique with many
applications in medical imaging, geoscience and nondestructive testing; see [MS12,
Chap. 12] for a list of references. The idea is to place electrodes on the surface of
a body and apply a current with these electrodes. Due to the spatial variations
of the conductivity inside the body one will measure a spatially varying potential
distribution on the boundary. By repeating the measurement for different input
currents one hopes to retrieve information about the interior conductivity distribution.
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The advantage of using electrical impedance tomography as an imaging technique is
that it is noninvasive and radiation free. Further anomalies one wants to detect often
have a high contrast compared to the background. The main disadvantage, however,
is the very low spatial resolution one achieves. While the required equipment for
measurements is rather cheap, the problem is very sensitive to noise and modeling
errors, thus making the application challenging.

From a mathematical point of view the starting point for the investigation of this
problem is usually attributed to [Cal80]. In this pioneering work the questions were
brought up whether such measurements uniquely determine the conductivity and
how to retrieve it. It was shown that the linearized problem has a unique solution
for small perturbations of constant conductivities and a reconstruction procedure
was suggested. Since then a lot of progress on this topic has been made; yet the
theory is (at least in the three dimensional case) not complete. The challenges of
the problem are its strong nonlinearity and ill-posedness. Several reconstruction
methods specifically taylored to this problem have been proposed and succesfully
implemented. For example the D-bar method starting with [Nac96, SMI00] aims to
reconstruct the conductivity everywhere whereas factorization based methods (see
e.g. [HB03, Har13]) try to find deviations from a reference conductivity.

In this chapter we will study Tikhonov regularization to solve for the conductivity.
We will give a precise statement of the problem in Section 6.1 and review known
results. While proving the regularization property turns out to be straightforward
under typical assumptions on the conductivity the difficult part will be to also prove
convergence rate for this method.

Here we will deviate from the previous chapters and not proof a VSC directly.
Instead we will first prove a stability estimate for the problem in Section 6.2. This
will be done by using a close relation between electrical impedance tomography on
the one hand and the Schrodinger equation studied in the previous chapter on the
other. Most importantly stability estimates for the latter imply stability estimates for
the former. As in the process of going from conductivities to potentials one looses
smoothness we have to study complex geometric optic solution again but this time
for potentials which are less smooth.

In Section 6.3 we will then prove the convergence rate result. In order to do so we
will show how general stability estimates can be used to show that VSCs are fulfilled.
The results then follows from the stability estimate we showed earlier.

6.1 The Electrical Impedance Tomography Problem

We will now give a more rigerous introduction into the electrical impedance tomogra-
phy problem by describing the direct and inverse problem respectively; including a
literature review. Afterwards, we introduce a Tikhonov functional for this problem
and prove its regularizing properties.
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6.1.1 Problem setup

Let v denote the spatiallly varying conductivity of the body () where for simplicity
we will assume that (3 = B;. Then the potential distribution u inside the body for an
apllied current / is given by the solution to the Neumann problem

V-(yVu)=0 inBy,
d (6.1)
—u=nh on 0B
on
where 7 is the outer normal vector of Bj; see [Bor02] for a derivation from Maxwells
equations.

7

Direct problem For the direct problem one assumes that v is given and the goal is
to calculate u[yp, . Note that the applied current has to satisfy

/831 h(x)dx = 0.

and a solution u can only be unique up to an additive constant. Therefore we introduce
the spaces
/
HY/2(3B;) := {f e HY2(3By): /a F(x)dx = 0}, H;V2(3By) = (H}/z(aBl)> )
By

!/

H(B) = {re i [ fwar—ob,  HE) = (HiE)

where we set ||f | HY(By)|| := (J3, |V f|> dx)1/2 which by Poincaré’s inequality is
indeed a norm. The weak formulation of (6.1) is then given by

/ y(Vu) - (Vo)dx = hTrodx Vo € HL(B).
B 9B,

where Tr: H.(B;) — H./?(dB;) denotes the trace operator. Assuming that y € L*®
with y(x) € [¥,7] for all x € By and for some v > 0, we see that this problem is
elliptic. Hence one can apply the Lax-Milgramm Lemma to see that there exists a
bijective linear operator L,: H.(B;) — H; !(B1) such that

(Lyu,v) = /Bly(w) [(Vo)dx  Yoe H\(By),

fulfilling the estimates

L | HEBY) = B < |2 <7

and HL;l‘Hgl(Bl) —>H}>(31)H < HTl‘LwH < (6.2)

1
g
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Thus for all h € H; '/?(9B;) there exists a unique solution u € H(By) to (6.1) given
by u = L;! Tr* h where Tr* is the adjoint of Tr. This allows to define the Neumann-to-
Dirichlet map (sometimes also called current-to-voltage map in this context):

Ay: H7Y2((3By) — HY/?(3By),

Ay =Tr L;l Tr*, which is h > ulyp,, where u solves (6.1)

which for given Neumann data (or current) assigns the corresponding Dirichlet data
(or voltage) of the problem. Note that by (6.2) u will depend continuously on y with
respect to the L norm if v fulfills the ellipticity condition y € [y, 7] thus the mapping
¥ = /A, is also continuous. B

Inverse problem The inverse problem we are considering is to determine the con-
ductivity from the knowledge of the Neumann-to-Dirichlet map A,. The review
[Uhl09] summerizes known results focussing on complex geometric optics solutions;
the connection between these solutions and the problem will be made clear in the
following. Concerning the questions posed by Calderon the state of the art knowledge
is fundamentally different depending on whether d =2 ord > 3.

For the two dimensional case the questions has been fully answered. It has
been shown in [AP06] that the problem has a unique solution for all v € L* with
Y > 9(x) > v > 0 and in [BFR07, RFC10] that small regularity of 7 allows to prove
stability estimates. Furthermore, an explicit reconstruction scheme based on [Nac96]
has been developed in [SMI00] called the D-bar method which for € C? converges
with the rate (—In(d)) /14, see [KLMS09, Thm. 3.1].

For the three dimensional case (the case d > 3 usually follows similarly) the
situation is different and the picture is less complete. In [KV85] uniqueness has been
shown for piecewise analytic conductivities and in [SU87] and [Nac88] uniqueness
has been demonstrated for conductivities 7 € C* and 7 € CU! respectively via a
connection to the Schrodinger problem (which we will discuss below). The result of
Sylvester and Uhlman has then been improved in [BT03] to «y € HS/ 2 for p > 6 and
to y slightly more regular than Lipschitz in [HT13]. Finally uniqueness for Lipschitz
conductivities has been proven in [CR16], and for conductivities with y € H% N L*®in
[Hab15]. Stability estimates requiring a bit more smoothness then the current state of
the art uniqueness results have been obtained in [Ale88, Hec09, CGR13]. The stability
estimates are of the form

71— 72| X[ < 1IJ(”A'n ~ Ay, | HoV2(9By) = Hl/z(aBl)”)' (6.3)

forall vy € Z with ||| Z]| < ofork=1,2  where ¥(t) = c(—In(t)) "

We summarize the achieved results in the Table 6.1. As the finding of [Man01]
generalizes to electrical impedance tomography we know that the function ¥ in the
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Author X Z U
Alessandrini | L*® H%,s>7/2 € (0,1) unknown
2
Heck L C3/2+s, °
s€(0,1/2) (1+2s5)(24 —4s)
2(1-6
Caro et al Cco9, Cl#,5€(0,1) %
0€(0,1)

TABLE 6.1: Choice of spaces and exponent for the stability estimates (6.3) in the
literature.

stability estimate has again to be of logarithmic type and therefore the results are
optimal up to the value of the exponent.

We should mention that for both cases, i.e. the two- and the three-dimensional case,
the formulation of the inverse problem is usually slightly different than presented
here. It is usually assumed that the data is given by the Dirichlet-to-Neumann map
A?tN (that is the mapping u|yp, +— 94u|yp,) instead of the Neumann-to-Dirichlet map
A,. However, with the given functional setting we have that

APN = (A,) !

see e.g. [MS12, Sec. 12.3.2]. Therefore the questions of uniqueness for one problem
directly transfer to the other problem. For stability note that

DtN DtN _ A DtN DtN _ DtN DtN
APN — ADIN — APN(AG, — Mgy )ARN and Ay, = Agy = A, (ADN = ADN) A,

which shows that — as long as the conditions of the stability estimates imply that
the involved mappings are uniformly bounded — a stability estimate for one gives a
stability estimate for the other and one loses at most a constant.

6.1.2 Regularization of electrical impedance tomography

The goal of this section is to setup a Tikhonov functional for the electrical impedance
tomography problem.

We have seen earlier that in order to derive well definedness of the Neumann-
to-Dirichlet operator A,, we needed that y(x) € [v,7] and that the support of v — 1
is contained in Bj. The first condition is usually called ellipticity condition, as it
guarantees ellipticity of the pde. In practice the conductivities of involved materials
are usually quite well known, see e.g. the tables in [Bor02], and therefore upper and
lower bounds are readily available. Hence an assumption of this form is not very
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restrictive, and we will include it into the definition of the domain of the operator.
The second condition motivates to set

fi=v—1, (6.4a)

that is the unknown in the inverse problem is the deviation of the conductivity from
the homogeneous conductivity. Thus the domain of the forward operator is given by

domF := {f € L®(R3): f(x) € [y — 1,7 — 1] ¥x € By, supp(f) C Bl}. (6.4b)

For the exact definition and the image space of the operator see below. Note that
this way f will be a function on the whole of R®. As we assume that the support
of f is contained in the open ball By an extension of f to the whole space will not
introduce any type of singularities and hence the smoothness of y defined on B; and
of f defined on R3 will coincide.

As already discussed in Section 6.1 it is unknown whether the inverse problem
has a unique solution for all f € dom(F). As the problem is in addition nonlinear we
will also not be able to guarantee uniqueness of the R-minimizing solution if more
than one solution might exist. Hence the choice of the penalty functional will enforce
enough regularity on f such that the inverse problem is uniquely solvable. Asa a
starting point we will use the uniqueness result of [BT03] that yields uniqueness for
Y€ Ha/2 forall > 6. By Lemma B.18 we know that f € Bs/p+1+T for p <2and
T>0 1mphes the necessary smoothness on <y for some j > 6 by embeddings. The
motivation for choosing a Besov space as a primary regularizer as well as the choice
of the fine index g = 2 are the same as in Section 5.2. Moreover, we will impose a
stronger restriction on the support which will be needed in order to get a closed set
on which the Tikhonov functional is finite. The pre-image space and the penalty term
will then finally be given by

3
+1+7
X = B”

and  R(f):= §||f | X1+ tgupp(y iy (-

(6.4¢)

forp € (1,2], 7 € (0,1) and r € (0,1). The restriction on T will become clear when
constructing complex geometric optics solutions later. However, in order to not
require to much regularity one should think of T as close to zero anyway.

Note that if we would start with the uniqueness result of [Hab15], then we could
set X = B, !, fort = 3/p, i.e. we would require roughly one derivative less on the
solution of the problem. Yet in this case the construction of complex geometric optic
solutions and corresponding estimates gets much more involved. Therefore we stick
to the result of [BT03] as then the analysis can be carried out similarly to Section 5.3
in combination with a simple approximation procedure.
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We will now take a closer look at what we consider to be the data of our inverse
problem. It will turn out that it is advantageous to define

§:=F(f) :=j(Ap—M)J" (6.4d)

where A; is the Neumann-to-Dirichlet map for the conductivity v = 1 or equivalently
f =0and j: H/?(dB;) — L2(9By) is the canonical embedding and j* its adjoint.
Thus the data is a mapping

g: L2(0B1) — L2(0B1)

and as it has a continuous extension to a mapping H; 1/2(dB;) — HL/?(dB;) we get
that it is also compact. It will turn out that it is even a Hilbert-Schmidt operator. This
would be immediate from the decay of the singular values of j for d = 2 but ford = 3
this decay is too slow. The advantage of regarding g as a Hilbert-Schmidt operator
and not as a mapping between the canonical trace spaces has already been discussed
in Section 5.1.

