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Chapter 1

Introduction

1.1 Solids, liquids and gases

Fluid mechanics is the study of the movement of liquids and gases. Liquids and
gases behave di�erently than solids when subjected to external forces. This is due
to the easy displaceability of the particles in liquids and gases. We consider the
di�erent behavior using the example of a material-“lled volume, for the sake of
simplicity a cuboid, cf. Figure 1.1. Let a forceF act tangentially on both the top
and bottom surface with the forces at the top and bottom opposing each other.
The surfaces of the top and bottom are denoted byA. This means that tangential
stresses� , also known asshear stresses, act on the volume:

� =
F
A

. (1.1)

The shear stresses lead to a shearing exposure. This results in a deformation of the
volume (dashed lines in Figure 1.1). The lateral planes incline by a shear angle
� . The relationship between the shear angle� and the shear stresses is di�erent
for solids than for liquids and gases. In the following, we consider this for small
shears, “rst for solids, then for liquids and gases.

material

F

F A

�

Figure 1.1: Deformation of a material-“lled volume under
shear stress.
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2 Chapter 1

Solids

€ “nite shear stress� “nite deformation, “nite � ,

€ arbitrarily long e�ect of the shear stress� only “nite shear.

The following applies to many solids:

� = f (� ). (1.2)

The function f is often linear in � :

� =
1
G

�. (1.3)

Here G denotes theshear modulus , a material constant (cf. Hooke•s body).

Liquids and gases

€ yield to shear stress inde“nitely,

€ deformation only stops when shear stresses disappear,

€ in“nitely long e�ect of the shear stress� in“nite deformation.

There are no shear stresses at rest.

Therefore, in the case of liquids and gases that are not at rest, it is not� but
rather the shear rate �� , i.e. the change in� over time, that is of interest. The
following applies to many ”uids and gases:

�� = f (� ). (1.4)

This relationship is aconstitutive relation for the liquid or gas. The functionf
is often linear in � :

�� =
1
µ

�. (1.5)

This applies to Newtonian liquids and gases (in wide ranges e.g. to water and
air). Here, µ denotes thedynamic viscosity . The unit of the dynamic viscosity is

[µ] = Pa · s. (1.6)

In general,µ is a function of the temperatureT and the pressurep. The dependence
on the pressure is, however, negligible in most cases. For example this applies to
air for p � 10Š 50 bar (depending on the accuracy requirement).

Introduction



1.1. Solids, liquids and gases 3

In the case of liquids, the dynamic viscosity decreases with increasing temperature
(examples: honey, machine oil). With gases, on the other hand, the dynamic
viscosity increases with rising temperature:

liquids:
�µ
�T

< 0,

gases:
�µ
�T

> 0.

(1.7)

(1.8)

Figure 1.2 shows the temperature dependence of the viscosities of air, water and
an oil. In ”uid mechanics, the dynamic viscosity is often divided by the density� .
This expression is referred to askinematic viscosity � :

� :=
µ
�

, [� ] =
m2

s
. (1.9)
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Figure 1.2: Temperature dependence of the viscosity of air, water and
an oil, µ: dynamic viscosity,� : kinematic viscosity.

Flows do not always follow a linear constitutive relation. Such ”ows are referred to
as non-Newtonian ”ows. Figure 1.3 shows some examples. The dynamic viscosity
then depends on the shear rate. This is outlined in Figure 1.4. In the case of
dilatant or shear thickening liquids, the viscosity increases with increasing shear
rate �� , in the case of pseudoplastic or shear thinning liquids it decreases with
increasing shear rate. Another special case is formed by Bingham plastics. Below
a shear stress� f these behave like a solid, above this threshold like a Newtonian
liquid:
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4 Chapter 1

Bingham plastics

shear thinning
Newtonian

shear thickening

�

� f

��

Figure 1.3: Constitutive relations of simple non-Newtonian ”uids.

shear thickening

Newtonian

shear thinning

µ

��

Figure 1.4: Dynamic viscosityµ as a function of the shear rate
�� for Newtonian ”uids (µ = const) and non-Newtonian ”uids.

€ if � < � f , the behavior corresponds to that of solids,

€ if � > � f , the behavior corresponds to that of Newtonian liquids with
�� = ( � Š � f )/µ ,
examples: toothpaste, ketchup.

Another special case is the well-knownjumping putty . With a short, strong
e�ect of a tension, e.g. when the putty is thrown onto a solid surface, the plasticine
reacts like an elastic body (bouncy ball), but if, on the other hand, it is left lying
around for a long time, it deforms like a liquid. The transition between solid and
liquids is ”uid. Non-Newtonian ”ows are dealt with in rheology .

It remains to contrast further di�erences between liquids and gases that are
important for the ”uid mechanical behavior:

Introduction



1.2. Molecular considerations 5

liquids

€ form surfaces:
� •dripableŽ liquids,

€ low compressibility, often negligi-
ble:
� incompressible liquid.

gases

€ expansive, “ll space,

€ high compressibility:
� thermodynamics comes into
the play (high pressure� high
temperature).

In many cases the di�erences are not decisive for the ”uid mechanical behavior of
liquids and gases. If this is the case we will use the term”uids in the following.

1.2 Molecular considerations

1.2.1 Transport processes

In ”uid ”ows, viscosity leads to a transport of momentum. This can be illustrated
for (rare“ed) gases by considering the processes at the molecular level. Other
transport processes that take place via molecular processes are those of mass and
heat via di�usion and heat conduction:

di�usion
viscosity
heat conduction

�
�

�
transport at the molecular level

�
�

�

of mass,
of momentum,
of energy.

Mass and heat transport occur in the presence of concentration and temperature
gradients. Similarly, the momentum transport is related to velocity di�erences in
the ”ow “eld. This can be explained in a simple way using the example of gases by
considering the processes at the molecular level. For this purpose, we consider a
plane parallel ”ow, see Figure 1.5a. The ”ow is unidirectional, i.e. it is orientated
in the same direction at every location. With increasingy, the magnitude of the

mean free 
path

Figure 1.5: Plane parallel ”ow. a) Parallel ”ow, b) velocity pro“le at x = x0.

Introduction



6 Chapter 1

”ow velocity u increases. The velocity pro“le atx = x0 is shown in Figure 1.5b.
In the following, the momentum ”ux in the y-direction is examined in such a ”ow.
For this purpose, we consider the exchange of gas molecules between neighboring
”uid layers at y = y0.

Due to thermal ”uctuations, molecules constantly arrive aty0 that come from a
distance � y that corresponds to the mean free path� . They bring with them the
momentum prevailing there (see Figure 1.5b). Since the velocity above and belowy0

is di�erent, this leads to momentum ”ux in the y-direction at the location (x0, y0).
To determine this ”ux, we “rst develop the velocity at neighboring locationsy0± � y
in a Taylor series and break o� after the linear term:

u(x0, y0 ± � y) � u(x0, y0) ±
du
dy

� y. (1.10)

With � y = � we obtain the momentum transport perpendicular to the ”ow
direction:

1
2

n
3

v m(u + �
du
dy

)
� 	
 �

momentum at y0+ �

Š
1
2

n
3

v m(u Š �
du
dy

)
� 	
 �

momentum at y0Š �

=
n
3

vm�
du
dy

= �. (1.11)

The following notations apply:

€ � : mean free path

€ m: mass

€ n: number density

€ v: average thermal velocity

�
����������

����������

of the molecules.

In equation (1.11), the factorn/ 3 means that only one third of the molecules
performs ”uctuations in the y-direction, half of which (factor 1/ 2) towards y0, both
from above (y = y0 + � ) and from below (y = y0 Š � ).

The momentum ”ux is a temporal change in the momentum per area, i.e. a force
per area. Here, the ”ux of thex-component of the momentum is considered in
the y-direction, therefore the momentum ”ux corresponds to a shear stress. This
relationship is shown in the boxed part of equation (1.11).

There is a relationship between the derivativedu/ dy in equation (1.11) and the shear
rate �� . Let us consider Figure 1.6. The velocity pro“le atx0 according to Figure 1.6a
leads to the fact that individual elements of a line that is initially perpendicular to

Introduction



1.2. Molecular considerations 7

y

y0 + d y

y0

u(y0) u(y0 + d y) u(y)

a) b)

d�

u(y0 + d y) dt

u(y0) · dt

x0 x

y

y0 + d y

y0

Figure 1.6: Relationship betweendu/ dy and �� , a) velocity pro“le, b) movement
of a line in a shear ”ow.

the direction of movement (dashed line atx0 = const in Figure 1.6b) move di�erent
distances in thex-direction within a small time interval dt. The line therefore tilts
by a shear angled� in the time interval dt. For small dt, d� is also small and the
following applies:

d� � tan(d� ) =
u(yo + d y)dt Š u(y0)dt

dy
Taylor

�
du(y0)

dy
dydt/ dy (1.12)

�
d�
dt

= �� �
du
dy

. (1.13)

Now we replace du/ dy in equation (1.11) with equation (1.13):

� =
n
3

v�m
du
dy

�
n
3

v�m �� = µ ��. (1.14)

Here the comparison with equation (1.5) has yielded the following expression for
the dynamic viscosity:

µ �
n
3

v�m. (1.15)

Discussion

€ n · � � const (without proof). As the pressure increases,� decreases whilen
increases
� µ is little pressure-dependent (applies in air forp = 10 Š 50bar, depending
on the accuracy requirements),

€ in gases,v increases with increasing temperatureT
� dµgas/ dT > 0.
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8 Chapter 1

1.2.2 Boundary conditions at surfaces

It is known that static and sliding friction occurs between two solid bodies. The
latter occurs when two solid bodies that are in contact move relative to each other.
This raises the question of what happens in the case of ”uids moving over solid
surfaces.

We consider the behavior of ”uids at surfaces, again using the example of a gas.
As in the case of sliding friction, where there is a relative movement between two
solid bodies, we “rst make the assumption that there is also a relative movement
between a solid wall and a gas ”owing along it and then consider how great the
velocity di�erence is. In the following, the wall is considered to be at rest and
the gas velocity at the wall is assumed to beuW �= 0. A corresponding velocity
pro“le is shown in Figure 1.7a. Due to thermal ”uctuations, molecules from a
distance from the wall that corresponds to the mean free path length hit the
wall and are re”ected (see Figure 1.7b). In the case of a wall that is smooth at
the molecular level the molecules would be re”ected specularly and retain the
wall-parallel componentui of their incidence velocity. In real terms, however, solid
surfaces on a molecular level are always rough and a di�use re”ection tends to take
place. The emergent angle� r is then smaller than the angle of incidence� i and,
on average, the re”ected molecules after re”ection have a reduced wall-parallel
velocity ur :

ur = 	 u i , experimentally: 	 � 0.2. (1.16)

The velocity at the wall is the mean value of the wall-parallel velocity components
of the incident and re”ected molecules:

uW =
1
2

(ui + ur ) .

i

i

ii

Figure 1.7: Velocity at solid surfaces. a) Velocity pro“le, b) re”ection at
a smooth and a rough wall (red line).
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1.3. Continuum hypothesis 9

The incident molecules come from a distance �y � � (� : mean free path length),
as this is where they experienced the last collision with another molecule. Thus:

uW =
1
2

(ui + 	u i )

�
1
2


�

uW + �
du
dy

�
�
�
�
y=0

�

+ 	

�

uW + �
du
dy

�
�
�
�
y=0

��

� uW (1 Š 	 ) = � (1 + 	 )
du
dy

�
�
�
�
y=0

,

uW =
(1 + 	 )
(1 Š 	 )

�
du
dy

�
�
�
�
y=0

. (1.17)

With 	 < 1, � very small (typically under standard conditions� � 10Š 7m) and
since velocity changes over a length of �y = � are usually small we get

uW � 0. (1.18)

The disappearance of the velocity di�erence at a wall is con“rmed experimentally
and also applies to liquids. This is referred to as the no-slip condition:

Fluids adhere to solid walls.

No-slip condition

(1.19)

However, for very large mean free path lengths (e.g. gas under very low pressure,
outer atmosphere) or in the presence of very high velocity gradients (e.g. in journal
bearings, gap ”ows, micro”uidics) noticeable relative velocities between the ”uid
and the wall can occur. This is referred to asslip stream .

1.3 Continuum hypothesis

Macroscopic properties of a ”uid, e.g. pressure, temperature or velocity, are obtained
by averaging over many molecules. The temperature as a scalar quantity may serve
as a simple example. Figure 1.8 shows the averaged temperature as a function
of the size of the volume (L3) over which is averaged, plotted logarithmically
against the corresponding lengthL. The center of the volume is held “xed. For
very small lengths, the mean value changes due to thermal ”uctuations of the
individual molecules. For very long lengths, the mean value changes due to
di�erent temperatures in the environment. Ideally, there is a range in between
with a constant mean value. This is regarded as the local temperature value. The
lengths shown in Figure 1.8 are to be interpreted as follows:

Introduction



10 Chapter 1

L 1 : an order of magnitude larger than average molecular distances,

L 2 : dimension of a •”uid particleŽ (de“nition see below),� � L2,

L 3 : •characteristicŽ length of the ”ow (e.g. length, width or height of a car in a
”uid ”ow).

molecular 
fluctuations

const., local value of the
macroscopic property

mean
temperature

change caused by
macroscopic 
temperature distribution

Figure 1.8: Averaged temperatureT̄ as a function of the length scaleL which
is a measure of the size of the averaging volume.

Fluids can be idealized as a continuum,

whose macroscopic properties arecontinuous

functions of the space variables.

Continuum hypothesis

(1.20)

Macroscopic properties require averaging over many molecules. It follows from the
hypothesis that even arbitrarily small ”uid volumes have clearly de“ned macroscopic
properties.

Fluid particle A ”uid particle is a small, ”uid-“lled volume that has local
macroscopic properties.