In order to see that the data is indeed a Hilbert-Schmidt operator we will split
A14f— A1 = S(Ty;y — T1) and use that S is infinetely smoothing. Denote by 7 := L
and define for any conductivity v with v — 1 € dom(F) and supp(y — 1) € B, the
operator T, : H;1/2(9B;) — H'Y2(dBz) by h + u,|p, Where u, is the solution to
(6.1), i.e. u, solves

V-(yVu,) =0  inBy,
d

%”7 =h on 0B;.

Furthermore, define S: H!/2(9B7) — H'/2(9By) as the operator that maps 1 — w|;3,
where w is the unique solution to the Cauchy problem

Aw =20 in Bl \ By,
w=h on 0By,

%w =0 on dB;.

Ifh € H;1/2(9By) and ft = uy, |3p, — 4, |38, Where u,, and u,, solve (6.1) for 77 and
72 respectively, then the solution of the Cauchy problem is given by w = u,, — u,,

since 1y, solve Au,; = 0in By \ B; for j = 1,2. Furthermore w|yp, € H./?(aBy) since
uy,|ap, € Hi/*(3By) for j = 1,2. Thus the identity Ay, — Ay = S(Ty 45 — Ty) holds
true. To see that w|yp, € C* consult [DL90, Thm. 1 in Chap. II, §6.1].
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This yields that Ay ¢ — Aq: L3(9B;) — LZ(9By) is indeed a Hilbert-Schmidt
operator. Thus we choose as image space of F and data fidelity terms

V= Hs(Lg(aBl),Lg(aBl)),
1 ) (6.4e)
and  5(g1,82) = Te (82) = 5181~ 82 V|

as usual when dealing with the deterministic error model.

It remains to choose the topologies on & and Y such that the Tikhonov functional
defined by (6.4) is regularizing. We will equip X with its weak and ) with its norm
topology. As our penalty term guarantees unique solvability of the inverse problem it
remains to check the continuity properties of F on D given by

31+t -
D:= {f € B£,2 : f(x) € [y —1,7—1] Vx € By, supp(f) C Br}/

as D is obviously weakly sequentially closed. But note that y — A, is norm-to-norm
continuous on the closed set

Di={fel™ f(x) € [y—1,7—1] Vx € By, supp(f) C B }

for the L*-norm, as we have seen in (6.2). Denote by | the embedding

3414t _ - _
J:{f€By, :supp(f) C B} = {f €L”: supp(f) C B}
which is compact. Then we get that (D) C D and

F(f) = jTrLyp o T

this shows that F: D — ) is sequentially weak-to-norm continuous.

6.2 Stability Estimates for Electrical Impedance
Tomography

Our next aim is to prove stability estimates for the electrical impedance tomography
problem. Later on these stability estiamtes will be used to verify VSCs, the reason for
the detour will be discussed at the end of Section 6.2.1.

The basic idea to investigate stability (but also uniqueness) for the inverse problem
to (6.1) remains unchanged since [SU87]: One exploit that via a simple transformation
we can transform (6.1) into a Schrodinger equation. For this equation we already
know how to prove stability by complex geometric optic solutions (see the introduc-
tion of Section 5.3). The new challenge here is that the obtained potentials might not
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be in L* and hence we have to rework the results of Section 5.3.1.2 while requiring
less regularity on the potential. As the back transformation from potentials to conduc-
tivities involves an elliptic pde one can then use regularity results to get a stability
estimate for conductivities. In order to estimate the smoothness of involved functions
we will rely on the the generalization of product and chain rule presented in Section
B.3.1.2.

6.2.1 Connection to Schriodinger equation

We now construct a Schrodinger equation from (6.1). Considering that define the

potential V by
1/2
!
T 412 :

(the change in notation in comparison to Chapter 5 is due to the fact that the potential
is no longer the sought for quantity of the inverse problem). Further define

w = \/yu,

then w is a solution to the differential equation
VYA-V)w=0 inBy;

indeed we have that

VA= VYo = VFIA(/T0) — uBy/3] = /A1TAU+ 2V -V /7]
=yAu+Vu-Vy=V.(yVu)=0.

Note that for v not smooth enough (6.5) has to be understood in a distributional sense.
We will make regularity properties of V given regularity properties of y more precise
later.

Letnow i € H;'/2(dB;), then similarly to (6.1) we define the Neumann problem

(A—V)w=0 in By,
0 (6.6)
%w =h on dB;.
for V as in (6.5). If we assume that supp(y — 1) C By and y € C!(By), then we see
that this problem has a unique solution. Indeed there exists u solving (6.1) for the
same Neumann data and if w is defined by w = \/7u then w € H'(B;) and w solves
(6.6) since

9 d 9 B
%w‘aBl = £<\ﬁ”)|331 = @”’631 asy =1 for |x| > r.
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A similar calculation makes evident that under the given assumptions also the Dirich-
let data of the solutions coincide and hence the problems (6.1) and (6.6) have the same
Neumann-to-Dirichlet map. We can now show that this operator is self adjoint:

Lemma 6.1. Let v € C'(By), supp(y —1) C B, and y(x) € [v,7] for all x € By for
some y > 0. Then the Neumann-to-Dirichlet map A is self adjoint.

Proof. Let i, € H;1'/2(dB;) and denote by wy, the solutions to (6.6) with Neumann
boundary data i for k = 1,2. Then using w; for I # k as a test function, we obtain

0= / wy (A — V)wy —wi (A — V)wydx
By

= / wyAw, — w1 Awy dx
By

d
Wy —
9B, ~On

_ / (Aqho)hy — (Ayhy)ha dx
3B,

wy — wl%wz dx

with the help of Green’s theorem. O

Now we immediately obtain the following version of Alessandrini’s identity
(compare [Ale88, Lem. 1] and Lemma 5.9).

Lemma 6.2. Let 7, € C!(By), supp(x — 1) C By and y(x) € [v,7] for all x € By for
some v > 0. Denote by V. the potentials given by (6.5) for 7yy, and let wy. be the solution to

(6.6) for Neumann data hy, € Hy V/2(3By) for k = 1,2. Then
/ (V1 — Vz)ZUlT/UZ dx = / hZ(A’YZ — A71>h1 dx.
B, 9B,
Proof. Proceeding as in the proof of Lemma 6.1 we get
0= / wy (A — V) wy — wy (A — Vo)w, dx
By

= | wAwy — w1 Awy + (Vo — V) )wywy dx
By

= (V2 — Vl)w1w2 dx + / wohy — w1hy dx.
B, 3B,

As wy = Ay, hy on 0B the claim follows by rearranging terms and using Lemma
6.1. O

The left hand side of the result of the previous lemma is already familiar to us; it
is the same as in Lemma 5.9. As wy, is a solution to a Schrodinger equation we can
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insert complex geometric optics solutions as a special case. This allows — again — to
estimate the low Fourier coefficients of V; — V, by a combination of the free parameter
¢ of the complex geometric optic solution and the data A, — A,,. Together with a
smoothness assumption which estimates the high Fourier coefficients this will imply
a stability estimate for the potentials.

But our goal is to derive a stability estimate for conductivities. Hence we need
a relation that transfers stability from potentials to conductivities. In order to do
this we note that there is another useful relation between these two quantities which
again was already used in [SU87]. Assume that for k = 1,2 we have 7, € L* with
7k(x) € [y,7] for all x € By for some 7 > 0, then we can define

a:= log(zl). (6.7a)
2

By a simple calculation one verifies that formally a is a solution to the elliptic pde

V- ((71’72)%Va> = 2(1172)? (Vi —V,) inBjy,
a=20 on dB;.

(6.7b)

If we assume that the right hand side of this equation is in H’ 1(By), then we get by
the Lemma of Lax-Milgram that a € H}(B;) and the estimate

H’l ‘ Hl(Bl)H < iH(’h’Yz)% (Vi — V) ‘H_1(31)H (6.8)

holds true. It remains to estimate the norm of the left hand side from below by
the norm of 77 — 2 and the norm of the right hand side from above by the norm
of V; — V. The next two lemmas show that this is possible and one only looses a
constant depending on the C!-norm of ;.

Lemma 6.3. Let v, € C'(By), supp (7 — 1) C By and vy, (x) € [v,7] for all x € By for
some 7y > 0. Then there exists a constant ¢ > 0 depending on <y and 7y such that

60 < a0 o]
with a as defined in (6.7a).

Proof. We have

1
a= ln<%) = 1n<(71 —72) + 1) < M7= 72(exp(a) - 1)-
T2 2

This immediately yields the estimate

i 0100] <2 ) et -1



166 6. Electrical Impedance Tomography

Since a(x) € [In %,In | introduce the function A(t) such that A(t) := exp(t) — 1 for

==

allt € [In %, In g] and note that A’(t) is bounded. By Proposition B.24 we therefore
get that -

oot 1 15 = o] <o |
with ¢ depending on 7y and 7 only. O

Lemma 6.4. Let 7, € C'(By), supp (7 — 1) C By and vy(x) € [v,7] for all x € By for
some y > 0. Then there exists a constant ¢ > 0 depending on -y, 7y and the support of v — 1
such that B

H('Yl'YZ)%(Vl - V) ‘ H_l(Bl)H < CHV1 Sz ’ H_l(Bl)HH% ‘ Cl(Bl)HH'YZ ‘ Cl(Bl)H-

Proof. Assupp(7y, —1) C B thereexists 7 € (0,1) such that even supp(y, — 1) C By
and therefore Vj(x) = 0 for x ¢ B;. For this 7, let 7 € C*(R3, R) be such that 7(x) = 1
for all x € By and 57(x) = 0 for all x ¢ By. Further we can find a function A such that
A(t) = t1/2 for t € [7,7] with A(0) = 0 and bounded derivative. Then, in the setting
of Proposition B.23 we get for pg = 4, p; = 2and sy = 1 that gy = 1 and q; = 2,
which shows there exists a constant ¢ > 0 such that we can estimate

H(%’Yz)%(Vl - V) ‘ H71(31)H = HA(U’Ym) (Vi — V) ‘ H71(31)H

< CHV1 -V ’ H_l(Bl)HH/\(ﬂ%’Yz) ‘Hz}(Bl)H-

as sop > ;—0 and (7172)% C [7,7]- By Proposition B.24 there is a ¢ > 0 depending on
the choice of A (and hence on 7,7 and 7) such that

H/\(U'Yl’YZ) ’Hi(Bl)H < CHU’Ym ‘ Hi(Bl)H-

Likewise, there is a constant ¢ > 0 depending only on the choice of # (and therefore
on 7) with

H’?’Yl’rz ’ Hi(31)H < CH% ‘ Cl(Bl)HH”Yz ‘ Cl(Bl)H- 0

In order to summarize the last findings, every stability estimate for potentials
of the form (6.5) in H~! gives a stability estimate for conductivities in H!. Indeed
for conductivities 7, with v, € CY(By), ||7%|C'l| < M, supp(yx — 1) C B; and
Yk(x) € [7,7] for all x € By for some v > 0 we have

I =2 | H (B < em?|[vi = va | BBy (6.9)

with a constant depending on vy, 7 and the support of 7 by combining the Lemmas
6.3 and 6.4 with the elliptic regularity estimate (6.8).
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One might wonder why we do not prove a VSC directly by Theorem 2.24. The
problem here is that we do not know how to prove the ill-posedness estimate (2.28¢).
Consider again our typical choice P; by (4.3), then we would have to estimate || P/ (f1 —

f2)||- But inserting complex geometric optics solution into the Alessandrini identity
given by Lemma 6.2 the complex geometric optics solution only gives estimates for
HP]-*(Vl — V2)||, where Vj is the potential given by (6.5) for 7, = fr + 1 fork = 1,2.
As the mapping f — V is nonlinear we do not know how to relate the two norms
1P (f1 — f2) [l and || P7 (V1 — V2)|| directly.

6.2.2 Complex geometric optics solutions for less regular potentials

Our next goal will be to derive a stability estimate for the Schrodinger equation for
potentials V' of the form (6.5). To do this we will study again complex geometric optics
solutions. Remember from Section 5.3 that these were solutions to the Schrodinger
equation (6.6) having the form

we(x) = e (1+v(x))

where v; was given by the solution to
Deog = (A+2i0- V)og = V(1 +72p), (6.10)

as any potential V of the form (6.5) can be smoothly extended by 0 to R? if supp(y —
1) C Bj. Hence any such solution for E = 0 will also solve (6.6) in B; with corre-
sponding Neumann data.

We derived existence and norm estimates for these solutions assuming that the
given potential V satisfy V € L®. But we can only guarantee that V € L® if y € C?
which is more regularity then guaranteed by the choice of our penalty term R. Before

going deeper into the construction of complex geometric optic solutions we will hence
3/p+1+tT
5 .

figure out how much regularity on V will be available if v € B P

Lemma 6.5. Let V be given by (6.5) where y — 1 € B;£p+l+rfor some T > 0, supp(y —
1) C Byand y(x) € [v,7] for all x € By for some v > 0. Extend V and -y — 1 smoothly by
zero on R3 \ By, then there exists a constant ¢ > 0 independent of <y such that

2+T)

HV ‘ H1/2+T

< CH"’ _1 ’ B

<1 4 H,Y -1 ’ Bi,/2p+l+T

holds true.
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Proof. Expanding (6.5) we see that V can be written as

_ Ay _Voevy 1001 _ria . .
V= 5y y: —2{<7 1>A7+A’y] 4{<72 1>V’y Voy+Vy-Vyl.
(6.11)

Define the function A; (x) := 1+x —1forx€[y—1,7—1]andlet A;: R — Rbe
a function such that A; € C*(R) with compact support and A1, 1 7-1] = A1. Note

that this is possible as A; is smooth on its domain of definition. As A{(0) = 0 and
H® = Bj,, Proposition B.25 shows that there is a constant ¢ > 0 independent of y
such that

Hl -1 ’ H3/2+T
Y

_ HA(,)/_ 1) ’ H3/2+T

1+ [V [L¥IDT

1 ‘ BS/P+1+T (1 + H’)’ _1 ‘ B3/;7+1+T

S C“’)/—l‘HB/2+T

<

via embeddings.
Likewise defining a function A;: R — R that is C* with compact support and
Aa(x) = m —1for x € [y — 1,7 — 1]. With this function one obtains

H ‘ 1| gprzee (1 N H’V 0 ‘ B

)

< CH’Y _1 ‘ BT

for some constant ¢ > 0.
By using Proposition B.22 with

po=p1=25=3/2+1,51=1/2+7 - qgo=1,q1=2,
and po=p1=250=s1=3/2+T7 = g=1q =2

and H3/2t7T ¢ L™ we see that there is a constant ¢ > 0 such that

H (1 _ 1) A,), H1/2+T <c 1 1 ’ H3/2+’r ‘A’)/ ‘ H1/2+T
Y I |4
1 1
H (72 — 1) VoV |HY2T) <c 21 H3/2HT ‘V’y-V’y ] HY2T]
HVI-}/ . Vz), H1/2+T <c V’y ‘ H3/2+T ‘v,y ‘ H1/2+T ,
and Hv,)/ . V’)’ H3/2+T <c V’)’ ‘ H3/2+T ’V’)/ ’ H3/2+T )
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LetM:= |y —1] B;/ZP T, then using (6.11) and combining the previous estimates

with Lemma B.18(d) we get that

HV ’ H1/2+T

< c[MZ(l +M)T+ M+ M1+ M)T +M2}.
As T > 0 this yields the estimate. O

Note that this estimate is sharp in the sense that we cannot hope to get more
regularity on V. Indeed by setting p = 2 we see that V has exactly two derivatives
less than <y, as has to be expected by the definition of V due to (6.5) since it involves
the Laplace operator.

Therefore we want to establish existence and norm estimates of v; for potentials
V with V € H'/2%7 where from now on we will always assume that V is smoothly
extended by zero on R3\ By. In order to do this we follow again the approach
of [BT03] where this time we exploit more of its capability. The main idea of this
approach (which allows to drop the regularity requirement approximately by one) is
to approximate a potential V with a sufficiently smooth function and then treat the
reminder as a small perturbation.

Recall that we defined the Sobolev spaces 7—[5 and H* in (5.8); in the following %
will denote the function from the definition of #°. In these spaces we obtained for the
solution operator G; of the differential operator D; = (A + 2i{ - V) the estimate

| Ge| 78 = 2| < Cuncw, 1)1+ p) g

fory € R, v € [0,2] in Lemma 5.6.

As before we denote by G; i the inverse of the operator D; — My where My is
again the multiplication operator defined by (Myv)(x) = V(x)v(x). We will now
prove a result similar to [BT03, Lem. 1] which makes the dependency of the constant
on the chosen parameters more explicit. The idea of the proof is similar to Lemma
5.7. Note that in the proofs of the rest of this section f and g will not have the usual
meaning of being the data and solution of the inverse problem.

Lemma 6.6. Let V € Hé/:z”for some T € (0,1) with supp(V) C B, for some p > 0.
Choose { € C3\ R3 with { - { = 0 and

IZ| > max{C(p)HV ’ Hg/2+'r

110} with  C(p) := 8cmCy,2C(0,1)(14p)?, (6.12)
where cr, is defined in the proof. Then for v € [0, 2] the estimate
|Gew [y = w172 < 2¢1 50w, 1) (1 +p) g (6.13)

holds true.
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Proof. Note that G,y f = g if and only if (I — G; o My)g = G f. Therefore, if we

assume that G; o My is a contraction on H1/2 with norm bound 1/2, we obtain by
the Banach fixpoint theorem that

g§=Gevf=(I-GroMy) 'Gef = i)(Gé o My)'Gef
j=
and thus ||g | #"/2| < 2||Gf | #'/2].

In order to see that G; My is indeed a contraction note that by Lemma 5.6 we can
infer for all i € H1/2 that

2C1/2C(0,1)(1 +p)
19

since (6.12) guarantees || > 1/10. Hence we need to show that My : 7-[,13/2 — H1/2
and estimate the operator norm.

e 7] < v 77

Weset pg = 6,50 =1/2+1,p; = 2and s; = 1/2 in the context of Proposition B.22;
then we get that g9 = 3/2 and g1 = 2. Since Hé/erT C L®and sy —3/py > s1 —3/p1
we can conclude that there exists a constant ¢, > 0 such that

[ 2] = [ )| 1772 < eV | 1372 manizany | 1

< 2(1+p)cmHV‘Hg/2”

diad |
Therefore the choice of { according to (6.12) implies that
2C1/2€(0,1)(1 + p)

|Gemyn| 712 < : IMyh ||
. 4cmC1/2C(|0,|1)(1 +0)* [v |72 ] 72 < 1Hh 7072
= 3 -2
The norm estimate of the lemma is thus a consequence of Lemma 5.6. O

We showed for v € BZ,/ZPHJFT that V € HV/2+7 ¢ H6_1/2+T, so the lemma above
still requires one more derivative than we have at disposal; this regularity will now
be dealt with by an approximation similar to [BT03, Thm. 3].

Lemma 6.7. Let V € H, /%7 for some T € (0,1) with supp(V) C B, for somer € (0,1).
Choose { € C®\ R3 with - { = 0 and

o)
10 (6.14)

—1/2+7
6

)1/1’ v

izl > max{c,(1+c;

-1/2+
v|Hge

with  C,=C(2)c¢*  and  CL=72c""Cy,C(1,1)
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where the constants c*,c” and c™ are defined in the proof and C(2) is the constant of Lemma
6.6 for p = 2. Then there exists a constant ¢ > 0 independent of {,V and r such that the
estimate

HGZ,V ‘ H}/Z - Hl/ZH < C|C|_1

holds true.

Proof. Let ¢ € C®(R? R) be a mollifier, that is supp(¢) C B1(0), [ ¢ = 1 and set
¢e(x) = e 3p(x/e) for e > 0. Define V! = ¢+ V and V’ = V — V. As V¥ is smooth
we have Vi € H}/2*7 while V* € H, /2" since we only know that V € H, '/*'7.
Further by standard approximation results (see e.g. [Bur98, Sec. 2, Lem. 10]) we get
the estimates

Hvb ) H6—1/2H S C’ET

Hvﬁ ‘ Hé/2+T

—1/2+
V| Hg2

4

(6.15)

< cﬁs”HV ’ Hg1/2+r

where the constants depend on ¢ only; furthermore the supports of V* and V” are
subsets of Byt ¢.

As always we want to solve G; v f = g for f € H}/?

that this equation is fulfilled if and only if

by a fixpoint approach. Note

e}

j
(I =Gy oMy)8 = Gg y:f — §= 2 (Gg,vn ° va) Gy yif
=0

Therefore we want to show that ||G; : o My, | H/2 — H1/2|| < 1/2 for some
choice of the parameter . By Lemma 6.6 with v = 1 we obtain that for

1

} (6.16)

4= max{C(r—i— s)HVt ' HY* |, 0

with C(p) as in (6.12) the estimate

|Gy (Mysh) |72 <2C1 pC(L 1) (1 +7+€) | Myh | #7712

holds true for all h € H1/2. By applying Proposition B.22 with pg = 2,50 = 3,p1 = 6
and s = —% we get gy = % and q; = 2. Assp < ;730 and s1 < % there exists a constant
¢™ which allows to estimate

Hvah ‘ Hr_+1e/2

( = Hva(ﬂz(He)h) ’ H—l/zH < cmHvb ‘ H6_1/2HH’72(”€)h ’ Hl/zH

S 2Cm(1 +S)Hv7 Hgl/Z ‘Hh ‘ Hl/ZH
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This shows that
1G, v (Mysht) | 12| < 46™C1/C(1,1) (1 + 7+ €)(1 +£)Hvb ‘ Hgl/ZHHh ’ Hl/zH

< 4™ CypC(1,1) (2 4 €)2%€T

—-1/24
V| Hg

72|
with the help of (6.15), since r < 1.
We now set

)y

36cmch1/2C(1,1)eTHV ‘ Hg—WH 1

= (1 + 72cmch1/2C(1,1)HV ’ Hy /24

This choice satisfies ¢ € (0,1) and moreover

4cMCr/pC(1,1) (2 + €) %"

) g
1+72cmcbc1/2(:(1,1)Hv‘Hg*1/2H 2

i.e. the estimate [|G; s © My, | H/2 — H/2|| < 1/2 s fulfilled.
Inserting the choice of ¢ into (6.15) shows that
) 1

Hence (6.14) implies (6.16). Applying Lemma 6.6 for v = 0 results in
g1 #1721 < 2| Gy e f | 1172 < 12€1 000, 1)1 7| £| H22|

Jve ez

< ¢ (14726 Cy2C(1,1) HV ‘ H 12+

—-1/2+
V| Hg 2

since ¢, < 1 and we assumed f € HY? ¢ Hrlfr% O
Now we can prove a regularity theorem for the solution v; to (6.10) similar to
Theorem 5.8:

Theorem 6.8. Let V € HY2*7 for some T € (0,1) with supp(V) C B, for somer € (0,1).
Let cem be such that ||-| Hg V27| < ceml||-| HY>*7| and choose { € €3\ R® with

¢ - ¢ = 0 according to
v 1 6.17

with the constants as in (6.14). Then there exists a constant ¢ > 0 independent of V and ¢
such that for v solving (6.10) the following estimates are fulfilled:

@ ||og | #172|| < elg| v [ H'2));

7] > max{cemC, (1 + Clcem

V ‘ H1/2+T

o Jes| 0] <

(© o | L] < c|[v | H¥/2+

7

7

(d) va ‘ HZH <[] (1 + HV ‘ Hl/2+7T

e
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Proof. We now use the results on complex geometric optics solutions of this section:

Proof of (a): Note that v solves (6.14) if and only if v; = G V. Thus the estimate
is a direct consequence of Lemma 6.7, as (6.17) implies (6.14).