In the following, ”uid ”ows are described on the basis of the continuum hypoth-
esis using means of continuum mechanics. Relationships already found such as
� = µ du

dy are given as phenomenological laws which are not deduced by molecular
considerations. In the following, descriptions for ”ow processes are based on the
equations of motion for continuous ”uids. The following 7 variables are of interest:

Introduction



1.4. Pipe ”ow as an introductory example 11

€ velocity 
u,

€ pressurep,

€ density � .

€ temperature T,

€ internal energye,

The aim is to know these variables at any position
x at any time t. For this purpose
the following equations are available:

€ continuity equation

€ conservation of momentum
(three directions)

€ conservation of energy

€ thermal equation of state

€ caloric equation of state

�
���������������

���������������

� 7 equations.

1.4 Pipe ”ow as an introductory example

1.4.1 Hagen-Poiseuille law

We now turn to the ”ow of a liquid through a pipe and derive the Hagen-Poiseuille
law. Figure 1.9 shows how a pipe ”ow can be realized experimentally. A reservoir
has an inlet through which the liquid ”ows in and an over”ow that ensures that the
liquid level always remains at the same height, i.e. the pressurepa at the beginning
of the pipe is constant. The straight pipe with radiusR and length L starts in
the lower area of the reservoir, slightly above the bottom, so that the latter does
not a�ect the in”ow. At the end of the horizontal pipe the liquid ”ows into the
atmosphere. Atmospheric pressurepe prevails there. To determine the ”ow in the
pipe we make the following assumptions:

€ the ”ow is stationary (boundary conditions are independent of time),

€ the density is constant (liquid),

€ the ”ow is axially symmetric (geometry is axially symmetric),

€ the velocity runs parallel to the pipe axis and is independent of the location
x along the axis, i.e.u = u(r ),

€ the pressure is independent of the radius, i.e.p = p(x) (small hydrostatic
pressure di�erences are neglected).

Introduction



12 Chapter 1

atmosphere

pressure

inlet
overflow

Figure 1.9: Pipe ”ow: experimental arrangement.

Within the pipe, accelerating pressure forces and decelerating viscous forces act
on the ”ow. To investigate this in more detail, we imagine a liquid volume in the
form of a hollow cylinder with a radiusr , wall thickness�r and a small lengthl
(see Figure 1.10). The volume of the liquid hollow cylinder lies axially symmetric
in the pipe and the liquid ”ows through this volume. We will now consider a force
balance for the ”uid-“lled hollow cylinder.

a) b)

hollow cylinder

R
�r

r

x
l

x + l

Figure 1.10: Pipe ”ow: Geometry used for the force balance for the
hollow cylinder. a) Arrangement of a volume in the form of an imaginary
coaxial hollow cylinder in the pipe, b) section of the imaginary hollow
cylinder of length l, with radius r and •wall thicknessŽ�r .
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1.4. Pipe ”ow as an introductory example 13

The pressure acts on the two end faces of the hollow cylinder. If there is a pressure
di�erence between the two ends the pressure forces result in

[p(x) Š p(x + l)] · 2�r �r � Š
dp
dx

l 2�r �r. (1.21)

The viscosity-induced shear stresses act on the inner and outer lateral surface of the
hollow cylinder. The stresses are caused by the liquid not belonging to the hollow
cylinder directly next to the two lateral surfaces. This is sketched in Figure 1.11
for a velocity pro“le u(r ) assumed to be arbitrary. The faster ”ow pulls the slower
one along with it. Conversely the slower ”ow delays the faster ”ow. In equilibrium,
the corresponding shear stresses are of the same magnitude but oppositely directed
(see Figure 1.11). This applies separately to the inner and outer lateral surface.
The shear stresses are each drawn slightly o�set here to indicate on which area
they act. The shear stresses cause opposing tangential forcesF on the inner and
outer lateral surface:

F (r ) = � (r )2�rl = µ
du
dr

2�rl. (1.22)

If the shear stresses on the two lateral surfaces are of di�erent magnitudes, a
tangential force � F acts on the liquid in the volume of the hollow cylinder:

� F = F (r + �r ) Š F (r ) �
dF
dr

�r =
d
dr

�
µ

du
dr

2�rl
�

�r. (1.23)

Figure 1.11: Viscous stresses (shear stresses) acting on the lateral
surfaces of the imaginary hollow cylinder.
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This is a viscous force. The viscous force depends on the second derivative of the
velocity with respect to the radius. This also applies more generally in other ”ows.

In the stationary case, there is an equilibrium between pressure and viscous forces.
This results in a relationship for the velocityu:

� F + � p =
d
dr

�
µ

du
dr

2�rl
�

�r Š
dp
dx

l · 2�r�r = 0 (1.24)

� u(r ) =
r 2

4µ
dp
dx

+ A logr + B. (1.25)

To determine the integration constantsA and B we use the following conditions:

€ the velocity is “nite at r = 0 � A = 0,

€ for r = R, u(r = R) = 0 must apply (no-slip condition)
� B = ŠR2/ 4µ · dp/ dx,

� u(r ) = Š
1

4µ
dp
dx

�
R2 Š r 2

�
. (1.26)

Discussion

i) The following applies to the pressure gradient (see equation (1.26)):

dp
dx

= Š4µu(r )
1

R2 Š r 2
, (1.27)

left side is independent ofr

right side is independent ofx

�

� both sides are constant

�
dp
dx

=
pe Š pa

L
, linear pressure drop. (1.28)

Here,pa and pe denote the pressure at the beginning and end of the range
under consideration.

ii) velocity pro“le:

u(r ) =
1

4µ
pa Š pe

L

�
R2 Š r 2

�
, paraboloid of revolution. (1.29)
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1.4. Pipe ”ow as an introductory example 15

Strictly speaking, these statements only apply far away from the pipe ends. The
situation is di�erent, especially in the entrance area of the pipe. Initially, the
velocity pro“le is almost rectangular. A constant velocity prevails in the center
of the pipe. Due to the no-slip condition the velocity disappears at the pipe wall.
This leads to a retardation of neighboring ”uid layers. As the volume ”ow rate
remains constant (stationary, incompressible ”ow), the velocity in the center of
the pipe increases simultaneously in downstream direction. This is sketched in
Figure 1.12. The transitional range (in radial direction) from zero velocity at the
solid wall of the pipe to the area with constant velocity in the center of the pipe
becomes larger and larger downstream until it “lls the entire pipe. Such regions in
which the velocity increases from zero at a wall to a far-“eld velocity are always
found when a ”ow runs along a solid surface. They are calledboundary layers .

entrance length / entrance flow fully developed
pipe flow

Figure 1.12: Inlet ”ow of a pipe ”ow: velocity pro“les at di�erent distances
from the start of the pipe - development of the initial velocity pro“le which is
almost constant over the pipe cross-section into a rotational paraboloid.

The ”ow rate or volumetric ”ow Q (volume per time) is obtained by integrating
the velocity (according to equation (1.29)) over the cross-sectional area:

Q =
� R

0
dr u(r )2�r =

�
8µ

pa Š pe

L
R4.

Hagen-Poiseuille law

(1.30)

Discussion

i) Q � R4: small changes in the radius have a large e�ect on the ”ow rate (e.g.
in elastic blood vessels),

ii) average ”ow velocity ū:

ū =
Q

�R 2
=

1
8µ

pa Š pe

L
R2 =

1
2

u(r = 0) =
umax

2
, (1.31)
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iii) viscosity can be determined by means of ”ow rate measurements,

iv) Hagen-Poiseuille law is experimentally ful“lled� no-slip condition con“rmed.

Pipe flows do not always satisfy the Hagen-Poiseuille law. Theoretically and
practically there are other forms of ”ow. Pipe ”ows then no longer necessarily run
parallel; swirling mixing motions are also possible. In this case, the relationship
found, Q � � p/L , loses its correctness. The following then applies:

Q �
�

� p
L

� 1/ n

, n � 1.5 Š 2.0 (1.32)

These di�erent forms of ”ow, which in the case of pipe ”ow are coupled with
di�erent ”ow rate laws, also occur in other areas of ”uid mechanics. A distinction
is made:

€ •smoothŽ movements (parallel ”ow in the pipe)� laminar ”ow (Lat.
lamina: layer),

€ •swirlingŽ mixing motions � turbulent ”ow (Lat. turbulentia: anxiety,
restlessness, confusion).

The terms introduced here apply generally.

1.4.2 Similarity

The following section is devoted to similarity considerations. These enable, for
example, the investigation of ”uid mechanical processes on small models, from
which conclusions can then be drawn about the processes occurring in the ”ow
around full-scale models. In this, it must be taken into account how di�erent forces
(e.g. drag, buoyancy) act on bodies in a ”ow “eld. A distinction is made between
two types of similarity in this context:

€ geometric similarity : refers exclusively to the geometric properties of the
problem,

€ dynamic similarity : refers to a similar behavior of di�erent forces.

In general, the individual acting forces are not always known but depend on
experimental parameters. We consider this again using the example of the pipe
”ow. There we had the parameters

µ, �, R, L, � p = pa Š pe and ū. (1.33)
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1.4. Pipe ”ow as an introductory example 17

Question: Is the pipe ”ow laminar or turbulent? The answer to this
question should not depend on specially chosen dimensions, the choice of units
should not play a role. The physical expectation is that̄u depends directly on the
pressure gradient, i.e. on (pa Š pe)/L . Therefore, in the following onlyū and not
(pa Š pe)/L is taken into account. For su�ciently long pipes we further expect
that L plays no role (for a given pressure gradient). The dimensions of the above
parameters are as follows:

[µ] =
mass

time · length
, [� ] =

mass
length3 , [R] = length, [ū] =

length
time

.

(1.34)

Osborne Reynolds (1842…1912) used these parameters to form a dimensionless
quantity, the Reynolds number Re named after him:

Re :=
� ū2R

µ
=

ū2R
�

.

Reynolds number

(1.35)

Experimentally, he found that the pipe ”ow is laminar at low Reynolds numbers
and turbulent for large ones. The transition occurs atRe � 2 · 103 to 105. The
exact value depends on the subtleties of the experimental setup and on disturbances
in the in”ow.

In other ”ow cases, too, the Reynolds number makes it possible to estimate whether
a ”ow is laminar or turbulent. For geometrically similar cases, the transition from
laminar to turbulent ”ow then takes place at the same Reynolds number. The
critical value of the Reynolds number depends on the respective problem. There
are many other such dimensionless quantities in ”uid mechanics. They are called
characteristic numbers or non-dimensional groups and are formed from
quantities that are characteristic of the problem.

Question: What pressure gradient is required for a certain flow rate? We
consider a pipe of constant radius, i.e.R = const. Then the following applies to
the ”ow rate through the pipe:

Q � ū � Re. (1.36)

The ”ow rate can therefore be expressed as a function of the Reynolds number.
The Reynolds number is thus also a measure of the ”ow rate.

€ laminar:

Re =
� ū2R

µ
ū= Q/ �R 2

=
Q

�R 2

�
µ

2R H.-P.=
�

4µ2
R3 pa Š pe

L
(1.37)
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where the last transformation was carried out using the Hagen-Poiseuille
(H.-P.) law.

� for laminar ”ows we have:

pa Š pe

L
� Re. (1.38)

€ turbulent (empirical):

pa Š pe

L
� Ren, n � 1.5 Š 2.0. (1.39)

Figure 1.13 shows a double-logarithmic representation of the relationship between
the Reynolds number (� ”ow rate) and the dimensionless pressure gradient. It
should be noted that the pressure gradient was scaled here without using the
velocity as the velocity is directly related to the ”ow rate (but otherwise, velocity
is often used in ”uid mechanics to scale the pressure).

Figure 1.13: Pipe ”ow: sketch of the dimensionless pressure
gradient as a function of the Reynolds number.
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Chapter 2

Statics

In statics, we deal with the pressure distribution in •heavyŽ ”uids, i.e. in ”uids
under the e�ect of gravity. The ”uids are in a state of rest. The termhydro-
statics is occasionally used when referring to liquids, andaerostatics when gases
(especially air) are involved.

2.1 Stress state in ”uids at rest

Figure 2.1: Prism with normal
stresses.

First, we investigate the directional-
ity of the stress in a ”uid at rest.
For this purpose we consider a small
prism whose faces are orthogonal to
the edges of the prism. Figure 2.1
shows the side view of the prism
and the notation used for the edge
lengths and the normal stresses,px ,
py and p� (note: at rest, there
are no tangential stresses). Both,
body and surface forces act on the
prism:

€ Body forces: Body forces, for exam-
ple the force of gravity, scale with the
volume of a considered body. In the
case of gravity, this results in the fol-
lowing relationship with the gravita-
tional accelerationg and the density
� :

1
2

g� dxdydz � dxdydz. (2.1)
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€ Surface forces: Here we only consider states at rest. Then the viscous
stresses acting tangentially to the surface disappear, only the normal stresses
px , py and p� occur. As an example, we provide the force acting on the left
side of the prism:

pxdydz � dy dz. (2.2)

Figure 2.2: Equilibrium of forces at the
prism: the force triangle is similar to the
prism cross-section from Figure 2.1.

Consequences

€ Surface forces are an order of
magnitude larger than volume
forces. For vanishing volume
of the prism, volume forces dis-
appear more quickly than sur-
face forces.

€ In equilibrium, the following
therefore applies to diminish-
ing prism volume: already the
vectorial sum alone of the sur-
face forces must be zero.

€ The surface forces are always
perpendicular to the surfaces, which is why the force triangle of the surface
forces resembles the prism cross-section (see Figure 2.2).

€ The surface forces are proportional to the respective surfaces. From this
follows: The normal stresses are the same on all sides of the prism.

At a point in a ”uid at rest, the normal stresses are the same in
every direction (Blaise Pascal, 1623 … 1662).

€ In a ”uid at rest, a single value is su�cient to indicate the stress at a location.
This is the pressure:

pressurep, [p] = Pa =
N
m2

. (2.3)

This also applies in inviscid ”ows as no viscous stresses, in particular tangential
stresses, act in these ”uids and therefore all the assumptions made here are also
ful“lled.
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2.2. Hydrostatic pressure 21

2.2 Hydrostatic pressure

Next, we investigate the in”uence of a body force on the pressure distribution in a
”uid at rest. As an example, we choose gravity acting in the negativez-direction.
We consider the forces acting on a ”uid volume in the shape of a cylinder lying in a
”uid at rest. We do this on the one hand for a cylindrical volume with a horizontal
axis (perpendicular to thez-axis) and on the other hand for a cylinder with an
axis in the z-direction.

Horizontal cylinder A horizontally oriented cylinder is considered, as shown in
Figure 2.3. Gravity acts on the cylinder as a volume force in thez-direction. The
pressuresp1 and p2 which exert a force in thex-direction on the circular end faces
are then equal. Reasoning:

€ Pressure forces on the cylinder shell and the force of gravity have no compo-
nent in the x-direction � the pressure forces on the circular end faces cancel
each other out.

€ For vanishing cross-sectional areap1 = p2 = p. This also applies to other
horizontal orientations:

�
�p
�x

= 0,
�p
�y

= 0 � p = p(z). (2.4)

x

Figure 2.3: Horizontal cylinder.

Vertical cylinder On the vertical cylinder of volume dV = dA · dz the balance
of pressure and volume forces provides (see Figure 2.4)

[p(z) Š p(z + d z)] � Š
dp
dz

dz =
F dV

dA
= �g dz. (2.5)
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cross-sectional
area

Figure 2.4: Vertical cylin-
der.

Here,F = �g denotes a speci“c force, more pre-
cisely a force per volume. The use of speci“c
forces is common in ”uid mechanics as no “xed
volumes with de“ned masses are generally con-
sidered. Finally, the change in pressure in the
z-direction results in

dp
dz

= Š�g (2.6)

resp.

p(z) = p0 Š
� z

z0

�g dz, p0 = p(z0). (2.7)

If the density � can be assumed to be constant
the expression simpli“es to

p(z) = p0 Š �g (z Š z0). (2.8)

Gravity causes a directionless pressure which in-
creases linearly downwards.

In our example we have

�p
�x

= 0,
�p
�y

= 0,
�p
�z

= Š�g. (2.9)

In general, the following applies in equilibrium with a body force
F (per volume):

� p = 
F =

�

�
Fx

Fy

Fz

�

� . (2.10)

The following applies to the pressure as a continuously di�erentiable function of
space:

� 2p
�x�y

=
� 2p

�y�x
, etc. (2.11)

�

�F y

�x
=

�F x

�y
�F z

�y
=

�F y

�z
�F x

�z
=

�F z

�x

�
�������

�������

� rot 
F = 0. (2.12)
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In equilibrium, the vector “eld 
F is therefore a conservative force “eld because
with the vector identity rot (grada) 	 0 (a: a scalar function) it follows that there
is a potential U with � U = 
F . Thus we have:

gradU = grad p resp. U Š p = const. (2.13)

In ”uids at rest, equilibrium is only possible if the external forces are
conservative, i.e. have a potentialU.

2.2.1 Examples

i) communicating tubes:
The pressure depends only on
z, the liquid levels are at same
height. (Gravity acts here in the
negativez-direction.)

ii) Pascal•s (hydrostatic)
paradox:
The pressure at the bottom of
the vessels depends only on
the height of the liquid column.
With the same height and piston
area A, the same forceF is
required to hold the pistons.

"vide dans      
le vide"
(emptiness in 
emptiness)
- Pascal (1647)

air

iii) Barometer:
Belief before the 17th century:
Nature •shunsŽ the vacuum (hor-
ror vacui), therefore mercury
rises in the barometer. The
height of rise was seen as a mea-
sure of shyness.
Pascal (1647): experiments with
two barometers. The second is
placed into the evacuated space
of the “rst one. After air is sup-
plied into the empty space of the
“rst barometer, the initially equal heights of the liquid levels in the second
barometer begin to di�er. Pascal shows: It is the air pressure … not the
horror vacui … that makes the mercury in the barometer rise.
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iv) Buoyancy:
Buoyancy: Force experienced by
a submerged body due to ”uid
pressures.
Thought experiment:
€ replace body with liquid,
€ liquid is in equilibrium �

resulting pressure forceFp cor-
responds to the body force,
Fp = � ” V g,

€ consider liquid as solidi“ed. The following still applies:Fp = � ” V g,
€ replace •solidi“edŽ volume with a body of a di�erent density. Still:

Fp = � ” V g.

A body immersed in a ”uid loses as much of its weight as the
displaced ”uid weighs (Archimedes).

2.3 Pressure distribution in the atmosphere

Here we are looking at the lower part of the atmosphere, thetroposphere . At
the poles it is about 7 km high, at the equator about 14 km. In this atmospheric
layer the following relationship between pressure and density is observed:

p� Š n = const = p0� Š n
0 , • polytropic atmosphere Ž . (2.14)

Here, the index 0 denotes a reference state andn the polytropic index with
n � 1.2. Other values ofn correspond with, for example:

€ n = 1: isothermal strati“cation (Boyle-Mariotte),

€ n = cp/c V : adiabatic strati“cation. Here cp and cV denote the speci“c heat
capacities at constant pressure and constant volume, respectively.

The thermal equation of state (EOS) also applies:

p = �RT. (2.15)

R is the speci“c gas constant. For medium-humid air, its value is approximately
R � 288 m2

s2K . T denotes the absolute temperature. Elimination of� from equation
(2.14) using the thermal equation of state allows a statement about the relationship
between pressure and temperature in the atmosphere:

p� Š n = p
� p

RT

� Š n
= p1Š nRnTn = p1Š n

0 RnTn
0 (2.16)

�
T
T0

=
�

p
p0

� n Š 1
n

,
p
p0

=
�

T
T0

� n
n Š 1

. (2.17)
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The total di�erential of the pressure provides

dp
p0

=
n

n Š 1

�
T
T0

� 1
n Š 1 dT

T0
. (2.18)

With equation (2.6):
dp
dz

= Š�g =
therm.
EOS

Š
pg
RT

= Š
p0g
RT0

�
T
T0

� 1
n Š 1

. (2.19)

Comparison of equation (2.18) and (2.19) yields

dT
dz

= Š
n Š 1

n
g
R

(2.20)

� T = T0 Š
n Š 1

n
g
R

(z Š z0), T0 = T(z = 0) . (2.21)

We note that the temperature decreases linearly upwards. The resulting tempera-
ture decrease can now be calculated:

€ n = 1.2, polytropic strati“cation: � T � 0.6K every 100m,

€ n = 1.4, adiabatic strati“cation: � T � 1K every 100m.

Using T/T 0 according to equation (2.21) we can rewrite equation (2.17) as follows:

p
p0

=
�

T
T0

� n
n Š 1

=
�
1 Š

n Š 1
n

g
RT0

(z Š z0)
� n

n Š 1

. (2.22)

For small � z = zŠ z0, the atmosphere can be regarded as locally isothermal. Then,
with equation (2.6):

p
p0

=
�
� 0

�
dp
dz

= Š�g = Š� 0
p
p0

g (2.23)

�
dp
p

= Š
� 0

p0
gdz (2.24)

�
p
p0

= exp
�

Š
� 0

p0
g(z Š z0)

�
. (2.25)

With the de“nition of the scale height H ,

H :=
p0

� 0g
, (2.26)

(on the earth•s surfaceH � 8000 m) we obtain the barometric law:

p
p0

= exp
�

Š
z Š z0

H

�
.

Barometric law

(2.27)
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Over a height di�erence of � z = H , the pressure drops by 1/e. If the height
di�erence z Š z0 is small, the exponential function can be approximated using a
series expansion up to the linear term (ex � 1 + x):

p
p0

� 1 Š
z Š z0

H
, (2.28)

p � p0 Š � 0g(z Š z0). (2.29)

This corresponds to the hydrostatic pressure distribution in ”uids of constant
density (cf. equation(2.8)).

2.3.1 Stability in the atmosphere

Auslenkung
einer

Luftmasse

ad  = adiabatic
pol = politropic

displacement 
of a mass of
air

Figure 2.5: De”ection of an air
mass from a lower to a higher atmo-
spheric layer.

After the pressure pro“le in the atmo-
sphere has been determined, it remains
to investigate whether the strati“cation
in the atmosphere is stable. The start-
ing point is the situation shown in Fig-
ure 2.5, in which a mass of air is lifted from
a lower to a higher position. In nature,
such displacements occur due to gusts of
wind. Since these processes take place
relatively quickly, practically no heat ex-
change takes place, i.e. the change of state
is adiabatic. It is not su�cient for stabil-
ity that the density of the air decreases
upwards. The atmosphere is only stable if
an ascending air mass, after an adiabatic
state change, has a greater density� 2,ad

at the new locationz2 than the surround-
ing polytropically strati“ed air (density
� 2,pol ):

stability
instability

 
for

!
� 2,ad. > � 2,pol. ,
� 2,ad. < � 2,pol. .

Pressure equalization is a rapid process. Therefore, the atmospheric pressurep2

associated with the heightz2 also prevails in the upwardly displaced air mass. The
densities in the polytropic (atmospheric) strati“cation and with adiabatic change
of state (gust) are therefore given by:

polytrop:
� 2,pol.

� 1
=

�
p2

p1

� 1
n

, (2.30)

adiabatic:
� 2,ad.

� 1
=

�
p2

p1

� 1
�

, 
 :=
cp

cV
, (2.31)
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where
 is the adiabatic coe�cient. The comparison provides

� 2,pol.

� 2,ad.
=

�
p2

p1

� 1
n Š 1

�

=
�

p2

p1

� � Š n
n · �

. (2.32)

If p2/p 1 < 1 then � 2, ad > � 2,pol for 
 > n . Stability therefore exists if n < 
 . This
is particularly the case for:

€ n = 1: isothermal atmosphere,

€ n < 1: with equation (2.21) follows dT/ dz > 0, i.e. the temperature
increases upwards (inversion). This can occur on cold winter days and leads
to particularly stable conditions. Rising smoke, for example, does not rise
above a certain height but is held as if by an invisible lid in the lower layers
of air, see Figure 2.6. In cities, this is noticeable as smog.

Figure 2.6: Inversion near Lochcarron, Scotland, (Johan-
TheGhost, CC BY-SA 3.0, via Wikimedia Commons).
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Kinematics

Kinematics is used to describe forms of movement in ”uid ”ows without taking
into account the forces that cause these movements. Position, time and velocity
play a particularly important role here. Various notations are used below:

position vector: 
x =

�

�
x
y
z

�

� , coordinatesx,y,z also asxi , i = 1, 2, 3, (3.1)

velocity: 
u =

�

�
u
v
w

�

� , componentsu,v,w also asui , i = 1, 2, 3. (3.2)

In addition, derivatives are occasionally presented in abbreviated form and the
simple form of Einstein•s summation convention is used, e.g.:

div 
u = � 
u =
�u
�x

+
�v
�y

+
�w
�z

= � xu + � yv + � zw =
3"

i =1

�u i

�x i
= ui/i . (3.3)

3.1 Approaches

3.1.1 Eulerian and Lagrangian coordinates

Fluid ”ows can be viewed from di�erent perspectives. On the one hand, one can
observe how the properties (e.g. position, velocity) of individual ”uid particles
change as they move along with the ”ow. This is theLagrangian perspective .
On the other hand, one can observe the processes in the ”ow “eld from a “xed
position. This is the Eulerian perspective . The two observation methods are
shown in Figure 3.1 and characterized as follows:
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Lagrange

Euler

Figure 3.1: Boat drifting with the ”uid ”ow: Eulerian (here stationary
”ow) and Lagrangian (here unsteady ”ow) perspective.

Lagrangian perspective:

€ procedure as in point mechanics, individual ”uid particles are tracked,

€ identi“cation via numbering coordinatesak, k = 1, 2, 3 (these are also called
Lagrangian coordinates and can, for example, be given by the position of
the ”uid particle at a certain time t0),

€ position xi = xi (ak, t), pressurep = p(ak, t), density � = � (ak, t),

€ velocity given by local time derivative: ui = � t xi (ak, t)
� spatial gradients are not immediately clear, but are needed, e.g.� yu in
the determination of shear stresses (� = µ � yu).

Eulerian perspective:

€ the procedure corresponds to the usual one in “eld theory,

€ at position xi at time t: uk = uk(xi , t), p = p(xi , t), � = � (xi , t).

Flows can bestationary or transient . For this purpose, we consider Figure 3.2.
There are two di�erent Eulerian perspectives:

€ Euler on the boat sees a stationary wave system,

€ Euler on the shore sees a transient wave system.

A ”ow is stationary 
 there is no time dependence in Eulerian
coordinates.
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Figure 3.2: Two observers in Eulerian coordinates: one on the shore
and one on the moving wave-generating boat.

3.1.2 Path lines, streamlines and streak lines

Movements in ”ow “elds can be described by path lines, streamlines and streak
lines. Figure 3.3 shows the di�erence between these lines using the example of
smoke escaping from a chimney while the wind decreases. The individual line types
are explained below.

decreasing wind

t4

t3

t2

t1

path line, started at time ti�
streak line at time ti

streamline, tangential to path line
at time t = t3

t3
t3

t2

t2

t3
t1

t2�

t1�

t3�

t0�

t4�

Figure 3.3: Representation of path lines, streamlines and streak lines using
the example of smoke escaping from a chimney while the wind dies down.