Proof of (b): The first part and the choice of { imply that
IV IH"2|
cer GV [HUZ7]

oz [#072] < clg v ) < o

and the right hand side is bounded by a constant independent of V and .
Proof of (c): Recall that v fulfills the integral equation (5.9) given by

— [k =V +o(y) dy

with |g7(x)| = O(1/|x|) uniformly in { € C®\ R? (see proof of Theorem 5.8). There-
fore || xngz | LP|| < oo for 1 < p < 3 and for all bounded subsets () C R3.
This implies that

oe(0)] < [ I¢(x = y)V () (142 )] dy
< ol

S CHV ‘ L3/(1—T)

L3/ (l+T)

Xsupp(v)87 (X — ) ‘ ‘ Xsupp(v)(1+7¢) ’ La”

(rsspocn [ 2]+ e | 2])

As the embeddings H'/2+7  [3/(1=7) and H'/2 C L3 are continuous, we can see
that

Jog | L[| < c(l +2Hv§ ‘ H1/2H) HV ’ H1/24T

holds true. Therefore the second part implies the claim.

Proof of (d): If v; solves (6.10), then v; = G;(V (1 + v;)) and we can use Lemma
5.6 to gain higher regularity of v;. As V(1 +1v;) = V(172 4+ 17207) and by the last
part v; € L™ we get that oy € LP forallp > 1. Weuse V € HY? and v; € L7 in
Proposition B.22 (i.e. pp = 2,50 = 1/2, p1 =7 and 51 = 0) to get g0 = 19—4 and q; = %.
As gg < 2 < gq this shows that

[V e [ 12] < e v [ 2 (o [ 7]
< C(1+ HV‘Hl/zﬂ )HV‘Hl/zﬂ ‘
The claim then follows by Lemma 5.6 with 4 = 0 and v = 2. O

Note that the motivation to restrict to T € (0,1) is due to the proof of (c).
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6.2.3 Stability estimates

We will now derive a stability estimate in the H~/2-norm — we will justify why this a
good choice later — for the Schrodinger equation for potentials V € H® fors > 1/2 4+t
for some T > 0. This will yield a stability estimate for conductivities in the H'-norm
by (6.9). For the stability proof we will follow the ideas outlined in Section 5.3 where
the operator related estimate uses the results of the previous section.

In order to do this, we will need an adaption of Theorem 5.12 that controls the
difference of the Fourier transform of two potentials for low order Fourier coefficients.
This adaption has to take into account that we start from another Alessandrini type
identity (we will use Lemma 6.2) and have lower smoothness assumptions on the
potential for which we will need the theory developed above. It is given by the
following result:

3/p+1+
Theorem 6.9. Fork = 1,21let v, — 1 € Bp,zp N

that v (x) € [7,7] for all x € By for some v > 0. Denote by V. the potentials given by (6.5)
for v with ||Vi | HY2HT|| < M for some T € (0,1), M > 0and k = 1,2. Define

with supp(yx — 1) C B, and assume

gk i=Jj(Ay, — A1) €Y, where Y = HS(L2(3By), L2(9B1))

and choose t,b > 0 such that

where to is the lower bound on || in (6.17).  (6.18)

N| S

E> 1 and t>

Then there exists a constant c independent of Vi and t such that for all ¢ € R3 satisfying
|&| < b we have

(Vi = ) (0)] < c(1+ M (MPe¥|ig1 = g2 | V]| + V2 = va | 772 |e71).

Proof. For fixed & € R® choose two unit vectors d; and d, in R3 such that & - d; =
¢-dy=dqy-dpy =0. For t as in (6.18) define

1 2
gt = —5G +itdy + \/ 12— —'i' dy,
1 ) / 2
éé = _Eg_ itd, — 12— %d?_

Then ¢!, ¢ € €3\ R3 and they satisfy

Gi+e=-¢ lal=lGl=t>t and - =g-H=0
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As |§]t| > to implies that @; meets (6.14) for j = 1,2 there exists by Theorem 6.8
complex geometrical optical solutions of the form

wi(x,¢t) = 9% (1+ 01 (x, 7)),
wa(x,C4) = e (14 0a(x,34)),

where wy solves the equation Awy + Viwy, = 0 in any bounded subset of R3 with
vx € H2N L™ for k = 1,2. Hence by Lemma 6.2 we get that

()2 (Vi - 12)(2)|
< /B1 (V2 = V1) (x) (v1(x,§) + 02(x, £3) + 01(x, 81) v2(x, §3)) | dx (6.19)

[ @ua,2) [Agy — Ay} (Buten (x,5)) | .
* 1
For the second integral we have that

L | @2 88)) [y = Aoy (B (x,21))

< |[Buwa(-,88) | L2@By) | ntwa(-, 5) | 12(0By) |1 — g2 | HS(22(B1), L2(BY)) |

so we need to bound the Neumann traces of the complex geometric optic solutions in
the L?-norm. By Theorem 6.8 we know that w;j € le0 . and combining the correspond-
ing estimates with the trace theorem we can infer that

B (- 24) | L2(0By) | < || ) | H2(B) |
e | c2(By)||[1+ o (85 | H2(B)|
< e (|1 w0 + )| 3

)7

e

<

)

Hl /24T 1/24+7

T

< thet(l n t(l n Hvl

)

S CeZt (1+ Hvl ‘ H1/2+T

with ¢ independent of V; and t. Likewise we can estimate ||9,wy (-, %) | L2(9B1)]|.
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The first integral in (6.19) can be bounded by
[, 102 = V)0 (@15, 20) + 2a(,5) + 00 (3,2 ()
< s 20 o 2050 a2 2080
+{|raor g | V2R leaC 28 | 7))

) max
j=12

using the estimates of Theorem 6.8 with ¢ independent of V} and t. Inserting the three
last estimates into (6.19) gives the desired estimate. O

gc(1+HV2’H1/2+T

‘/j ’ Hl/2+T

) |vi—va | BBy 1

This leads to the following stability estimate for the Schrodinger equation:

Theorem 6.10. Fork = 1,2let v, —1 € B;/zpﬂ/z“for s > 1/2+4 T where T € (0,1)

with supp(yx — 1) C By and «y(x) € [, 7] for all x € By for some v > 0. Denote by Vj
the potentials given by (6.5) with || Vi | H*|| < M for some M > 0 and k = 1,2. Define g
as in Theorem 6.9. Then there exists a constant ¢ > 0 independent of Vi and gy such that the
stability estimate

HVl -V, ’ H*1/2H <cM(1 +M)(1+1/T)(1/2+s) <ln<3 I yH_1)>—(1/z+s)
+cM?|g1—g2| V|
holds true.

Proof. Letb > 0, then
2 2
[vi—va |2 = P g g FOA - ) [
« “1/2]?
+H.7: )({Hgb}]:(vl—Vz)’H H .
Since V; and V; are in H® we get the estimate
2
|7 %010 704 = va) [

[ (o) (7w @ ae

s ((10177) ) [ (100 | (7 - B o

61>
< pIEM,

IN
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Further for any t > 0 meeting (6.18) we get
2
“f*x{\'\éb}f(vl - V) ‘H—l/ZH

< sup‘(Vl V2 ‘ /|<h |‘:| /2dC

lel<b
< b2 (1+ M) [M4e8t||g1 — | VP + HV1 A ] Hl/ZHth}

for some c¢; > 0 by Theorem 6.9.
We now first assume that the choice

t:=2cy(1+ M)?b where = max{ }L' \E} (6.20)
fulfills t > ty. This choice of ¢ yields that
a7y, — v ’H H al T v ‘V 1% ‘H ’
12 1= = 2c1(1+ M) 4b2‘ 1= ‘

< glvi-vals
as well as t > %. By inserting and rearranging this implies the estimate
2
HVl VA ’ HilH < b M2 c(1+ M)4M4b2e1602(1+M)2h”g1 . ynz

We abbreviate ||g1 — g2 | V|| = ¢ and set the free parameter b to

1 B
= 160, (1 + M)2 ln(3 0 )

which results in

HVl A ‘ H! H2 < eM2(1+ M)20+29) In (3 + 5*1) T L MA0Y2 4 8). (6.21)

since their exists a constant ¢ > 0 such that 62(3+0~1) In(3+571) < ¢(6'/2 + 62)
However, this is only valid if t meets (6.18). As

ln(3+5_1> - %m(aw—l) > 110

2c5(1+ M)?

t= 2C2(1 + M)zb = W

we need to ensure that also t > cemCy (1 + ClcemM )1/ ™M will be fulfilled. Note that
there exists a c3 > 0 such that

t>c3(1+M)FYT  implies  t > cemCr(1 + CheemM) TM.
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This stronger constraint will be met if § < dmax with

s 00 exp (8(13(1 + M)lH/T) <3
- { [eXP (SCgMHl/T) - 3} T else '

But if § > dmax, then t < c3(1 + M)'*1/7. Yet this shows that

(141/7) 1+2s
<1+M>> ©22)

"Vl—Vz‘Hl“zgélechz( t

Since T € (0,1) we get that 1 +1/7 > 2. Further there is a constant ¢ such that

M251/4 <

cM?5 foré > 1
cM(1+ M)H/TA/245) (1n (3 4 (5’1))7(1/2%) for6 <1’

Hence (6.21) and (6.22) make evident that the stability estimate

HVl - ‘ H_1H < eM(1 4+ M)F/D/2+5) <1n(3+5_1))*<1/2+5> 4 oM2s

holds true for all 4 > 0 O

Note that — even if formulated differently — the above theorem also holds true if
V1 and V; are arbitrary potentials that are not derived from conductivities by (6.5) as
long as the respective Neumann-to-Dirichlet operators are well defined. Ignoring the
difference in the energy (as one holds for E = 0 and the other for E > 1 which is not
important here) we see an interesting feature in the stability estimate we did not get
in the stability estimate obtained in Corollary 5.18. In both cases the stability estimate
is of the form

¥(0)=0(n@+s1) " ass—0

but in our new result we get that y is linearly increasing in the smoothness index s
(i.e. V € H®) whereas it was bounded for all s in Corollary 5.18.. The reason for this
is the slightly different application of Theorems 5.12 and 6.9, respectively. While the
estimates of both statements are quite similar in the application we have estimates
which are roughly of the form

v

(= ) < A +BQ||f - £
f-f| < Aw+Bo)|f - |

IN

and ’

respectively. While for the latter we can find a choice of t = f such that B(f) < }

and then the obtained rate is given by A(f), in the former case we have to apply
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Young’s inequality and the rate will be given by inf;(max{A(t), B’/ "=¥)(t)}). Hence
if inf;(B(t)) does not improve when s — oo we cannot expect to gain an unbounded
exponent y in our estimate. Note that this approach requires that the norms on the
left and the right side of the second equation coincide, which is why we used the
H~12-norm for the stability estimate.