Path lines are trajectories of ”uid particles. They are obtained quasi as a time
record of a ”uid particle. In practice, this can be realized by adding small particles
that follow the ”ow with almost no momentum. Note: Fluid particles that pass
through the same place at di�erent times can follow di�erent trajectories.
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Streamlines are integral curves of the instantaneous velocity “eld. Each line
element d
s = ( dx, dy, dz)T of the streamline is parallel to the local velocity vector

u(
x, t ). Therefore:

d
s × 
u = 0 �
dx
u

=
dy
v

=
dz
w

or u : v : w = d x : dy : dz. (3.4)

Note: streamlines cannot intersect each other.

Streak lines represent the geometric position of all ”uid particles that have
passed a certain position in a time interval under consideration. In the example of
Figure 3.3, this is the visible smoke plume. Since a decreasing wind was assumed
here, the smoke plume rises with time.Note: If particles are added at a position in
the ”ow “eld in order to visualize the ”ow patterns (e.g. an ink thread introduced
into a pipe ”ow) you will always see streak lines but not necessarily path lines or
streamlines. The following applies:

In stationary ”ows, path lines, streamlines and streak lines are identical.

C

S1

S2

Figure 3.4: Stream tube,C is
the generating closed curve.

Stream tubes The surface of a stream
tube is formed by all streamlines that pass
through a completely closed curveC that
lies entirely in the ”uid (see Figure 3.4).

Stream “laments correspond to stream
tubes with a vanishingly small cross-
sectional area, such that the state of the
”ow can be assumed to be constant on the
cross-sectional area.

The streamlines delimiting a stream tube or a stream “lament cannot intersect. In
stationary ”ow, the condition of mass conservation provides for stream tubes of
small cross-sectional area (over which the state can be regarded as constant):

� 1u1S1 = � 2u2S2 = const. (3.5)

In incompressible ”ow (� = const) follows

u1S1 = u2S2 � u �
1
S

. (3.6)

The following can therefore be derived from the image of streamlines in an incom-
pressible ”ow:

€ converging streamlines: ”ow is accelerated,

€ diverging streamlines: ”ow is decelerated.
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3.1.3 Substantial time derivative

In Eulerian coordinates, we are looking for the change over time of a physical
quantity, e.g. the temperatureT, at a position xi . In a ”ow “eld, you have to
distinguish between the change in temperature of a ”uid particle

€ in its current environment,

€ and because the ”uid particle enters a region with a di�erent temperature.

This is shown here, “rst for scalar and then for vector quantities:

i) scalar quantities, e.g. the temperatureT(xi , t): the derivative is obtained
via the total time derivative, whereby it should be noted that the change in
time of the position just corresponds to the velocity:

dT(xi , t)
dt

=
�T
�t

+
3"

i =1

�T
�x i

dxi

dt
=

�T
�t

+
3"

i =1

�T
�x i

· ui (3.7)

= T/t + T/i · ui . (3.8)

Equation (3.8) also shows the time derivative in convenient index notation
using the summation convention. This is the substantial time derivative,
also known as the material or substantial derivative. It is composed of two
parts, a local and a convective time derivative. According to Stokes, it is
also referred to as DT/ Dt:

dT
dt�	
�

total

=
�T
�t�	
�

local
time derivative

+ 
u · gradT
� 	
 �

convective

=:
DT
Dt

.

Substantial time derivative

(3.9)

ii) vector quantities, e.g. a vector
B = ( b1, b2, b3)T : here, the derivatives of the
individual components are given analogously by

db1

dt
= � tb1 + 
u · gradb1, etc., that is (3.10)

d 
B
dt

= � t

B + ( 
u · grad) 
B. (3.11)

Note: (
u·grad) 
B corresponds to the directional derivative of
B in the direction

u (except for normalization). For the special case
B = 
u one obtains the

d
u
dt

= � t 
u + ( 
u grad)
u = � t 
u + grad
�


u2

2

�
Š 
u × rot 
u.

Substantial acceleration

(3.12)
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On the right-hand side, the term (
u grad) 
u was also converted by means of a
vector calculus identity into a form occasionally used below. The substantial
acceleration occurs in the equations of motion of ”uid mechanics. As equation
(3.12) shows it depends in a non-linear way on the velocity
u. This usually
makes the solution of the equations of motion di�cult.

3.2 Continuity equation and stream function

Figure 3.5: Control volumeV(t)
with surface A(t), and surface el-
ement dA with normal vector 
n
and velocity 
b.

Reynolds• transport theorem (RTT)
To derive the continuity equation, we “rst
consider in general terms how an extensive
variable in a time-varying control volume
changes over time. In ”uid mechanics, the
extensive variables of interest are mass, mo-
mentum and energy. The corresponding in-
tensive quantities are mass density, momen-
tum density and energy density (here each
related to the volume). The extensive quan-
tity is obtained by integrating the associated
intensive quantity � over a control volume,
see Figure 3.5. The temporal change of the
extensive quantity at a time t is then given
by

d
dt

�

V (t )

� dV. (3.13)

There are two contributions that lead to a change in the extensive quantity:

€ �� / �t dV : rate of change in the volume element dV at time t,

€ � 
b · 
n dA: rate of change due to the surface moving at velocity
b (see
Figure 3.5).

In the context of ”uid mechanics, the temporal change of the properties of a de“ned
”uid mass is of interest. We therefore consider in the following control volumes
that are materially bound. The surface area of such a volume moves with the local
”ow velocity, i.e. 
b= 
u. The temporal change in the extensive magnitude is then
given by a relationship that is known as

d
dt

�

V (t )

� dV =
�

V (t)

��
�t

dV +
�

A(t)

� 
 u · 
n dA.

Reynolds• transport theorem

(3.14)
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The integration limits of the integrals on the right-hand side of equation (3.14) are
no longer subject to the time derivative. Therefore, we can consider the control
volume also as a space-“xed control volume, through which the ”ow passes with
velocity 
u(
x, t ).

Continuity equation We now identify the intensive quantity � with the mass
density � and consider a materially bound control volumeV. Then the extensive
size is just the mass in the volume. Since mass in the volume cannot simply appear
or disappear, the mass inV is constant in time and we obtain with Reynolds•
transport theorem

0 =
d
dt

�

V
� dV =

�

V
� t � dV +

�

A
�
u · 
n dA (3.15)

(Gauss• theorem)� =
�

V
� t � dV +

�

V
div ( �
u) dV (3.16)

�
�

V
[� t � + div ( �
u)] dV = 0. (3.17)

Since the volume is arbitrary here, it follows that already the integrand must
vanish. This gives the continuity equation in di�erential form:

��
�t

+ div ( �
u) = 0 ,

D�
Dt

+ � div 
u = 0.

Continuity equation

(3.18)

(3.19)

For the second form of the continuity equation, it was utilized thatdiv (�
u) =

u grad� + � div 
u, and ��/�t + 
u grad� = D�/ Dt (substantial time derivative). For
incompressible ”ows� = const, one obtains the

div 
u = 0, � = const.

Continuity equation for incompressible ”uids

(3.20)

Stream function � At this point, it is a good idea to introduce the stream func-
tion � which will be used later. For any vector “eld 
B , the identity div rot 
B = 0
applies. A comparison with the continuity equation shows that this equation is
ful“lled for

incompressible ”ows with 
u = rot 
B, (3.21)

compressible, stationary ”ows with �
u = rot 
B. (3.22)

Kinematics



36 Chapter 3


B is a vector potential. This can be useful in two-dimensional ”ows since then
only one component of the vector potential
B is important. For two-dimensional,
incompressible ”ows, the continuity equation reads

div 
u =
�u
�x

+
�v
�y

= 0. (3.23)

This is ful“lled for a function � , the stream function , with

u =
��
�y

, v = Š
��
�x

. (3.24)

This corresponds to


u = rot 
B where 
B =

�

�
0
0
�

�

� . (3.25)

It is

d� = � x � dx + � y� dy = Šv dx + u dy. (3.26)

The total di�erential disappears along a streamline, since theredx/u = dy/v , see
equation 3.4. The following therefore applies:

� = const along streamlines, (3.27)

hence the name stream function. This applies analogously to�
u in two-dimensional
compressible stationary ”ows.

3.3 Rotation, vorticity, circulation

Figure 3.6 shows a parallel ”ow between two walls. The lower wall is at rest, the
upper wall moves to the right with a velocityu. The no slip condition is ful“lled on
the walls. A linear velocity pro“le arises in the ”uid. Such a ”ow is calledCouette
”ow . We will see later that the linear velocity pro“le is an exact solution of the
equations of motion (Navier-Stokes equations). Here we want to investigate whether
there is rotation in this shear ”ow. For this purpose, we consider imaginary pointers
that are brought into the ”ow “eld with di�erent orientation. A pointer aligned in
the direction of the ”ow will not change its orientation while pointers placed at a
di�erent angle � will perform a rotational movement as the velocities at the ends
are di�erent. The angular velocity �� of the pointer therefore depends on the angle� .

To determine the angular velocity �� , we proceed as in section 1.2.1 where the
shear rate was determined. To do this, we consider a pointer of lengthdl at an
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u

��. ��x

y

Figure 3.6: Rotation using the example of the Couette ”ow.

angle � = 90� to the direction of ”ow (see Figure 3.7a) and determine its angular
velocity. In a small time interval dt, the upper head of the pointer moves a distance
dx � �u/�y dy dt further to the right than the lower head. For small dt (and thus
small angular changes d� � dx/ dy) we again obtain

d�
dt

�
�u
�y

. (3.28)

In a further step, we carry out the same consideration for a pointer which lies at
an angle� , see Figure 3.7b. The procedure is the same but it should be noted that
now dy = sin � dl:

dx �
�u
�y

sin� · d�� 	
 �
= d y

dt, (3.29)

ds = d x· sin� (3.30)

=
�u
�y

sin2 � d� dt, (3.31)

d� =
ds
d�

=
�u
�y

sin2 � dt (3.32)

�
d�
dt

=
�u
�y

sin2 �. (3.33)

y

y + d y
dy = d �

dy = sin � d�

� d�

dx = �u/�y dy dt

d� ds
u0 dt d�

dx = �u/�y dy dt
�

before

after

x y

x

y

a) b)

�

Figure 3.7: Geometric considerations in relation to rotation.

Kinematics



38 Chapter 3

On average over all� we then obtain the mean value�·� :

#
d�
dt

$
=

1
2�

� 2�

0
sin2 �

�u
�y

d�

=
1

2�

�
1
2

� Š
1
4

sin(2� )
� 2�

0

�u
�y

=
1
2

�u
�y

.

(3.34)

(3.35)

For more general cases in which the ”ow is no longer parallel we consider a cuboid.
Exemplarily, we analyze the angle changes on one of the initially rectangular sides
of the cuboid, here on the side that is parallel to thexy-plane, see Figure 3.8.
Velocity changes in thex- and y-direction cause a rotation of the sides of the
rectangle by the angles d� 1 and d� 2 in the same way as before:

d� 1 =
�v
�x

dt, d� 2 =
�u
�y

dt. (3.36)

Figure 3.8: Rotation of a cuboid.

The mean angular velocity of the rectangle around thez-axis is obtained via the
mean angular velocities of the two sides of the rectangle. Taking into account that
here the angular changed� 2 is mathematically negative, the mean angular velocity
is given by

#
d�
dt

$
=

1
2

�#
d� 1

dt

$
Š

#
d� 2

dt

$�
(3.37)

=
1
2

�
�v
�x

Š
�u
�y

�
(3.38)

=
1
2

(rot 
u)z. (3.39)

This applies analogously to the other axes of rotation and the following general
relationship for the mean angular velocity is obtained:

%

��

&
=

1
2

rot 
u =:
1
2


�. (3.40)
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The rotation of the velocity vector is an important quantity in ”uid mechanics. It
is called thevorticity 
� :


� = rot 
u. (3.41)

Another major phenomenon that characterizes rotation in the ”ow “eld is the
circulation �. This is obtained by performing a line integrating of the velocity
along a closed curveC lying entirely in the ”uid, see Figure 3.9:

� =
'

C

u d
s Stokes=

�

A
rot 
u · 
n dA � � =

�

A

� · 
n dA. (3.42)

Figure 3.9: Circulation: integration
path C and surfaceA enclosed byC.

According to Stokes• theorem, the
circulation is also the integral of the
vorticity over the surfaceA enclosed
by the curveC. Here,
n denotes the
surface normal. In the representa-
tion of the circulation as a surface
integral, it can be seen that the vor-
ticity has the property of a density
(•vortex strenghtŽ per area).

Examples

i) closed streamline :
(

C 
u d
s �= 0.

C

Figure 3.10: Vortex in the dead water behind a backward facing step.

ii) shear ”ow : streamlines are parallel, in particular this means they are not
closed, nevertheless � =

(
C 
u d
s �= 0.

C

u

Figure 3.11: Rotational shear ”ow.
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iii) solid body rotation : when a solid body rotates around thez-axis at an
angular velocity 
�� , the velocity is given by


u(r ) = 
�� × 
r or v = �� · r (cylindrical coordinates). (3.43)

Figure 3.12: Circulation in solid body rotation around the z-axis.

The circulation along a curveC that does not include the origin (axis of
rotation) is

� =
'

C

u d
s = ��r 2 � � · r 2 Š ��r 1 � �r 1 = �� � �

�
r 2

2 Š r 2
1

�
(3.44)

=
�

A

� 
 n dA =

�

A
rot 
u 
n dA r 1� r 2= (rot 
u)z� 	
 �

= � z

·� � r 1(r 2 Š r1) (3.45)

� � z = ��
r 2

2 Š r 2
1

r1(r 2 Š r1)
� 2 �� for r2 � r 1. (3.46)

In the case of solid body rotation, thez-component of the vorticity vector
therefore corresponds to twice the angular velocity.

iv) potential vortex (examples: tornado, bathtub vortex): The azimuthal
velocity v is given by

v(r ) =
c
r

, c = const. (3.47)

Figure 3.13: Circulation in the potential vortex.
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In the potential vortex, the circulation disappears along a closed curveC
that does not include the origin:

� =
'

C

u d
s =

c
r2

� � r 2 Š
c
r1

� � r 1 = 0 (3.48)

� rot 
u = 0. (3.49)

The imaginary pointers in Figure 3.13 do not change their direction during
rotation. The circulation along a curve around the origin (circle with radius
R), on the other hand, is independent of the radius and not equal to zero:

� =
� 2�

0

c
R

R d�
� 	
 �

ds

= 2�c. (3.50)

At the origin, at r = 0, the potential vortex has a singularity. Also the
derivative of the velocity with respect to the radius diverges forr � 0 and
therefore also the tangential stress� = µ� r v. In viscous ”ows, this results in
a •core regionŽ around the origin, where the velocity distribution no longer
corresponds to that of a potential vortex. Instead, there is a transition to a
velocity distribution that corresponds to a solid body rotation.

Flows with 
� = rot 
u = 0 are called non-rotational ”ows. (3.51)

Figure 3.14 compares the non-rotational motion of the potential vortex with the
rotational motion in the case of solid body rotation. For this purpose, the motion
of an initially rectangular ”uid particle is followed. In the case of non-rotational
motion a deformation of the ”uid particle occurs which is such that the mean
rotation disappears. In the case of solid body rotation, on the other hand, the
”uid particle rotates.

� � 2

� � 1

� � 1 = Š� � 2

rot 
u = 0 rot 
u �= 0

Figure 3.14: Comparison of potential vortex and solid body rotation.

Kinematics



42 Chapter 3

3.4 Velocity potential

A scalar function � satis“es the identity rot (grad� ) = 0. In non-rotational ”ows,
rot 
u = 0. Therefore, the velocity in non-rotational ”ows an be represented by a
scalar velocity potential � :


u = grad �. (3.52)

The continuity equation must be ful“lled. For incompressible ”ows thus follows

0 = div 
u = div grad � � � � = 0. (3.53)

In incompressible ”ows,� is therefore a solution of Laplace•s equation. Solutions
for special cases are obtained using suitable boundary conditions.

Examples

i) Potential vortex: The potential vortex only has an azimuthal velocity
component v which decreases radially with 1/r (see above). The radial
componentu disappears. In cylindrical coordinates (r : radius, � : azimuthal
angle):

u = � r � = 0 � � is independent ofr, (3.54)

v =
1
r

� � � =
c
r

� � = c · �. (3.55)

The circulation is given by

� =
'

C

u · d
s =

'

C
grad� d
s = lim

E � S
(� E Š � S), (3.56)

where � S and � E denote the value of� at the neighboring start and end
points of the closed curveC. Depending on whether the curveC encloses
the origin or not (see Figure 3.15), one obtains for the circulation

� C1 = 2�c, � C2 = 0. (3.57)

S
S

Figure 3.15: Di�erent integration paths for determining
the circulation in the ”ow “eld of a potential vortex.
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In the case of the potential vortex, the circulation � is always identically zero
if C is a closed curve that does not include the origin.

ii) Source/sink: A classical solution of Laplace•s equation is

� = Š
a
r

, a = const, r =
�
x2 + y2 + z2

� 1/ 2
= |
r |. (3.58)

If one interprets this solution as a velocity potential, one obtains


u = grad � = Šagrad
1
r

=
a
r 3


r, |
u| =
a
r 2

. (3.59)

As with the potential vortex, there is a singularity at the origin. It is easily
seen that the solution satis“esdiv 
u = 0 for all r �= 0, i.e. the continuity
equation is ful“lled. The volume ”ux Q through a spherical surfaceA with
radius R that is symmetrical about the origin is obtained by integrating the
velocity over this surface:

Q =
�

A

u 
n dA =

a
R2

4�R 2 = 4�a = const. (3.60)

The volume ”ux is independent of the radius. Depending on the sign of the
constant a, we have a source or sink ”ow, see Figures 3.16a and 3.16b. This
is referred to as a point source or a point sink depending on the singularity at
the origin. The ”ow corresponding to a point sink is approximately present
when, for example, water ”ows out of a hole at the bottom of a bucket
(Figure 3.16c).

(a) Point source. (b) Point sink. (c) Example of a point sink.

Figure 3.16: Point source and sink.

3.5 Gradient tensor of the velocity

We have already seen that derivatives of the individual velocity components with
respect to the di�erent spatial directions play a role. This will be be examined in
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more detail here. To do this, we consider the gradient tensorLk	 of the velocity. It
is de“ned as

Lk	 := grad 
u = ( uk/	 ) =

�

�
� x1 u1 � x2 u1 � x3 u1

� x1 u2 � x2 u2 � x3 u2

� x1 u3 � x2 u3 � x3 u3

�

� . (3.61)

This tensor can be split into a symmetric and an antisymmetric part:

Lk	 = ( uk/	 ) =
1
2

(uk/	 + u	/k )
� 	
 �

=: D k�

+
1
2

(uk/	 Š u	/k )
� 	
 �

=: Rk�

, (3.62)

Dk	 is the rate of strain tensor which is symmetric: Dk	 = D	k ,
Rk	 is the rotation rate tensor which is antisymmetric: Rk	 = ŠR	k .

Rotation rate tensor:
Let us first take a closer look at therotation rate tensor . We have found (see
equation 3.40):


�� =
1
2

rot 
u =
1
2

�

�
u3/ 2 Š u2/ 3

u1/ 3 Š u3/ 1

u2/ 1 Š u1/ 2

�

� =
1
2


� =
1
2

�

�
� 1

� 2

� 3

�

� . (3.63)

If this is inserted into the de“nition of Rk	 , see equation (3.62), the following is
directly obtained

Rk	 =
1
2

�

�
0 Š� 3 � 2

� 3 0 Š� 1

Š� 2 � 1 0

�

� . (3.64)

The rotation rate tensor Rk	 is anisotropic, i.e. directionally dependent. Further
properties aretracelessness Tr( Rk	 ) = 0 and antisymmetry (by de“nition).

As an example, a solid body rotation around thex3-axis is considered, see Fig-
ure 3.17. This means that� 1 = � 2 = 0, and � 3 = const �= 0. Here, � 3 > 0 is
chosen. The following applies to the velocity at position
x:


u = 
�� × 
x =
1
2

rot 
u × 
x =
1
2

�

�
0
0
� 3

�

� × 
x =
1
2

�

�
Šx2� 3

x1� 3

0

�

� . (3.65)

This is also obtained using the rotation rate tensor as follows:

Rk	 
x =
1
2

�

�
Šx2� 3

x1� 3

0

�

� = 
u. (3.66)

In general, the following applies to solid body rotation:


u = Rk	 
x. (3.67)
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Figure 3.17: Solid body rotation.

Rate of strain tensor:
Deformation is made up of strain and shear. Both are described by therate of
strain tensor Dk	 . We start with the strain.

Strain Figure 3.18 shows the elongation of a rectangular body. Since the di�erent
corners move with slightly di�erent velocities the lengths of the edges change in
a small time interval dt as follows (procedure again via series expansion of the
velocity according to Taylor):

�x 1 = u1/ 1 � x1 dt, �x 2 = u2/ 2 � x2 dt. (3.68)

Figure 3.18: Strain.

The relative elongation in thex1-direction
is then

� 1 =
�x 1

� x1
= u1/ 1 dt, � 2, � 3 accordingly.

(3.69)

The relative elongation per time is therefore

�� 1 = u1/ 1, �� 2, �� 3 accordingly. (3.70)

Using these values, therelative volume
change due to strain , �, is calcu-
lated:

� =
�V
� V

=
(� x1 + �x 1)(� x2 + �x 2)(� x3 + �x 3) Š � x1 � x2 � x3

� x1 � x2 � x3
(3.71)

=
�x 1

� x1
+

�x 2

� x2
+

�x 3

� x3
+ O

�
�x i

2
�

�
3"

i =1

� i . (3.72)

Accordingly, the relative volume change per time is given by

�� �
3"

i =1

�� i = ui/i = div 
u. (3.73)
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This can also be shown using Reynolds• transport theorem. As a reminder:
Reynolds• transport theorem is

d
dt

�

V (t )
� dV =

�

V (t)

��
�t

dV +
�

A(t)
� 
b· 
n dA. (3.74)

At this point we consider a materially bound volumeV(t), then 
b = 
u. Furthermore,
let the speci“c state quantity be� = 1. Then follows:

dV
dt

= 0 +
�

A(t)

u · 
n dA =

�

V (t)
div 
u dV, (3.75)

lim
V � 0

1
V

dV
dt

= div 
u. (3.76)

This already goes back to Euler (1755). We note:

Local divergence of velocity
� relative volume change per time.

Shear In Figure Figure 3.19 , we look at the shear of a cuboid in two-dimensional
representation. The situation corresponds to that in Figure 3.8, except that the
shear is considered here and not the rotation. The angular changes occurring in
a small time interval dt are the same as for the rotation. However, the shear is
characterized by the sum of the absolute values of these angular changes. The
change in time of the total angular change is obtained as follows:

�� 1 � u2/ 1 dt, �� 2 � u1/ 2 dt �
�� 1

�t
+

�� 2

�t
= u2/ 1 + u1/ 2. (3.77)

Corresponding expressions are obtained by looking at the other sides of the cuboid.
A comparison with the rate of strain tensor shows that the angular changes due to
shear correspond to components of the rate of strain tensor. However the rate of

Figure 3.19: Shear.
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strain tensor still contains components that are related to a volume change. These
can be split o� by dividing the deformation tensor into two parts. One is isotropic
and describes only the volume change rate, the other is symmetrical and describes
the shear (angular change rates) without volume change:

Dk	 =
1
2

�
uk/	 + u	/k

�

=
�

1
3

� k	 um/m

�

� 	
 �
isotropic, volume

change rate

+
�

1
2

�
uk/	 + u	/k

�
Š

1
3

� k	 um/m

�

� 	
 �
symmetric, trace=0,

shear without change of volume

. (3.78)

For illustration purposes, two components are explicitly written out here:

D12 = [0] +
�

1
2

�
�u 1

�x 2
+

�u 2

�x 1

�
Š 0

�
=

1
2

�
�u 1

�x 2
+

�u 2

�x 1

�
, (3.79)

D22 =
1
3

div 
u +
�u 2

�x 2
Š

1
3

div 
u =
�u 2

�x 2
. (3.80)
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Chapter 4

Dynamics

4.1 Stress state in a viscous fluid

In ”uid mechanics, the dynamics are essentially governed by the e�ect of stresses
in the ”uid. In statics and in the case of inviscid ”uids the stress state is already
fully de“ned by a direction-independent normal stress, the pressure. However, if
the ”uid is subject to viscosity, tangential stresses can also occur. For plane shear
”ows of Newtonian ”uids, we have learned about the simple Newtonian approach
for the shear stress. This must be extended for more complex ”ow processes. To
do this, we “rst consider the general description of the stress state in a continuum
via the stress tensor and then the extension of Newton•s approach for the general
case.

4.1.1 Stress tensor

We consider a surface elementdAn whose orientation in space is given by its
surface normal
n. Let a surface forced 
F
 act on the surface. In the equilibrium,
the opposite forceŠ d 
F
 acts on the rear side of the surface, see Figure 4.1. We
de“ne the Cauchy stress vector 
� n as follows:


� n =

�

�
� n1

� n2

� n3

�

� =
d 
F


dAn
, (4.1)

Figure 4.1: Forces on a surface
dAn with surface normal
n.

where the “rst index, n, of the components
� ni , i = 1, 2, 3, stands for the surface orienta-
tion and the following for the stress direction
(it should be noted that the inverted order
is also used in the literature). The Cauchy
stress vector is dependent on both the posi-
tion 
x and the orientation 
n of the surface
element. This is shown below using the ex-
ample of a bar.
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Example Figure 4.2 shows a straight bar with uniform cross-section in equilib-
rium on which forces± 
F act in the axial direction. We determine the stresses
acting on di�erently oriented imaginary cut surfaces in the bar. The surfaceA0

whose normal lies at an angle� = 0 � to the bar axis is only subjected to a normal
stress� 0,n . On the other hand, surfacesA� that are at an angle� �= 0 � to the bar
axis are subject to both tangential (F�,t ) and normal forces (F�,n ). Denoting the
resulting normal and tangential stress components with� �,n and � �,t , one obtains:

� 0, n =
F
A0

, � �, n =
F cos�

A0/cos�
= � 0, n · cos2 �, (4.2)

� 0, t = 0, � �, t =
F sin�

A0/cos�
= � 0, n · sin� · cos�. (4.3)

The stresses are dependent on the angle� , i.e. on the surface orientation.

Figure 4.2: Forces on imaginary cut surfaces in a
bar under tension.

Sign of the stress vector We consider a surface elementdA1 with normal
vector 
e1 in the x1-direction. The force acting on this surface is labeledd 
F


(see Figure 4.3). The associated stress vector
� 1 is then given by

x3

x2

x1


e1

dA1

Šd 
F
 d 
F


Figure 4.3: Force equilibrium
at a surface element.


� 1 =

�

�
� 11

� 12

� 13

�

� =
d 
F


dA1
. (4.4)

On the rear side of the surface element
acts a forceŠ d 
F
 of same magnitude.
The rear side of the surface element with
surface normalŠ
e1 is indexed with•-1Ž,
dAŠ 1, where dA1 = dAŠ 1. For the
stress vector we obtain


� Š 1 =
Š d 
F


dAŠ 1
=

Š d 
F


dA1
= Š 
� 1. (4.5)
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The stress vectors on the front and rear sides of a ”at element are oppositely
equal. This must be taken into account in the following considerations of a force
equilibrium.