We now gain a stability estimate for the electrical impedance tomography problem
with the help of (6.9).

Theorem 6.11. Let f; € D with Hf]|B3/p+1/2+s|| < owitho >0, >1/2+ tand

T € (0,1) for j = 1,2. Set gj := F(f;) the error free data of f; for j = 1,2. Then the stability
estimate

Hfl —f ‘ B;,zH < c*(1+ QV)(ln(3+ g1 — g2 | y|‘71))*<1/2+s)

+c’(1+0>) g1 — 821 V||

4% (T+1)+4s(47+3)+11745

holds true withv = v and some ¢ > 0.

Proof. As the support of f; and f, is contained in B; there exists a constant such that
515 =<l ]
forall p € (1,2] and k € INy. Thus we obtain that
[~ 8l = 2 02 < ] 2 e ]
By (6.9) we then infer that
I s 3] = et 2 ] < v )

By Lemma 6.5 we get the norm bound H Vi ’ HY/2HT ’ < 0(1 4 0%/2*%) hence we can

estimate the right hand side by the result of Theorem 6.10. The claim then follows
from collecting the norm powers of ¢. O

We do not believe that the obtained dependency on ¢ is in any sense optimal as
even fors = 1/2+ twehave thatinf . o) v > 17 (note that v for fixed 7 is increasing
in s and for fixed s decreasing in 7). The reason to still make the dependency on ¢
explicit will become clear in the next section where we will assume that the stability
estimate is of the form R(0)¥(]|g1 — g2/|). However, none of the stability estimates for
the three-dimensional case discussed in Table 6.1 makes the dependency on a norm
bound explicit; for two dimensions a result with R(¢) = (1 + ¢) has been shown in
[RFC10].
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Author X Z U
Heck H! C3/2+s, :
s € (0,1/2) 24 —4s
2
Caroetal | H! Cl%,5€(0,1) i—S
Weidling | H' H%/2%5,5 >0 1+s

TABLE 6.2: H' stability estimates of the form (6.3) in the literature.

We know by [Man01] that the electrical impedance tomography problem is expo-
nentially ill-posed, hence any stability estimate for this problem has to be of the form
as in Theorem 6.11 or worse. However, the optimal value of the exponent is still un-
known. Therefore we can only compare with the results presented in Table 6.1 which
turns out to be rather difficult due to different smoothness assumptions and choices
of X. In [Ale88] the choice of X = L* is natural as the maximum principle is used on
(6.7b). A close inspection of the proofs of [Hec09, CGR13] however reveals that they
also use Lax-Milgram as a starting point, and to obtain estimates in their respective
X they apply interpolation with a space for which they know that the norm of « will
be bounded by a constant. As this interpolation leads to lower rates we will compare
the H!-rates obtained in these papers with our result for p = 2. For convenience the
results are presented in Table 6.2 and follow from [Hec09, p. 117], [CGR13, Eq. 4.7]
and Theorem 6.11 respectively. Setting s = 1/2 + T we get that H3/2+1+7  C17 (but
H3/2414+T ¢ CLT+¢ for all e > 0), hence we see that our result requires less minimal
regularity than [Hec09] and about the same as [CGR13]. Furthermore, we see that we
achieve a much better stability estimate as the exponent y is much larger.

We should mention that in [Hec09, CGR13] the conductivities v do not have to
be constant near the boundary. However, as shown in [Ale88, Prop. 2] (see [Ale90]
for higher regularity) the boundary data is (Holder) stably reconstructable which
suggests that this is not the reason for the lower exponent.

6.3 Convergence Rates

While stability estimates are important to gather insight on the problem, they do
not have immediate practical or computational relevance, and our main goal is the
derivation of convergence rates for the Tikhonov functional. Here we will prove a
general way to verify VSCs from stability estimates. This will, in combination with
the results of the previous section, yield the desired result.
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6.3.1 Excursion: from stability to variational source conditions

We will leave the problem of electrical impedance tomography for a moment. Instead
we will now prove a generalization of Theorem 2.19 in the case of ¥ = b, also an
extension to the same range of parameters r could easily be achieved by interpolation.
Since we have already sketched the proof for Hilbert scales in Section 2.4.3.3 we will
focus the formulation and proof on the scale of Besov spaces here. We will show
that a stability estimate in the scale of Besov spaces shows that a VSC holds true.
Then convergence rates are immediately inferred either by Theorem 2.20 or by results
discussed in Section 2.4.4.2. In comparison to the original result [EH18, Thm. 2.1] this
has the advantage that we do not have to prove separately for every parameter choice
rule that convergence rates are obtained but they follow directly from the general
theory.

Theorem 6.12. Let p,q € (1,00). Let 59 < s1 € R such that F: dom(F) C B}y — Y for
some Banach space Y and for all f1, f, € dom(F) N Byly with || fi| Byly|| < p fulfills the
stability estimate

1fi = f2| Bl < R)E(IF(f1) = F(f2) | V])

where R: [0,00) — [0, 00) is a monotonically increasing function and ¥ is an index function

such that ¢ 0 id'/? is concave for some b > 1. Let s, € (s, 5}1:;0 + (g —1)s1) and
11| ByZoll < o for some ¢ > 0. Then for R(-) = |- | Byl ||" where r = max{2, p,q} and

Tt () = §llg — 8" | VI|P a VSC (2.26) is fulfilled by f* with

(sp=s) (-1

P() =20 max{R(Ag), e} (¥ ((br) /) ) 2 0 DTV

for some A > 0. An explicit formula for A is given in the proof.

The proof is a strict generalization of Theorem 4.14:

Proof. As always we will apply Theorem 2.24. The operator family (P;)jcn, will be
given by (4.3) and therefore we get x(j) = co’~1277/(2751(3-1) by Lemma 4.6. Now
set A =1+ (5&)"/". Thenall f with || f — f*| Bplyll < (3¢ 1If* | B;,j;,n)r/f where
f* € oR(f) fulfill || f | Byly|| < Ag (recall that the norm of f* can be estimated with
Corollary 4.4). For these f we can estimate
<ij*/f+ - f>B_,Sl,><B;1q = <ij*/f+ _f>B_/S°,><B;%
P P'a

‘f T—f ‘ By
R(AQY(F(f1) = E(f2) [VI)

<|[ns

<|ms

By

By
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Note that the upper bound on s; is equivalent to —so > —s51+(s2—s51)(g—1) and
we know from Corollary 4.4 that || f* | B, _51+ s2-51)( || < o'L. Therefore we get

which gives (2.28¢) with ¢(j) = 2/(1=s0=(52=s)0=1)) o*~1R (Ag), p(t) = ‘I’((bt)l/h)
and v = 0. Hence a VSC holds true with

7

B*/Sg/ ' < C2]'(51*50*(52*51)(Q*l))g”*l

— 1 j(s1—s0—(s2—s51)(9—1)) 1/b —j(sa=s1)(g=1)r'
Yuse(t) = @ inf [P0 (am ) AR (A ((br) /1) 42700717

Now choose j such that

204050 5 (b))

and hence obtain a VSC with

(sp=s1) (=)'
Pusc(t) < 20" max{R(Ag), o} (¥ ( (1)) ) 2 e 0

One easily checks that for so = —a, 51 = 0, s, = s and ¥ = id one regains the
result of Theorem 4.14. Therefore the question arises how a “good” stability estimate
has to be such that it implies order optimal convergence rates via Theorem 6.12 with
B;,llq = Bg,q‘ We will discuss this for an operator satisfying (4.5).

Example 6.13. For the a-times smoothing operators discussed in Section 4.4 we have
the stability estimates

for 6 € (0,1]

(6.23)
which for § < 1 are obtained by interpolation from (4.5b). This implies a stability

estimate with ¥ () = L% and R(p) = (20)'?. Assume that f* € B}, fors € (0, q_‘{)

with || ff | B} 4|l < 0. Setting b = 2 and inserting the parameters we see that we obtain
a VSC with

Hfl—fz‘B;Zsa Hfl—fz]B‘,S,qu_g Fﬂ(fl)_Fa(fZ)‘Lz 9/

. 0 (q_l) 925+a q=2
t) = c(o)t’ withv = = = .
p(t) =cle) 25(— 1) —1)+a {9 sk g<2

Comparing with Theorem 4.14, we see that we get an extra factor of 6 € (0,1] in the
exponent. Therefore we can infer from Theorem 4.20 that the VSC yields optimal
rates only for g4 > 2 and the Lipschitz estimate —i.e. 6 = 1.
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It therefore seems that a “good” stability estimate for finitely smoothing operators
can be obtained by choosing the largest sy for which F is Lipschitz for all f € Bg,q- But
why do we get suboptimal convergence rates if this is not the case? A short analysis
shows that the reason for this is the estimate H fi—fa ‘ B?,,q H < 29, as it is still possible

to get order optimal rates from the stronger equation (6.23). Indeed for 4 > 2 and
6a > s(q — 1) this equation yields

(B £ = ) < || B || F - 7 | B

< Cqulz](Gafs q-1) )Hfl —h ’ Bgqulfé)‘

R(F) - () |2

Hence we get (2.28¢) with o = 0, v(j) = co?~12/0=s@-1)) () = t¥/2and 8 = 1 — 6.
Thus Theorem 2.24 shows that a VSC is fulfilled with
¢@:mm*wu@wwmwglﬂ<wﬂa
jeN
for the choice of j such that 2=2/(t%) = ¢, and this VSC implies order optimal rates.
For infinitely smoothing operators the situation is different as the following exam-
ple illustrates:

Example 6.14. Consider again the backward heat equation (3.13). In a manner similar
to Theorem 4.23 we can also derive a stability estimate which we do for g = 2 only
for simplicity. Denote by P; the projection in (4.3). Then for f € Bg,z (thatiss; = 0)
for p € (1,2] we get that for sy < 0

2
[

1= ps B = T2 sl 2912 < 2%
k>j

holds true. Further P; commutes with the duality mapping jx := j B This leads to

SO 2
the estimate

pr‘ sz (x (), Bif) <H]X ’LP‘

2j
< e | B

[rir| 2]

f |

&

which can be obtained as the ill-posedness estimate in Theorem 4.23. Using in addition
a similar choice of j

1

1
2%~ ~In 34
T ITf] L]
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then gives a stability estimate with

R(g) = CmaX{erQ},

50
2

e

(1) = [3t2 +t]

1\ 1/2
In < <3 + > ) ]
t
For s; such that s; € (0, —sg) we then get

(s2—s1)(g—1)" 25

(s2—s1)(g—1)(F —1)+s1—50 s2—50
which implies that a VSC with

—S0%2

y(t) = (lnt”)_‘“fs‘), ast — 0

5 52 < %SO < 572 if and only if s, > 0 this shows that the derived VSC is
always suboptimal.