Equilibrium of forces We now consider the equilibrium of forces for a small
volume elementdV with the surface dA. As with statics, for the sake of simplicity
we will restrict ourselves here to viewing a prism from the side, see Figure 4.4.
Both body and surface forces act on the prism. Since the body forces disappear
faster than the surface forces fordV � 0, in the limit dV � 0 the vector sum of
the surface forces alone must vanish. With dAŠ i = d Ai :

2"

i =1

�
Š 
� i dAi

�
+ 
� n dAn

!= 0. (4.6)

Since dAi = 
n · 
ei dAn = ni dAn we have



2"

i =1

�
Š 
� i ni

�
+ 
� n

�

dAn
!= 0 (4.7)

dA n �=0
� 
� n =

2"

i =1

�
ni


� i

�
. (4.8)


� n is the stress vector with respect to the surface with
n as the normal vector.
Alternatively, this can also be represented usingCauchy•s formula :

� nj = ( � ij )T · ni . (4.9)

Figure 4.4: Stresses at a prism in equilibrium.
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In a continuum, the stress state is completely determined by the

� = � ij , i, j � { 1, 2, 3} .

Stress tensor

(4.10)

The diagonal elements� ii are the normal stresses. These are formally de“ned
as tensile stresses (a positive pressure corresponds to a� ii < 0). The � ij , i �= j ,
denote the tangential stresses (shear stresses) that are caused in ”uids solely by
viscosity.

At rest, � ii = Šp and � ij = 0 � i �= j . This suggests to separate the pressure from
the stress tensor� ij and to summarize the tensions due to the viscosity in the
viscous stress tensor � ij :

�

�
� 11 � 12 � 13

� 21 � 22 � 23

� 31 � 32 � 33

�

� = Š1p +

�

�
� 11 � 12 � 13

� 21 � 22 � 23

� 31 � 32 � 33

�

� . (4.11)

The unit tensor 1 is given by � ij = 1 for i = j and � ij = 0 otherwise.

Symmetry of the stress tensor We consider the angular momentum
L of a
small cuboid. The temporal change of its angular momentum
L is equal to the
torque 
M caused by the external forces:

d
L
dt

= 
M. (4.12)

Only viscous-related tangential forces are taken into account as external forces.
As an example, we treat the rotation of the cuboid around thex3-axis. Let the
angular velocity be given by� 3 and the corresponding moment of inertia bydI 3.
With

dI 3 � � ·
�

dx2
1 + d x2

2

�
dx1 dx2 dx3 � � · dx5

i (4.13)

we obtain (see Figure 4.5)

dL3

dt
= d I 3 · �� 3� 	
 �

� dx5
i

� 2�	
�
2 sides

� 12 dx2 dx3� 	
 �
surface

·
1
2

dx1
� 	
 �

lever arm

Š 2� 21 dx1 dx3
1
2

dx2. (4.14)

The minus sign in the right-hand expression is due to the fact that the stress� 21

acts in the direction of a mathematically negative sense of rotation (see Figure 4.5).
Small stress di�erences on opposite sides (e.g.�
 12

�x 1
dx1) only contribute to higher

order terms and have therefore been neglected. If now the volume approaches zero
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Figure 4.5: Stresses at a cuboid.

( dxi � 0), the left-hand side of the equation disappears faster than the right-hand
side. Therefore, fordxi � 0, the right-hand side alone must disappear. It follows:

2� 12 dx2 dx3 ·
1
2

dx1 = 2� 21 dx1 dx3
1
2

dx2 (4.15)

� � 12 = � 21. (4.16)

This applies in general, the stress tensor is symmetric:

� ij = � ji , i, j � { 1, 2, 3} . (4.17)

In summary, the stress tensor is given by

� ij = Š� ij p + � ij , i, j � { 1, 2, 3} , (4.18)

where, due to the symmetry, in addition to the pressurep only six further compo-
nents � ij = � ji occur. In ”uids these are caused by the viscosity.

4.1.2 Relationship between the stress tensor and
the gradient tensor of the velocity

In this section, a relationship between the viscous stresses and the velocity “eld is
heuristically derived. The relation applies to many (but not all!) ”uids. For the
simple plane shear ”ow in thex-direction (u = u(y)), the Newtonian approach for
the momentum transport in they-direction which we already know from Chapter 1
and which corresponds to a tangential stress in thex-direction acting on a surface
with a normal in the y-direction yields

� yx = µ
�u
�y

. (4.19)
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Similarly, also in more complex ”ow “elds the momentum transport between ”uid
particles that move against each other (and thus lead to a deformation of the
”uid) can be expected to cause viscous stresses. From a physical point of view the
following points must be taken into account:

€ Viscous stresses only occur if the ”uid is not ”owing uniformly. Therefore,
there are no residual viscous stresses at rest.

€ With solid body rotation, ”uid particles do not move against each other,
therefore no viscous stresses arise.

€ Viscosity is related to transport processes on molecular length scalesLmol .
�u k/�x l hardly changes over lengths of the order of magnitude �xl � Lmol . It
is therefore expected that higher derivatives of the velocity are not essential.

€ Only isotropic ”uids are considered here which do not have a directionally
dependent internal structure.

€ The stress tensor is symmetrical.

On the basis of these considerations, we assume that the derivatives of all velocity
components with respect to all spatial directions contribute to the viscous stresses.
As the most general approach, we choose a linear homogeneous relationship between
the � ij and the uk/l :

� ij = Aijkl · uk/l =
3"

k=1

3"

l=1

Aijkl
�u k

�x l
, i, j = 1, 2, 3. (4.20)

There are 34 = 81 unknown coe�cients Aijkl . Already due to the symmetry of
the stress tensor, their number is reduced. If all velocity derivatives disappear, i.e.
when the ”ow is uniform, no tangential stresses occur (homogeneous relationship).
We now proceed as follows. A tensoraij (i, j = 1, 2, 3) can always be divided
into an isotropic, a symmetric and an antisymmetric part. Here we apply this to
both the tensor of the viscous stresses and the gradient tensor of the velocity, and
then relate the three individual tensors linearly to each other. The corresponding
proportionality constants are shown in the following comparison between the
respective tensors:

� ij =
�

1
3

� ij � mm

�
+

�
1
2

(� ij + � ji ) Š
1
3

� ij � mm

�
+

�
1
2

(� ij Š � ji )
�

,

� � �

3µb 2µ 0

� � �
�

�u k

�x l

�
=

�
1
3

� kl
�u m

�x m

�

volume change

+
�

1
2

�
�u k

�x l
+

�u l

�x k

�
Š

1
3

� kl
�u m

�x m

�

shear without volume change
� 	
 �

D kl

+
�

1
2

�u k

�x l
Š

�u l

�x k

�

solid body rotation
� 	
 �

Rkl

.
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The two antisymmetric tensors do not contribute anything to the stresses because
the stress tensor is symmetrical and the rotation tensor describes a solid body
rotation that causes no viscous stresses. The remaining parts of the velocity
gradient tensor correspond to the symmetrical deformation tensor. On the one
hand, they describe the occurrence of viscous stresses due to shear without volume
change. The linear relationship between the two isotropic tensors shows on the
other hand that even a pure volume change can cause viscosity-induced normal
stresses. For the tensor of viscous stresses stresses we obtain

� ij = µ
�

�u i

�x j
+

�u j

�x i

�
+

�
µb Š

2
3

µ
�

� 	
 �
= :�

� ij
�u m

�x m
. (4.21)

It can be shown that this is the most general relation that ful“lls our requirements
(without proof). The di�erent coe�cients are denoted as follows:

µ : shear viscosity , (4.22)

µb = � + 2/ 3µ : bulk viscosity , (4.23)

� = µb Š 2/ 3µ : second coe�cient of viscosity . (4.24)

The shear viscosity corresponds to the dynamic viscosity already introduced. The
total stress tensor, now with pressure, is obtained as

� ij = Š� ij p + µ(ui/j + uj/i ) + �� ij um/m . (4.25)

Fluids that ful“ll this relationship between the stress and deformation tensor are
called Newtonian ”uids .

Next, we determine the mean value of the normal stresses,� � n � :

� � n � =
1
3

� ii = Šp +
1
3

(2µ + 3� )
� 	
 �

= µb

um/m = Šp + µb · um/m . (4.26)

If µb �= 0, it follows immediately that a pure volume change (um/m �= 0) generates
normal stresses. Empirically, it can be seen that for monatomic gasesµb = 0 and
for polyatomic gasesµb � 0. However, for rapid changes of stateµb > µ , e.g. in
air, µb leads to a considerable attenuation of ultrasonic waves. In ”uid mechanics,
often µb = 0 is used. This is also known asStokes• hypothesis and leads to

� = Š
2
3

µ. (4.27)
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The stress tensor is then given by

� ij = Š� ij

�
p +

2
3

µ um/m

�
+ µ

�
ui/j + uj/i

�
. (4.28)

For incompressible ”uids, div
u = um/m = 0. This simpli“es the stress tensor to

� ij = Š� ij p + µ
�

�u i

�x j
+

�u j

�x i

�
. (4.29)

4.1.3 Navier-Stokes equation

In this section, we set out the equations of motion of ”uid mechanics. For this
purpose, we consider the forces acting on a small volume element. These are, on
the one hand, surface forces caused by stresses and, on the other are body forces.

Surface forces The normal and tangential stresses acting on the surface of a
volume element (see again Figure 4.5) lead to a force e�ect on the volume element
if the corresponding stresses on opposite surfaces are di�erent in magnitude. For a
force in the x1-direction, for example, the normal stress on the two surfaces with a
normal in the x1-direction and surface area dx2 dx3 provides the contribution

��
� 11 +

�� 11

�x 1
dx1

�
Š � 11

�
dx2 dx3 =

�� 11

�x 1
dx1 dx2 dx3. (4.30)

This applies analogously to the tangential stresses. In general, the following is
obtained for the component of the total surface force in thexi -direction:

�
�� 1i

�x 1
+

�� 2i

�x 2
+

�� 3i

�x 3

�
dx1 dx2 dx3 = � ki/k dx1 dx2 dx3. (4.31)

Body forces The external body forces are again given here as a speci“c force,
more precisely as a force per mass:


F =

�

�
F1

F2

F3

�

� = Fi . (4.32)

The mass dm and the acceleration
a of the volume element are given by

dm = � dx1 dx2 dx3, (4.33)


a =

�

�
a1

a2

a3

�

� = ai =
dui

dt
=

�u i

�t
+ uk

�u i

�x k
= ui/t + ukui/k . (4.34)
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According to Newton•s second axiom, the fundamental equation of mechanics, the
external forces acting on the volume element which here also include the surface
forces are equal to the mass times the acceleration of the volume element:

ai dm� 	
 �
inertia

= � ki/k dx1 dx2 dx3
� 	
 �

viscous forces

+ Fi dm� 	
 �
body forces

. (4.35)

If the acceleration is expressed by the substantial time derivative of velocity one
obtains

ui/t + ukui/k =
1
�

� ki/k + Fi = Š
1
�

p/i +
1
�

� ki/k + Fi .

Cauchy•s equation of motion

(4.36)

This equation does not yet contain an approach for the tensor of viscous stresses
and is therefore generally valid in continuum mechanics. An alternative notation is

�
d
u
dt

= Š� p + � � + � 
F . (4.37)

In the following, we consider Newtonian ”uids. We have speci“ed the viscous
stresses� ki for these in the last section:

� ki = µ
�

�u k

�x i
+

�u i

�x k

�
+ �� ki div 
u. (4.38)

Using this approach in Cauchy•s equation of motion the result is

� (ui/t + ukui/k ) = Šp/i +
)
µ

�
uk/i + ui/k

�*
/k

+
)
�� ki um/m

*
/k

+ �F i . (4.39)

Fully written out, for example, one gets for the component in thex1-direction, i.e.
for i = 1 in equation (4.39):

�
�

�u 1

�t
+ u1

�u 1

�x 1
+ u2

�u 1

�x 2
+ u3

�u 1

�x 3

�
=

Š
�p
�x 1

+ �F 1 + 2
�

�x 1

�
µ

�
�u 1

�x 1

��
+

�
�x 2

�
µ

�
�u 2

�x 1
+

�u 1

�x 2

��

+
�

�x 3

�
µ

�
�u 3

�x 1
+

�u 1

�x 3

��
+

�
�x 1

�
�

�
�u 1

�x 1
+

�u 2

�x 2
+

�u 3

�x 3

��
. (4.40)

It should be noted here thatµ and � are generally not constant, in particular,µ
depends on the temperature (µ = µ(T)). Often, especially in incompressible ”ows,
µ � const and, with Stokes• hypothesis, also� = Š2/ 3µ � const. For µ = const
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and � = const as well as the assumption of incompressibility (div 
u = 0), the
viscous terms simplify considerably. Then, for example, thex1-component of the
viscous term is

2µ
� 2u1

�x 2
1

+ µ
� 2u1

�x 2
2

+ µ
� 2u2

�x 1�x 2
+ µ

� 2u1

�x 2
3

+ µ
� 2u3

�x 1�x 3
+ �

�
�x 1

(div 
u)

= µ
�

� 2

�x 2
1

+
� 2

�x 2
2

+
� 2

�x 2
3

�

� 	
 �
= :�

u1 + ( µ + � )
�

�x 1

�
�u 1

�x 1
+

�u 2

�x 2
+

�u 3

�x 3

�

� 	
 �
div u=0 for � =const

= µ� u1.

(4.41)

This results in the equation of motion for incompressible Newtonian ”uids, the

�
dui

dt� 	
 �
inertia

= Š
�p
�x i� 	
 �

pressure

+ µ� ui

� 	
 �
viscous
forces

+ �F i

�	
�
external

forces

, µ = const, div 
u = 0.

Navier-Stokes equation

(4.42)

An alternative notation of the Navier-Stokes equation is as follows:

d
u
dt

= Š
1
�

� p + � � 
u + 
F where � 
u :=

�

�
� u1

� u2

� u3

�

� (4.43)

and � = µ/� denotes the kinematic viscosity. The application of the Laplace
operator to the velocity vector is to be understood component-wise.

The Navier-Stokes equation is a non-linear di�erential equation of the second
order. The non-linearity lies in the convective time derivative of the velocity. The
second-order derivatives in the viscous terms allow the ful“llment of the no-slip
condition at solid surfaces, i.e. the speci“cation of two conditions for the velocity:

€ normal component of the velocity (relative to the wall) disappears,

€ at the surface, the tangential velocity disappears.

For the calculation of transient, i.e. time-dependent ”ows, additionally initial
conditions must be speci“ed.

The viscous terms in the Navier-Stokes equation are often small compared to the
other terms. Therefore, one might be inclined to neglect them and leave them out
completely. However, this reduces the order of the di�erential equation by one
and two boundary conditions can no longer be speci“ed. On solid surfaces, the
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no-slip condition can therefore only be ful“lled with the viscous terms. Without
the viscous terms, e�ects based on the no-slip condition cannot be described.

Finally, it should be pointed out once again that the Navier-Stokes equation in
the form of equations (4.42) or (4.43) is only valid for incompressible Newtonian
”uids. The non-Newtonian ”uids mentioned in Section 1.1 are not described by
this equation since the stress tensor is then no longer linearly related in a simple
way via two coe�cients with the gradient tensor of the velocity. An example of a
non-Newtonian behavior of a ”uid known to many is, for example, cake batter that
creeps up the stick in the center of a food processor, di�erently than one would
expect due to the centrifugal force.

4.2 Inviscid ”uids

In many cases, ”ow processes can already be described without taking viscosity into
account. This applies in particular to gas dynamics and liquids with free surfaces.
The ”uids and the ”ows can then be regarded as inviscid by approximation.

4.2.1 Euler-equation

In Chapter 2, Statics, it was shown that the state of stress in ”uids at rest is
determined solely by the non-directional normal stress, the pressure. This also
applies to inviscidly ”owing ”uids as the viscosity-related shear stresses disappear.
The equation of motion for inviscid ”uids therefore follows directly from Cauchy•s
equation of motion (4.36) by omitting the viscous stresses� ik in this equation. The
equation of motion for the inviscid ”uid is known as the

d
u
dt

=
�
u
�t

+ ( 
u · � ) 
u = Š
1
�

� p + 
F .

Euler-equation

(4.44)

It should be emphasized that no condition is imposed here on the compressibility
of the ”uid. The Euler equation is therefore generally valid for compressible ”uids,
div 
u �= 0 is permitted. The Euler equation is a non-linear di�erential equation of
the “rst order. Unlike with the Navier-Stokes equation, therefore only one boundary
condition can be speci“ed. For transient ”ows additionally initial conditions must
be added. We distinguish between solid boundaries and free surfaces:

€ solid wall : the ”ow cannot pass through the surface, the velocity component
in the direction normal to the wall (
n) must disappear,
u · 
n = 0, the ”uid
”ows tangentially along the wall.
Note: the no-slip condition can no longer be ful“lled! Important ”uid
mechanical phenomena such as the emergence of drag cannot be described.
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€ free liquid surface : the surface is free to move, therefore instead of a
condition for the velocity the pressure in the gas above the liquid is normally
speci“ed as constant.

Example: Euler equation with Coriolis force

As an example of the application of the Euler equation, we consider local ”ows in
the atmosphere of earth at an angle� north latitude. To keep the example simple,
only the Coriolis force and gravity are taken into account. (The small in”uence of
the centrifugal force can, similar to gravity in hydrostatics, be integrated into the
pressure via its force potential.) With the angular velocity of the Earth•s rotation,

� 0, |
� 0| � 2� · 1.2 · 10Š 5 1

s , the Coriolis force 
FC (per mass) is given by


FC =2
u × 
� 0. (4.45)

Figure 4.6: Rotating Cartesian
coordinate system.

A co-rotating Cartesian coordinate sys-
tem is chosen in accordance with Fig-
ure 4.6, i.e. a tangential plane is placed
at an angle � north latitude to the
earth•s surface. In this system, the grav-
itational force 
Fg (per mass) and the
angular velocity are given by


Fg =

�

�
0
0

Šg

�

� , (4.46)


� 0 = |
� 0| ·
+

cos(� )
� 	
 �

sin ( �
2 Š � )


j + sin( � )
� 	
 �

cos ( �
2 Š � )


k
,
,

(4.47)

where
j and 
k denote the unit vectors in theyŠ and zŠdirections. Taking into
account


u × 
� 0 =

�

�
v sin(� ) Š w cos(� )

Šu sin(� )
u cos(� )

�

� · |� 0|, (4.48)

the three components of the Euler equation are as follows:

du
dt

= Š
1
�

�p
�x

+ 2|
� 0| · v sin(� ) Š 2|
� 0|w cos(� ),

dv
dt

= Š
1
�

�p
�y

Š 2|
� 0| · u sin(� ),

dw
dt

= Š
1
�

�p
�z

+ 2|
� 0| · u cos(� ) Š g � Š
1
�

�p
�z

Š g.

(4.49)

(4.50)

(4.51)
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In the last equation, it was utilized that 2|� 0|u cos(� )/g � 1. These are the basic
equations of meteorology for small-scale investigations.

If the inertial forces are negligible compared to the Coriolis force, then in the case
of a stationary ”ow there is a force equilibrium between the pressure forces and
the Coriolis force in the tangential plane. Since the Coriolis force basically acts
perpendicular to the direction of ”ow, this also applies to the pressure gradient.
From this it follows that the pressure along streamlines is constant. Such ”ows
are typical for some large-scale movements in the atmosphere. These are called
geostrophic winds . On weather maps, the corresponding air movements oc-
cur approximately parallel to the isobars. In the northern hemisphere an area
of high pressure is circulated clockwise and an area of low pressure counterclockwise.

Euler equation in natural coordinates

In preparation for the derivation of Bernoulli•s equation, we will formulate Euler•s
equation in natural coordinates. For this purpose, we consider a streamline “eld at
a time t = t0, see Figure 4.7a. At a location on a streamline, a coordinate system
is de“ned by the three unit vectors
s, 
n and 
b, where

€ 
s is the unit vector for the streamline coordinates, at the location under
consideration
s is tangential to the streamline,

€ 
n is the normal, at the location under consideration, it is directed to the
center of curvature of the streamline,

€ 
b= 
s × 
n is the binormal which is orthogonal to
s and 
n.

.
.

.
.

x

circle of
curvature

Figure 4.7: Natural coordinates: a) coordinate system at a location in
the streamline “eld, b) single streamline and circle of curvature.
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Figure 4.8: Cylindrical coordinates.

The velocity components are de“ned as follows:
€ v in the direction of 
s,

€ u in the direction of Š
n,

€ w in the direction of 
b, w 	 0 applies.

In Figure 4.7b we now consider a single streamline. Locally, we can write the Euler
equations in cylindrical coordinates (see Figure 4.8 for notation):

�u
�t

+ u
�u
�r

+
v
r

�u
��

+ w
�u
�z

Š
v2

r
= Š

1
�

�p
�r

+ Fr , (4.52)

�v
�t

+ u
�v
�r

+
v
r

�v
��

+ w
�v
�z

= Š
1
�

1
r

�p
��

+ F� , (4.53)

�w
�t

+ u
�w
�r

+
v
r

�w
��

+ w
�w
�z

= Š
1
�

�p
�z

+ Fw. (4.54)

In natural coordinates,u = 0, w = 0, 
n = Š
r , r d� = ds, �u
�s = 0, so that we obtain

from the Euler equations an equation for the direction normal to the streamline
and an equation for the direction tangential to the streamline:

�u
�t

Š
v2

R
=

1
�

�p
�n

Š Fn,

�v
�t

+ v
�v
�s

= Š
1
�

�p
�s

+ Fs.

(4.55)

(4.56)

The third Euler equation (4.54) describes an equilibrium between pressure and
external forces in the binormal direction which is not of interest here and therefore
is not listed. For stationary ”ows without external forces, the following conclusions
can be drawn from equation (4.55):

€ The pressure increases from the center of curvature outwards.

€ In parallel ”ows, the radius of curvatureR � � and therefore �p
�n � 0.

In stationary parallel ”ows without external forces, the pressure does
not change traversely to the direction of ”ow.

The integration of equation (4.56), also in its unsteady form and with external
forces, leads to Bernoulli•s equation.
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4.2.2 Bernoulli•s equation

In the following, we assume that external forces are conservative, i.e. have a
potential U, and that the density depends solely on the pressure. The latter
is calledbarotropy and is often su�cient to indicate the relationship between
pressure and density. Furthermore, we introduce a pressure functionP that depends
solely on the pressurep in the case of barotropy. To summarize, in the following
we assume:

€ barotropy: � = � (p), (4.57)

€ de“nition: P :=
�

dp
�

, dP =
1
�

dp, (4.58)

€ external forces have a potentialU: 
F = � U. (4.59)

From the Euler equations in natural coordinates, we now consider equation (4.56)
for the velocity in the streamline direction. The velocity in this direction is equal
to the total magnitude of the velocity, i.e.v = |
u|. Taking equations (4.58) and
(4.59) into account, we obtain

� |
u|
�t

+ |
u|
� |
u|
�s

=
� |
u|
�t

+
1
2

� |
u|2

�s
=

�
�s

(U Š P) . (4.60)

In the following, we distinguish between stationary and irrotational ”ows. In
addition, we will now denote the magnitude of the velocity withu = |
u| (instead
of continuing to use the streamline componentv).

Stationary ”ow Equation (4.60) is integrated along a streamline:
�

1
2

�u 2

�s
ds =

�
�
�s

(U Š P) ds. (4.61)

We get

P +
u2

2
Š U = C.

Bernoulli•s equation for stationary ”ows

(4.62)

C is an integration constant that is constant along individual streamlines but is
not necessarily constant throughout the entire ”ow “eld. For example, di�erent
constantsC occur in ”ows that come from di�erent areas (e.g: after the con”uence
of Rio Negro and Amazon or breathing air and ambient air).
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Irrotational ”ow In irrotational ”ows exists a velocity potential � so that

u = grad � , see Section 3.4. Equation (4.60) can thus be written as follows:

�
�s

�
��
�t

+
1
2

u2 + P Š U
�

= 0. (4.63)

After integration along a streamline, we get

��
�t

+
u2

2
+ P Š U = f (t).

Bernoulli•s equation for irrotational ”ows

(4.64)

Here, f (t) is an integration •constantŽ that is generally time-dependent, for exam-
ple, when the pressure varies due to external in”uences. In the case of stationary
boundary conditions, on the other hand,f (t) = const.

Bernoulli•s equation (stationary) via conservation of energy

Figure 4.9: Stream tube with
variable cross-section.

Bernoulli•s equation for stationary or irrota-
tional ”ows was obtained by integration of
the Euler equation along a streamline. The
Euler equation describes the temporal change
of momentum due to acting forces. There-
fore Bernoulli•s equation is an energy equation.
The stationary form of Bernoulli•s equation
can also be derived directly in a simple way by
using the principle of conservation of energy in
a stream tube. For this purpose, we consider
an incompressible ”ow through a horizontal
stream tube with variable cross-sectional area, see Figure 4.9. In a time interval
� t the same volume must ”ow through each cross section for reasons of continuity,
i.e. the following applies to the areasA1 and A2:

� V = A1� x1 = A2� x2 (4.65)

with � x1 = u1� t, and u1 as the velocity at A1 (� x2 accordingly). Here, the
pressuresp1 and p2 perform the following work � W:

� W1 = p1A1� x1 = p1� V, (4.66)

� W2 = p2A2� x2 = p2� V. (4.67)

Again for reasons of continuity, the velocities at the two surfaces are of di�erent
magnitudes. This also applies accordingly to the kinetic energy. As no further
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energies (force potentials) are considered, di�erences in the kinetic energy must be
compensated for by corresponding di�erences in the work:

� W1 Š � W2 = ( p1 Š p2)� V =
1
2

� � V(u2
2 Š u2

1). (4.68)

From this follows immediately Bernoulli•s equation for stationary ”ows without
external force in its perhaps best known, but also most restricted form:

p +
1
2

�u 2 = const = p0. (4.69)

The constant p0 denotes the pressure at a location where the velocity disappears.
This is the case in a large reservoir, for example, from which the ”ow and therefore
also the stream tube originates.

4.2.3 Bernoulli•s equation: examples

i) E�ux of a liquid from a vessel

liquid, incompressibel: P = p/� ,

gravitational potential: U = Šg · z,

Bernoulli•s equation
(stationary): p + �

2u2 + �gz = C,

boundary conditions:
(AR: cross-sectional area
of pipe
A0: liquid free surface)

AR � A0,

continuity: u0A0 = uRAR,

velocities:
(quasi-stationary ”ow) u2

R � u2
0 � 0,

pressure: atmospheric pressurep0 prevails both, at the liquid free surface
(at A0) and at the end of the pipe

this means: p0 + 0 + �gz 0 = p0 + �
2u2

R + �gz R

uR =
-

2g(z0 Š zR) =
-

2gh.

Torricelli•s theorem

(4.70)
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The Bernoulli equation is an energy equation: along a streamline from the free
surface (A0) of the liquid in the vessel, where the velocity is practically zero, to
the e	ux of the liquid jet from the end of the pipe, the potential energy, �gh , is
completely converted into kinetic energy,�/ 2u2

R.

ii) Venturi tube (measurement of volumetric ”ow rates)

1 3
2

Bernoulli•s equation, stationary, no gravity: � � p = p1 Š p2 = �
2(u2

2 Š u2
1),

continuity: u1A1 = u2A2 = �V (volumetric ”ow rate) � � p = �
2u2

2

�
1 Š

�
A 2
A 1

� 2
�

� �V = A2u2 = A2

./
/
0 2

� p
�




1 Š
�

A2

A1

� 2
� Š 1

. (4.71)

iii) Oscillation of a liquid in a U-tube

This is an example of the Bernoulli equation for transient ”ows:

grad
�

��
�t

+
u2

2
+

p
�

Š U
�

= 0. (4.72)

length of the liquid column: l ,

pressure in the ambient gas: pa,

force potential (gravity): U = Šgz,

Therefore, it follows from equation (4.72):
� s2

s1

�u
�t

ds +
u2

2

2
Š

u2
1

2
+

p2

�
Š

p1

�
+ g · h = 0.