The main problem here is that the scale of Besov spaces does not include spaces
such that we can get a Lipschitz stability estimate. In order to obtain order optimal
rates the remedy might be to allow stability estimates in spaces of analytic functions
as discussed in [KWH16].

6.3.2 Variational source conditions for electrical impedance
tomography
We now return to our original problem as we now have all the tools available to verify

a VSC. Recall that in order to reconstruct v we proposed to set f := ¢y — 1 and use
Tikhonov regularization of the form (6.4), that is:

fa € argmin [ HF — gobs
feD

yH2+;||fXHZ]

341
with  X:=Bl, |, Y= HS(12(2B1), 12(2B) )

and {f B3+1+T. f(x) € [y —1,7—1] Vx € By, supp(f) CBr}.

Theorem 6.15. Let T € (0,1) and f' € D. Assume that f* additionally satisfies that
ffe B} o for somes € (3/p+1+7,6/p+1+27) with (Fas B} ol < 0 for some ¢ > 0.
Then f* fulfills a VSC of the form

o fr=f< 3 1|\ ) +¢(2HF F(f+>’yH2>
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341
for the Tikhonov functional given by (6.4) where f* € 9| fT | B;; +T|| and

(141 i
y(t) = CQ(1+QV+3)<1H(3+1‘1/2) o )+t§>

2(57(%+1+T))

. 3 2
with y = ~—L——"% and v = THETHITES,

Proof. We will prove the VSC by applying Theorem 6.12. By Theorem 6.11 a stability
estimate with

o pl 3/p+1+ ) —1)) (D)
By = By, By, = Bp,ZP 5, Y(t) = (ln(3+f )) +t

and  R(p):=cp (1 + pVH) > cmax{p4(1 +p"),0° (1 + PZH)}

holds true and we have r = 2. By increasing the constant if necessary we see that
R(0) > o0 and the value of v follows by setting s = % + 7. Inserting the parameters in
Theorem 6.12 finishes the proof. O

Corollary 6.16. Let the assumptions of Theorem 6.15 be fulfilled. Then there exists a

minimizer fA,x of the Tikhonov functional given by (6.4) and for a parameter choice x = &
according to Section 2.4.4.2 the convergence rate

< c(ln&‘l)iﬁ asd — 0,

r + | p3/p+1+T
fﬁé _f ’ Bp,Zp

1 (341 ~
holds true for ji = Saad (SS£§’+ +T)) and all minimizers fz.

Proof. In Section 6.1.2 we have shown that Assumption 1.4 is met, thus Theorem 1.6
yields existence of a minimizer. The convergence rate then follows from Theorem 6.15
and Section 2.4.4.2. O

To the best of our knowledge Corollary 6.16 yields the first convergence rate
result for an reconstruction algorithm for electrical impedance tomography in three
dimensions. Note that the ellipticity condition, the support constraint as well as the
Besov norm by wavelets are all rather easy to implement in practice. However, calcu-
lating the minimizer of the Tikhonov functional is still a challenge as the Tikhonov
functional is nonconvex due to the nonlinearity of F. This is the advantage of the
D-bar method which reconstructs the conductivity from the data without having
to solve a nonconvex optimization method. As already mentioned in Section 6.1 it
is known that for C? conductivities in two dimensions this method converges with
rate (—In(0)) /14 (see [KLMS09, Thm. 3.1]). This algorithm has been extended to a
reconstruction algorithm in three dimensions in [CKS06] for conductivities close to
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7 = 1 and more recently to the full problem in [DK14] for v € C L1 However for this
three dimensional generalization a convergence rate result is not yet available.

Implicitly convergence rates could have been obtained by Theorem 2.17. But there
the smoothness of the true solution has to be known a-priori. Further the stability
estimates discussed in Table 6.1 either require a very high smoothness (y € H® for
s > 7/2) or have smoothness assumptions that would be hard to implement as a
penalty term (7 € Cl# for e € (0,1)).

We think that our result could be improved in two ways: One the hand one could
allow the conductivities to be nonconstant near the boundary. As the boundary values
of v depend stably on the data this should not lead to slower convergence rates. The
difficult part here would be to extend the conductivities outside of the domain to 4 in
such a way that the smoothness of the function is preserved and a slightly weaker
ellipticity condition, say 4(x) € [y/2,27] for all x € R3, is fulfilled. However, in
these cases we have to choose ) = L(H; '/2(9B;), H!/?(9B;)) as we can no longer
show that the data is a Hilbert-Schmidt operator. On the other hand applying the
results of [Hab15] might allow to reduce the smoothness assumptions by roughly
one derivative. But even then one would still be far away from the ideal case which
would be given by regularizing with a B}, ;-norm with s < 1/p in order to allow
conductivities which are smooth up to jumps which would be the most important
application.



CONCLUSION & OUTLOOK

In this work we have studied how to verify VSCs for various settings and problems
with the motivation to obtain convergence rates for Tikhonov estimators. Most results
of this thesis are based on our strategy Theorem 2.24 to verify VSCs. Hence it can be
seen as the central result of this work while the following chapters have shown the
great flexibility of the presented approach.

From Chapter 3 we can conclude that VSCs are (under mild assumptions) neces-
sary and sufficient for low order convergence rates for the two most common error
models and a large set of estimators. The advantage of VSCs — compared to most
other conditions that yield equivalence — is, however, that their formulation does not
require the functional calculus. This underlines that they are the “right” condition
in order to obtain low order convergence rates (i.e. rates slower then O(+/9)). For
higher order rates (that is, rates of 0(1/§)) higher order VSCs have been suggested
(see Section 2.4.4.1 and reference therein). For the verification of these conditions our
main strategy is also applicable (see [SH18, Sec. 5]).

Chapter 4 has illustrated that our strategy is also applicable in Besov spaces. A
key step was the characterization of smoothness of subgradients for certain norms.
However, the picture we get is less complete than for Hilbert spaces. We are only able
to obtain order optimal rates for Besov penalties with fine index g > 2. For g < 2
several reasons are possible why we do not obtain optimal convergence rates. We
believe that our upper bounds are too pessimistic, this can be seen e.g. by comparing
with the case ¢ = 1 treated in [HM18]. But note that in this case the VSC is not
formulated with respect to the Bregman distance. Thus an immediate direction
of further research is to try to close this gap in optimality for g4 € (1,2). However,



188 Conclusion & Outlook

proving better upper bounds most likely has to rely on another technique as presented
here, since — taken individually — we believe all our estimate to be optimal up to
constants. Another interesting topic would be to study converse results in the sense
of equivalence of convergence rates, smoothness and VSCs.

In our study of the Schrodinger equation in Chapter 5 we have shown that the
findings of the previous chapter are not limited to simple operators on the torus but
can also be applied to more involved problems. Here we could improve our previous
findings of [HW15] and get convergence rates under lower smoothness assumptions
as well as prove that the rates are of Holder-logarithmic type for near field data, i.e.
are of Holder type in the high energy limit. We would like to point out, that (to the
best of our knowledge) no other convergence rate result for this problem is available.
As discussed later on it seems that the main downside of our derived stability estimate
— the bounded exponent of the logarithm — seems to be inherited by the fact that we
verify a VSC first; as can e.g. be seen in Theorem 6.10.

Chapter 6 contains two main results: a first convergence rate result for electric
impedance tomography in three dimensions and a general method to verify VSCs
by stability estimates. Possibilities to improve our stability estimate (which implies
that the VSC is fulfilled) are already discussed at the end of that chapter; namely
varying conductivity up to the boundary and using estimates on complex geometric
optics solutions which require less smoothness on the involved potentials. We believe
that further investigation of Theorem 6.12 might lead to new interesting research
questions: First of all it shows the usefulness of stability estimates in weak (i.e.
negative smoothness) norms. Second, now that we see that stability estimates are
not only implied by VSCs but also imply them, the question arises whether the two
conditions are actually equivalent. As we have seen that VSCs derived by stability
estimates are not always optimal, so a step forward would be to investigate when
sharp converse implications can be obtained.



APPENDIX A

CONVEX ANALYSIS

In the following we will summarize some basic concepts of convex analysis. The
presented results can e.g. be found in [BP86, Chap. 2] and [Zal02].

Convex functions We will look at properties of functions mapping into the extended
reals R := RU {£o0}.

Definition A.1. Let X be a vector space, then a mapping h: X — R is called convex,
if h(Ax + (1 — Ay)) < Ah(x) + (1 = A)h(y) forall A € [0,1] and all x,y € X. Itis
called strictly convex if the inequality is strict for all A € (0,1) and x # y. Further h is
(strictly) concave, if —h is (strictly) convex. The set dom(h) := {x € X': h(x) < oo} is
called the effective domain of h. The mapping is furthermore called proper if h(x) > —oo
forall x € X and dom(h) # @.

For convex mappings the following generalization of continuity is often of interest:

Definition A.2. Let X be a vector space and h: X — R a mapping. Then & is lower
semicontinuous at xo € X, if h(xp) = liminfy_,x, i(x). Furthermore / is called lower
semicontinuous if it is lower semicontinuous at every point xy € X

It connects in the following way to the classical continuity property:

Lemma A.3. Let X be a Banach space and h: X — R be a proper, lower semicontinuous
and convex function. Then h is continuous at every point of the interior of its effective domain.

We are mainly interested in convex functionals due to the following minimization
property.
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Proposition A.4. Let X be a reflexive Banach space and h: X — R a proper, convex
and lower semicontinuous mapping. Then h attains its minimal value on every bounded,
convex and closed subset C C X. If h is even strictly convex, then the minimizer is unique.
Further the statements remain true if boundedness is replaced with the coercivity condition

limy e x| a)—soo 1(X) = o0.
Subdifferential For convex functions there is the following generalization of a
derivative:

Definition A.5. Let X’ be a Banach space and /i: X — R convex. Then x* € X’ is
called a subgradient of h at x, if h(x) is finite and

h(y) > h(x) + (x*,y — x) Yy e X.
We call the mapping 9h: X — 2% — where 2" is the power set of X’ — with
Dh(x) = {{x* € X': x* is asubgradient of h at x}  h(x) is finite
% else
the subdifferential of h.

Example A.6. Let C C X be a closed, nonempty, convex set. Then the indicator
function ic: X — R of C is defined as

W=y Lo

and the corresponding subdifferential is given by

{x* e X': (x*,x—y) <Oforallye C} xeC
die(x) := i
) x¢C
The set di¢(x) is also called the normal cone to C at x. One immediately sees that
0 € dig(x) for all x € C and can show that di¢(x) = {0} if and only if x is in the
interior of C.

Lemma A.7. Let X' be a Banach space and h: X — R be convex. For x € X let h be
Gateaux differentiable at x with derivative h'(x], then oh(x) = {h'[x]}.

The previous lemma showed how to calculate the subdifferential for differential
functions. Furthermore, it has the following calculus rules:

Proposition A.8. Let X, Y be Banach spaces, hy,hy: X — R be proper and convex and
T:Y — X be linear and continuous.
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(a) Assume there exists xg € X such that hy, hy are finite at xo and hy is continuous at x.
Then d(hy + hy)(x) = oh1(x) + ohy(x) forall x € X.

(b) If hy is lower semicontinuous and there exists xo € X such that hy is finite and
continuous at xg, then d(hy o T)(y) = T*oh1(Ty) forally € Y.

Further the subdifferential can be used to characterize minimizers of convex
functions:

Proposition A.9. Let the assumption of Proposition A.4 hold true, then x( is a minimizer of
hon C ifand only if 0 € 9(h + 1¢)(xp).

Bregman distance The Bregman distance defined below can be seen as the subdif-
ferential equivalent of a first order Taylor reminder.

Definition A.10. Let X be a Banach space and i: X — R be convex. Let xy € X such
that oh(xg) # @, then for x* € oh(xp) the Bregman distance of x and x is defined as

AL‘* (x,x0) := h(x) — h(xg) + (x*,x — xp).
If 0h(xp) is a singleton we write Ay (x, xo)

The next example motivates to use the Bregman distance as a generalized distance
measure:

Example A.11. Let X’ be a Hilbert space and /1(x) = 1||x — x¢ | X'||? for some xp € X
Then oh(x) = (x — xp) and Ay (%, x) = || — x| X||?

In general the Bregman distance has the following properties:

Lemma A.12. Let the assumption of Definition A.10 be fulfilled. Then
(@) AY (x,x9) > Oforallx € X,

(b) x — A;f (x, x9) is convex,

(c) if h is strictly convex, then A (x,xg) = 0 implies x = x,.
Conjugate functional A fundamental role in convex analysis is played by the conju-
gate function defined below.

Definition A.13 (Fenchel conjugate). Let X’ be a Banach space, h: X — R be a
mapping, then the mapping h*: X* — R defined by

B (") = sup{ (x", %) — h(x)}

xeXx

is called the Fenchel conjugate of h.
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The conjugate function generalizes the well-known inequality of Young.

Proposition A.14 (Young inequality). Let X’ be a Banach space and h: X — R. Then
(x*,x) <h(x)+h*(x*) VxeX,x"eX
and equality occurs if and only if x* € oh(x).

Corollary A.15. Let X be a Banach space and h: X — R be convex, proper and lower
semicontinuous. Then x* € oh(x) if and only if x € oh* (x*).

Proposition A.16. Let X be a reflexive Banach space and h: X — R be a mapping. Then
h** = h if and only if h is convex and lower semicontinuous.



APPENDIX B

FUNCTION SPACES

We will now take a look at function spaces. While the first two sections — dealing
with geometry properties and the construction of new spaces by real interpolation
— are valid for more general classes of spaces we deal with them having classical
function spaces in mind. Finally we introduce a special class of function spaces
(namely Besov spaces) in Section B.3. We will assume that the reader has knowledge
of these properties in Section 3.5 and from Chapter 4 onwards.

B.1 Geometry of Banach Spaces

The following collects some properties of the geometry of Banach spaces as far as they
touch the topic of this thesis. Important for us are the connection of smoothness and
convexity of power type to Bregman distances and the connection between duality
mappings and subgradients. All presented results can be found in standard textbooks,
e.g. [Haz90, Chap. 1 and 2] and [DGZ93, Chap. 4] if not mentioned otherwise.

B.1.1 Smoothness and convexity

Definition B.1. Let X be a Banach space. The function éy : (0,2] — [0,1] defined by

1
Sxl):=3 2 |lx+h|X
v 2HX\XHE|\1MXH:1( xR | )
llx—h | X||=t
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is called the modulus of convexity of X. If 5y (t) > 0 forall t € (0,2], then X is said to
be uniformly convex. If for r > 1 there exists a constant ¢; > 0 such that 6(t) > cst’,

then &X' is called r-convex (or convex of power type r). Further it is called strictly convex
if6y(2) = 1.

Definition B.2. Let X be a Banach space. The function py: [0,00) — R defined by

sup (|x+th| X||+ ||x —th| X]| —2)
] X]=]lk|X]=1

N —

px(t) ==

is called the modulus of smoothness of X. If lim; o p(t)/t = 0, then X is said to be
uniformly smooth. If for r > 1 there exists a constant c, > 0 such that p(t) < c,t", then
X is called r-smooth (or smooth of power type r).

Example B.3. Let p € (1, 00), then both /7 and L? spaces are min{2, p }-smooth and
max{2, p }-convex.

Proposition B.4. Let X be a Banach space.
(a) X is uniformly smooth if and only if X' is uniformly convex.
(b) X is uniformly convex if and only if X' is uniformly smooth.
(c) If X is uniformly convex, then X is reflexive.
(d) X is r-convex if and only if X' is v'-smooth.
(e) Let X be r-convex, then r > 2, likewise if X is r-smooth, then v < 2.
One of the main reasons for our interest in the smoothness and convexity prop-

erties of spaces is that it allows to estimate the Bregman distance from below and
above.

Proposition B.5 (see [XR91]). Let X be a Banach space.
(a) If X is r-convex, then there exists a constant Cy > 0 such that

Cx
A%H-|X\|'(f1’f2) > 7||f1 —f2 XHr
(b) If X is r-smooth, then there exists a constant C’X > 0 such that
Cy ,
A (i f) < FlA - RIXI

For estimates from below and above when r is not the power of convexity or
smoothness respectively, see [Sprl8, Cor. 4.5].
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B.1.2 Duality mappings

We now introduce duality mappings, which generalize the well known Riesz map in
Hilbert spaces:

Definition B.6. Let X’ be a Banach space.
(a) A function ¢: [0,00) — [0, o0) that is continuous, strictly increasing with ¢(0) =
0 and lim;_, @(t) = o0 is called a gauge function.

(b) The duality mapping of gauge function ¢ is the mapping Jx : X — 2X’ given by
Ja,p(x) = {x" € X" (', x) = ||x" | X'||[[x | X, ||« | X'|| = @([]x| X]) }-

(c) A selection of the duality mapping Jx,, is a mapping jyq: X — X' with
jx,p(x) € Jx,p(x) forallx € X.
If p(t) = 11 for some g > 1 we will write j;y,q = jx,p and if ¢ = 2, then
Jx = jxp
The duality mapping can be evaluated with the help of the subdifferential:

Theorem B.7. Let X be a Banach space, ¢ be a gauge function and define (t) :=
fg @(u) du. Then  is convex and

Jxe(x) =3p(x|X[) VxeX.

Furthermore the following calculus rules hold true:

Proposition B.8. Let X" be a Banach space and ¢ a gauge function, then
(a) ]X,q)(fx) = *]X,qi(x)/
Allx | X
() Jap(Ax) = LR 4 (x),
(c) x' € Jx,p(x) ifand only if x € Jyr o1 (x'),
(d) if ¢ is another gauge function, then ¢(||x | X||)Jx,p(x) = @(||x [ X||)Jx,5(x)-

The mapping properties of duality mappings are closely linked to the geometry of
the underlying space.

Proposition B.9. Let X be a Banach space and ]y , be a duality mapping.
(a) X is reflexive if and only if Uye x Jx,o(x) = X'.
(b) X is uniformly smooth if and only if | x , is single valued.

(¢) Jx,p is monotone, that is

(X =y, x—y) >0  forallx,y e X,x' € Jyo(x)andy’ € Jx o(y).

If in addition X is strictly convex, then Jy , is strictly monotone (i.e. the inequality
above holds with “>" instead of “>") and hence injective.
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B.2 Real Interpolation

Given two Banach spaces &) and & which are embedded into the same larger space,
one might ask if there exists some “intermediate” space between X and X;. One way
to construct such spaces is by real interpolation methods which we will present in the
following. The Besov spaces introduced below can be constructed in this way, and a
lot of properties of these spaces follow from general interpolation results.

There are several ways to define the real interpolation method we will use the
approach via the K-functional. For further possible constructions and information
about interpolation spaces, see e.g. [BL76] which is the main reference for this section.

Definition B.10 (compatible spaces). We say that a pair of Banach spaces (Xp, X}) is
compatible if there exists a topological vector space H such that X; C H fori =0, 1.

Definition and Lemma B.11. Let (X, X}) be a pair of compatible Banach spaces.
Then the sum %(X), A7) and the intersection A(Xp, X1) defined as

Y(Ap, X1) = {x € H: Txg € Xy, x1 € Xy such that x = xg + x1}
and A(Xo,.)(l) = {X EH:x € AXpand x € Xl}

respectively are Banach spaces with the norms

. 2 N 1/2
¥ Z(X, X = _inf (flxo| Xoll” + x| &),

Xo+x1

and  [|lx | A(Xp, A7)|| := max{]|x | Ao, [[x ] 41|}

We will now call every space X such that (X, X;) C X C A(AXp, A7) with
continuous inclusions an intermediate space. To construct such spaces note that
for every t > 0 an equivalent norm on X (Xp, X7) is given by infy—y,+x, (||x0 | Xo||*> +
£2||x1 | X1]|?)1/?; this serves as motivation for the following definition.

Definition B.12 (K-functional). Let (Xp, A7) be a pair of compatible Banach spaces
and x € X(AXp, A1). Then the K-functional is defined as

1/2
. 2 2
K(tx) = _inf (Il | o> + £l | 2 )%)

X1

One can check that the K-functional is a positive, increasing and concave function
in t > 0. To define the real interpolation spaces we will impose growth conditions on
K via the following functional

Dy (g(t)) = (/O“"t—eg(t)‘q cit)é

for6 € (0,1) and g € [1, c0].
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Definition and Lemma B.13 (real interpolation space (Xp, X1)g,4)- Let (Xp, A1) be a
pair of compatible Banach spaces, 8 € (0,1) and g € [1, 0] then

(X0, X1)pq == {x € Z(Xo, A1) : Poq(K(t,x)) < o0}
is a Banach space with the norm
x| (X0, X1)e,q]| := Po,q(K(t, x)).
Real interpolation provides a set of useful inequalities:

Proposition B.14. Let (Xp, X1) and (Yo, V1) be two pairs of compatible Banach spaces,
6 € (0,1)and g € [1,00].
(a) There exists a constant ¢ > 0 such that for all x € A(Xp, A7)

x| (X0, X1)aql < cllx| Xoll' 0 lx | A%,

(b) Let T: (X, X1) — L(Vo, V1) bea linear operator that restricts to a bounded operator
T: Xo — Yoand T: Xy — Yy, then T: (Xo, X1)g,q — (Mo, V1)e,q is bounded and
there exists a constant ¢ > 0 independent of T such that

IT | (Ko, X1)60 — Vo, Y1)agll < clIT|Xo — ol 2T X0 — W%

Next we study the relation between different interpolation spaces.

Lemma B.15. Let (X, X7) be a pair of compatible Banach spaces, then:
(@) (Xo, X1)gq = (X1, Xo)1-gq forall 6 € (0,1) and q € [1,00];

(b) (Xo, X1)eq C (KXo, X1)gq for1 < g <gq <coandf € (0,1);

(c) ifin addition X1 C Xy, then (Xo, X1)gq C (Xo, X1)g 4 for q € [1,00] and 0 < 6" <
0 < 1, further the embedding is compact if the embedding X1 C Xj is compact;

(d) (Xo, X1),9 = ((Xo, X1)e0,q0, (X0, X1)01,9, )1, for 4,490,491 € [1,00] and 17,6,60,6, €
(0,1)if 0 = (1 — 1) + 161

Lastly, dual spaces of interpolation spaces are again interpolation spaces.

Lemma B.16. Let (X, X7) be a pair of compatible Banach spaces, 6 € (0,1) and g € [1,00).
Assume that A(Xy, X7) is dense in Xy and X, then

(Xo, X1)p,, = (X0, X1)o g

where1/q+1/q' = 1.



198 B. Function Spaces

B.3 Besov Spaces

We now introduce the scale of Besov spaces. As a general reference for these spaces
we recommend [Tril0, Tri92] where all properties stated here can be found if not
stated otherwise.

We assume that the reader is familiar with Lebesgue spaces L” on manifolds M.
We will only consider manifolds meeting the following properties:

Assumption B.17. Let M be a connected smooth Riemannian manifold which is
complete, has an injectivity radius of 7 > 0 and has a bounded geometry.

Here completeness means that all geodesics are infinitely extendable; the injectivity
radius refers to the size of the domains in which the exponential map is bijective; and
bounded geometry means that the determinant of the Riemannian metric is bounded
from below by a positive constant while all its derivatives are bounded from above.
Important examples of such manifolds include R? as well as compact manifolds
without boundaries and finite products of manifolds of this type.

Then for p € (1,00) and s € R we can define the Sobolev space H), as the
set of all distributions f for which (I — A)~%/2f € LP(M) with norm ||f | Hyl| =
(I — A)~%/2f | LP|| where A is the Laplace-Beltrami operator on M. Recall that for
k € Ny we have f € H’; if and only if d,f € LP for all multi-indices & € N4 with
|a| < k. In the special case of p = 2 we will write H® = Hj3.

We now define the Besov space of smoothness s, integrability p € (1, o) with fine
index g € [1, 0] as

B} o(M) := (Hy Hy' )y (B.1)

where s) # 51 € R are such thats = (1 — 6)sg + 051 (see [Tri92, Chap. 7] for further
discussions). Note that a lot of properties of Besov spaces already follow from this
definition by interpolation.

Lemma B.18. The following continuous embeddings hold true.

(a) Byg C By, foralls € R, p€[l,00land1 < qq < gp < c0.

(b) By C B (“foralls € R, p € [1,00] and e > 0.

(c) Bg,min{p,z} CLPC Bg,max{p,z} forall p € (1,00).

(d) Let sy > s, p1 < po such that s; — % > 5y — ;—2, then By} 4 C B}2 4.

We would like to point out that for p = g =2 we get B , = H".

As this generality in the definition of Besov spaces is only needed in Chapter 3,
we will now go into further details for Besov spaces defined on R? and T*.
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B.3.1 Besov spaces on the Euclidean space

We are interested in finding more explicit equivalent norms on B;Iq(]Rd). The most
common one is via a smooth dyadic resolution of unity in the Fourier domain. For
our purposes it is, however, easier if the resolution of unity is not smooth but given
by characteristic functions.

Recall that for a function f € S(R?) in the Schwartz space the Fourier transform

F is defined as 1

\/27td

and that F: S(R?) — S(R?) is a linear isomorphism. Hence we can extended the
definition to tempered distribution f € §'(R?) by

(FA@) = — [, Fx)e ™ dx (®2)

f=Ff ifandonlyif (f,g) = (f, F*g) forallg € S(RY).

We now construct a dyadic resolution of unity in the Fourier domain. Define for

k € Ny
Pr(8) = {(1) g Z?Z (B.3a)

where the sets I'y for k € INj are given by

1
Ip=1{z¢€R: <
= {remts o< 1)

and TIj:= {z € R: 'n}axd|zi| < Zk} \ {z € R: ,n}axd|zl-| < 2"1} fork € IN;
i=1,..., i=1,...,

(B.3b)
then we have for all & € R? that Ykew, Pk(&) = 1. For p € (1,00) we then have that
any tempered distribution f fulfills f € By, ; if and only if the following norm is finite:

Hf\BZ,q’ lZZ"Sq(/I PrFf)(x )pdx>zr (B.3¢)

(with the usual modification if § = o). Thus (B.3c) provides an equivalent norm in
this case, see [Tril0, Sec. 2.5].

As Besov spaces are defined by real interpolation it is immediately clear that real
interpolation of two Besov spaces with the same p yields again a Besov space. One
can even interpolate Besov spaces with different p and again obtain a Besov space.

Lemma B.19 (see [Tri78, Sec. 2.4.1]). Let po, p1,91,92 € (1,00) such that py # p1,

so,51 € Rand 6 € (0,1). Lets = (1—0)so+0s1, 1/p = (1—6)/4o+6/py and
1/p=(1-0)/q0+0/q1, then (B g0, Bpi g1 )op = B} p-
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B.3.1.1 Wavelet norms

We now introduce a second equivalent norm on Bf,,q(]Rd) as in [Tri08, Sec. 1.2]. Con-
sider a system of functions on R of the form

1, j=0,

1 I 1 . d e
(@jm)imer I={j€Nol=1,...,.LymeZ}, Lj:= {2d ~ 1 else.

Assume that for a ¢ € IN this system fulfills
; ¢o(x —m) ifj=0,1=1,m¢ 74,
i ¢],m(x) - id 1rmio1 - d d’
229" (27 x—m) fjeN1<I<2—-1,meZ
e supp(¢g) C {x e R?: x| < %} and supp(¢') C {x e R?: |x| < %},
B4

o ¢o,¢' € CORLR) forl =1,...,27 —1; B4

. /d ¢l (x)dx =0, a€Ni,|a| <o;
R

. ((le',m)(j,m,l)e | forms an orthonormal basis of L?(R%).

We will call a system fulfilling these equations a wavelet system; an example is given
by the Daubechies wavelet bases.

For a fixed system (¢]l-,m)<j’l,m>€ [ meeting (B.4) denote by

Wf:=A:= (Al )(j,l,m)eI where A;,m =(f, ¢]l'/m> (B.5a)

Jom

the corresponding wavelet transform which is defined for sufficiently smooth func-
tions f. Then the following holds true:

=W*"'A = AL 4>l~ is a unique decomposition of (B.5b)
jmYjm
(jml)el

and if o > [s|, then

==

L:
. Z izjsqzjd(%—%)q Z |)\l‘,m

j€Ng I=1 mEP]‘-j

S
|85

P (B.5¢)

is an equivalent norm on B}, , for p,q € [1, oo] with the usual modification if p = oo or
q = oo. The convergence in (B.5b) is in Bfw forany § < sandin B}, if p,q # co.

Concerning the properties of Banach spaces discussed in Section B.1.1 the follow-
ing is known if the spaces are equipped with the wavelet norm:
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Proposition B.20 ([Kaz13, Sec. 4]). Let 1 < p,q < co. Then Besov spaces By, ; equipped
with the wavelet norm are min{2, p, q }-smooth and max{2, p, q }-convex.

Furthermore, the constant Cy of Assumption 2.22 in the form of Example 2.23(b)
has been calculated in [Kaz13] for the case p = 4. One obtains Cps =~ = Cpp =
min{p — 1,2277} from known results on ¢? spaces of [XR91]. We would like to show
that this also extends to the spaces B;,z for p € (1,2], which are favored by our
theoretical results in Chapter 4. Note that the knowledge of this constant is of interest
as it plays a role in the parameter choice of Algorithm 1.11.

Lemma B.21. Let 1 < p < 2. Then for X = By , with norm Il B;;HW the constant Cy
in Example 2.23(b) can be chosen as CB;2 =p-1

Proof. Asshown in [Kaz13, Sec. 3] it suffices to examine ¢7(¢F) spaces as in Section
4.2.1.

Let A, A € £2(¢P). Then fixing the index j we obtain with the inequalities in [XR91]
that the inequality
1,+ 2 1 2 ~
i I = 3125 L™ = G Ay = A

p—1= 2
,‘>gp’><gp > THA] _/\fr' MPH

holds true for all j € N with p;. € 03 1A, | 7|2, that is

Ak

2—p

PP ——
Ak

k € IN.

Hik = A,

Now summing up these inequalities over j € IN we get that

>BZHM—AV%W)

%H}‘Vz(mHz 2yx2ery = g

1 2 . 2
e - A= |
2
where y = (jx)jken is given by the formula above. It remains to notice that u
defined in this way fulfills € 95||A | £2(¢P)|? and hence the left hand side equals
At (e p (4 A). .

B.3.1.2 Smoothness of products and compositions

For smooth functions the product and chain rule provide rules to calculate the deriva-
tive of products and compositions respectively. Here we present some extensions of
these results to Sobolev and Besov spaces including fractional and negative deriva-
tives. These results will be an important tool throughout Chapter 6.
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Proposition B.22 (see []oh95 Thm. 6.1]). Let pg, p1 € (0,00) and sg > sy such that
so +s1 > dmax{0, % = — 1}. Then there exists a constant ¢ > 0 depending on p;, s

such that for all f € Hp) (]Rd) and g € Hy} (RY),
| 0r | < e | i | 1 |
forall qo < p < q1 where qq, q1 are defined by the equations:

1 11

do  Ppo P
() b m))
— = —+ — — 5 + S1]—— —|So— —
g P Po + p1 po/ /4
Further the value p = q1 can be included if
(a) either Hy) — L™ and one of the following:

_4d _ 4
(i) s1 >so D5
_ 4 _ 4
(i) or sq <so Do’
(iii) orsl—% —so—p—andH — L%

(b) orifsy < % and in addition
(D) 51> 4,
(ii) ors1 < o

Proposition B.23 (see [Joh95, Thm. 6.4]). Let po, p1 € (0, 00) such that 1 > % + plT and
sop > 0and set s1 = —sq. Then there exists a constant ¢ > 0 depending on p;, s; such that for
all f € Hy)(RY) and g € Hy} (RY),

7| 5 ] < | e it o]

forall qo < p < q1 where qq, q1 are defined as in (B.6). Further p = q; can be included if
(a) either sy > pi,

d 1 1
(b) orso<%and1>%+p—1.

Proposition B.24 (see [BS11, Thm. 1]). Let f € H},(]Rd)for pelolandg: R — R
measurable such that g(0) = 0 and g’ € L, then

[sor|mpmn| < g L=l |y
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Proposition B.25 (see [BMS14, Thm. 4]). Let p € (1,00) and s > 1+ 1/p. Then for
functions f € B;/p(]Rd) such that Vf € L® and g: R — R such that g(0) = 0 and
g € B}, ,(R) there exists a constant ¢ > 0 depending on g only, such that

Hgof ‘ B;,p(Rd)H < CHf ‘ B“;;,p(]Rd)H(l + V£ L°°||)5*1*1/F’,

B.3.2 Periodic Besov spaces

We now look at the equivalence of the two norms defined on B;Iq(]Rd) on B;,q(”ﬂ‘d).
They can be obtained by replacing the Fourier and wavelet transform via their coun-
terparts on T%. Hence a norm on B;,q(’ll‘d) is defined if we replace (B.2) in (B.3c) with
the Fourier series transform

Ffi=f:= (f(z))zezd where  f(z) := Ja f(x)e 22 4y,

For the periodic version of the wavelet norm, denote by ((]) ’per) the periodization
of 4>]l,m fulfilling (B.4), that is

l d
]sler Z‘P], X —z), x e T".
ze 74
Then (¢]m )imerfor I={j€No;l=1,...,Lim € P} with P! = {z € Z7: 0 <

z; < 2/} is an orthonormal basis for L?(T) and denote by
1,
Wf=A:= (A},m)(j,l,m)el where = f( )¢ per( x)dx

the wavelet transform defined for smooth enough f, then (B.5) remains valid.

Note that all the properties of Besov spaces on R? carry over to T%; as a main
difference we would like to point out that the embeddings in Lemma B.18(b) are
compact, likewise the embeddings (d) are compact if s; > so.
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