(4.73)

It is: u(s) = u1 = u2 = 1
2

�h and p1 = p2 = pa

�
1
2

ḧ · l + g · h = 0, or: ḧ +
g

l/ 2
· h = 0.

z

h

p1, u 1

u2, p 2

pa s

g
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This is an oscillation equation with the solution

h = h0 · exp
�

i ·
1

g
l/ 2

· t
�

(4.74)

where h0 is the maximum displacement of the liquid levels. The period of the
oscillation of the liquid column corresponds to that of a mathematical pendulum
of length l/ 2.

iv) Parallel ”ows

In parallel ”ows, the radius of curvatureR of the streamlinesR � � and thus
�p
�n � 0 (see Euler equation in natural coordinates, Section 4.2.1). In parallel ”ows,
the pressure does not change transversely to the direction of ”ow. If, in a parallel
”ow, the velocity is di�erent on di�erent streamlines, this is therefore also the
Bernoulli constant.

Application: equalization of velocity di�erences in a wind tunnel by means of a
nozzle (here:� = const).

parallel ”ow: pa,1 = pb,1 = p1, pa,2 = pb,2 = p2.

Bernoulli•s equation for the two partial streamsa and b:

�
2

u2
a,2 Š

�
2

u2
a,1 = p1 Š p2 and

�
2

u2
b,2 Š

�
2

u2
b,1 = p1 Š p2. (4.75)

After equating the left sides we get:

u2
a,2 Š u2

b,2 + u2
b,1 Š u2

a,1 = 0 � (ua,2 Š ub,2)(ua,2 + ub,2) = ( ua,1 Š ub,1)(ua,1 + ub,1)
(4.76)

�
� u2

� u1
=

ua,2 Š ub,2

ua,1 Š ub,1
=

ua,1 + ub,1

ua,2 + ub,2
. (4.77)
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The change in velocity has the same sign for both partial streams. Due to the
continuity the velocity increases in the downstream direction (see “gure last page).
Therefore:

ua,1 + ub,1 < u a,2 + ub,2 and with equation (4.77):
� u2

� u1
< 1. (4.78)

In the case of small velocity di�erences (•disturbancesŽ)ua,i � ub,i = ui , i = 1, 2,
and with u1 · A1 = u2 · A2 we “nally get

� u2

� u1
=

u1

u2
=

A2

A1
< 1, in relative terms:

� u2/u 2

� u1/u 1
=

u2
1

u2
2

=
�

A2

A1

� 2

< 1. (4.79)

In addition to an acceleration of the ”ow, a wind tunnel nozzle also causes a
reduction of the (relative) disturbances in the longitudinal velocity.

v) Gravity current (according to von K´ arm án)

Consider the dispersion of a gas cloud with increased density in the Earth•s gravi-
tational “eld (e.g. •chemical accidentŽ or sediment/dust cloud, see Figure 4.10):

u1 = 0

 �� 1

�� 2 > �� 1

D

uD

uD

The transient ”ow becomes stationary in the reference system of the front (D)
(superposition ofŠuD ). In the stationary reference frame, the velocity disappears
in the cloud and at D (D is called a stagnation point, see next Section 4.2.4):

 �� 1

 �� 2 

D

-uD

d

B

it is: pD = pB + � 1gd+ � 1
2 u2

D (streamline from D to B in ”uid 1),
pD = pB + � 2gd (streamline from D to B in ”uid 2).

For the velocity of the front we get

ud =

2
2g(� 2 Š � 1)

� 1
d . (4.80)
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Figure 4.10: Gravity current: Sandstorm (Habub) in Texas (Lea”et,
CC BY-SA 3.0, via Wikimedia Commons).

vi) Flow around a solid body

The body moves through a liquid with a hydrostatic pressure distribution:

p = p0 Š �gz. (4.81)

Far from the body, the following relation applies on streamline •iŽ:

pi + �gz i = p0 = const. (4.82)

Adding �/ 2 u2
� (reference system of the body), then we have far from the body:

pi +
�
2

u2
� + �gz i = p0 +

�
2

u2
� = const, (4.83)

e.g. this holds on streamlines 2 and 5 (see below) and thus at points� and 	 lying
on them:

p2 +
�
2

u2
� + �gz 2 = p� +

�
2

u2
� + �gz � = const

=

(4.84)

p5 +
�
2

u2
� + �gz 5 = p� +

�
2

u2
� + �gz � = const. (4.85)

external reference system reference system of the body
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The Bernoulli constant is therefore the same everywhere. Bernoulli•s equation
therefore also connects the points� and 	 that are not on the same streamline:

p� +
�
2

u2
� + �gz � = p� +

�
2

u2
� + �gz � . (4.86)

4.2.4 De“nitions

Considering the ”ow around a body, there are certain streamlines in the ”ow “eld
and certain points on the surface of the body that di�er from the others. This is
shown in Figure 4.11, where we consider an incompressible ”ow without external
forces. We de“ne:

u��

��

Staustromlinien

p��

Sf
Sr

stagnation point streamlines

Figure 4.11: Flow around a body: stagnation points and stagna-
tion streamlines.

€ stagnation point : point on the surface of the body at which a streamline
ends / begins, at this pointu = 0 m

s .
Sf / Sr : front / rear stagnation point,

€ stagnation point streamline: leads to or away from a stagnation point,
at the stagnation point (index •sŽ) we have

pS = pS +
�
2

· 0 = p� +
�
2

u2
� = p� +

�
2

u2
� , (4.87)

€ stagnation or total pressure (Pitot-pressure) : maximum pressure, de-
noted by pS, see equation (4.87),

€ dynamic pressure : increase in pressure, between a position� and the
stagnation point (kinetic energy per volume):

pS Š p� =
�
2

u2
� , (4.88)

€ static pressure : physical pressure, at position� : p� .
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4.2.5 Pressure measurement

The three pressures de“ned in the last section can be determined by simple means.
The total pressure is measured at stagnation points, for example at the front
end of a pipe that is aligned parallel to the incoming ”ow. The corresponding
measurement device is called aPitot tube , see Figure 4.12. To measure the
static pressure, the measuring point must be placed at a point where the ”ow is
practically not disturbed by the measuring device. This is the case, for example,
if the pressure measuring point is located on the side of a cylinder around which
the ”ow ”ows and which is in turn aligned parallel to the incoming ”ow. To avoid
interference from the ”ow around the front end of the cylinder, the measuring
point for the static pressure must be far enough away from the front end of the
pipe. The di�erence between these two directly measurable pressures, i.e. between
the total pressure and the static pressure, gives the dynamic pressure, from which,
if the density of the incompressible ”uid is known, the velocity is obtained directly.
This is used in thePrandtl tube , see Figure 4.13.

stagnation point

Figure 4.12: Pitot tube for measuring the total pressure.

here:

stagnation point

Figure 4.13: Prandtl tube for measuring the dynamic pressure.
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4.3 Similarity considerations

We have already seen an initial similarity analysis in Section 1.4.2 using the example
of pipe ”ow. The Reynolds number turned out to be a decisive dimensionless
quantity of which we will see that it is of great importance not only for pipe ”ow,
but in general in ”uid mechanics. Similarity considerations also play a role in other
cases:

€ Solving the Navier-Stokes equation is generally di�cult. However, there are
cases in which the independent variables can be transformed in such a way
that only a dependency on an independentsimilarity variable is obtained.
The partial Navier-Stokes equation then becomes an ordinary di�erential
equation which is easier to solve. We will apply this in appropriate places
(cf. Sections 4.4.iii, 7.3).

€ Experimental studies are often carried out on small models. When can the
results obtained be transferred to large-scale models?

€ When conducting experiments, the e�ort can be reduced by using •intelligentŽ
concepts that are based on dimensional analysis.

4.3.1 Non-dimensionalized Navier-Stokes equations;
dimensionless groups

In this section, we will provide the Navier-Stokes equations in dimensionless
form. The dimensional units of the quantitites in the Navier-Stokes equations are
composed of the basic units for mass, length and time (kg, m, s). In addition to
length and time which appear explicitly in the derivatives we have the pressure
(Pa = kg/ (ms2)), the velocity (m/ s), the density (kg/m3), the dynamic viscosity
(N s/ m2 = kg/ (ms)) and the acceleration (m/ s2). Reference quantities with basic
units are usually only available for the length, possibly for the time. Reference
quantities with other units are therefore also required for non-dimensionalization:

€ reference length:L,

€ reference velocity:U (replaces a reference time),

€ reference time:T (T = L/U , if there is no explicit reference time),

€ reference pressure:�U 2 (replaces a reference mass).

Using these reference quantities, the Navier-Stokes equations can be scaled. Here
we demonstrate this using the example of the equation for thez-component with
gravity as a representative for an external force. We divide the dimensional equation
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by an acceleration formed with reference quantities and we expand the partial time
derivative with T/ T:

�w
�t

+ u
�w
�x

+ v
�w
�y

+ w
�w
�z

= Š
1
�

�p
�z

+
µ
�

�
� 2w
�x 2

+
� 2w
�y 2

+
� 2w
�z 2

�
Š g.

�
�
�
� :

U2

L

(4.89)

We get

L
UT

� w
U

� t
T

+
u
U

� w
U

� x
L

+ . . . = Š
� p

�u 2

� z
L

+
µ

�UL

�
� 2 w

U

�
�

x
L

� 2 + . . .

�

Š
Lg
U2

. (4.90)

The factor in front of the bracket is just the reciprocal of the already known
Reynolds number. The other dimensionless numbers at the “rst and last term of
the equation are further non-dimensional groups formed from reference quantities
and the gravitational acceleration. The non-dimensional groups are de“ned as
follows:

Re :=
�UL

µ
Reynolds number,

F r :=
U2

Lg
Froude number,

Sr :=
L

UT
Strouhal number (dimensionless frequency).

Non-dimensional groups

(4.91)

(4.92)

(4.93)

If there is an explicit reference timeT, the Strouhal number is a dimensionless
frequency. OtherwiseSr = L/ (U(L/U )) = 1 and the pre-factor before the local
time derivative drops out. If dimensionless variables are denoted with a tilde, e.g.
�g = g/gref, the non-dimensionalized Navier-Stokes equation (here thez-component
only) reads

Sr
� �w
� �t

+ �u
� �w
� �x

+ �v
� �w
� �y

+ �w
� �w
� �z

= Š
� �p
� �z

+
1

Re

�
� 2 �w
� �x2

+
� 2 �w
� �y2

+
� 2 �w
� �z2

�
Š

1
F r

. (4.94)

The exact form of the equation, and thus also its solution, depends on the three
non-dimensional groupsRe, Sr, and F r . The following applies:

For geometrically similar boundary conditions of a ”ow “eld the ”ows are also
similar (i.e. at similar locations the ”ow velocity is similar), if the

non-dimensional groups are all the same.
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Interpretation of the non-dimensional groups

i) Ratio of forces The order of magnitude of the forces (here per volume)
occurring in the Navier-Stokes equation is estimated as follows:

€ inertia force: � (
u � )
u � � U2

L ,

€ viscous force: µ� 
u � µ U
L 2 ,

€ gravity: �g.

The Reynolds and Froude numbers can be interpreted as the ratio of the inertia
force to the viscous force or gravity:

Reynolds number�
inertia force
viscous force

, Re =
� U2

L

µ U
L 2

=
�UL

µ
, (4.95)

Froude number�
inertia force

gravity
, F r =

�U 2

L

�g
=

U2

gL
. (4.96)

It is not always possible to interpret the non-dimensionless groups as a force ratio.
For example, this is not possible in the case of the laminar pipe ”ow, as no inertia
forces occur ((
u � ) 
u disappears).

ii) Ratio of energies The order of magnitude of the kinetic and potential energy
(per volume) are given by

€ kinetic energy: �U 2,

€ potential energy: �gL .

The Froude number can thus be interpreted as the ratio of the kinetic and potential
energy:

Froude number�
kinetic energy

potential energy
, F r =

�U 2

�gL
=

U2

gL
. (4.97)

The Reynolds number can also be interpreted as a ratio of energies. Here, the
energy dissipated in a time interval � t = L/U is compared with the kinetic energy.
Dissipation refers to the proportion of kinetic energy that is converted into heat
per time by viscosity. It can be approximated byµU/L (dissipation is discussed in
Section 6.1). It is

Reynolds number�
kinetic energy

dissipated energy
, Re =

�U 2

µ U
L

=
�UL

µ
. (4.98)
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iii) Ratio of characteristic time scales The following time scales are compared
with each other:

€ characteristic ”uid mechanical time : t” = L
U ,

€ explicit time (e.g. imposed from outside) : texpl = T,

€ time characteristic of viscosity e�ects : t 
 = L 2�
µ = L 2


 .

The Reynolds and Strouhal number result as ratios of these time scales:

Reynolds number�
char. time of viscosity e�ects

”uid-mechanical time
, Re =

L2

�
U
L

=
�LU

µ
,

(4.99)

Strouhal number�
”uid-mechanical time

explicit time
, Sr =

L
UT

. (4.100)

4.3.2 Dimensional analysis

In Section 1.4.2 we have already established that bothgeometric and dynamic
similarity must be taken into account for similar ”uid mechanical behavior. Another
point concerns thephysical dimensions of the variables that are decisive for
a problem under consideration. Only suitable combinations of these dimensions
provide dimensionally meaningful statements. The following example shows how
this can be used in an investigation.

Example: pipe ”ow The pipe ”ow from Section 1.4.2 is considered once again.
The dependence of the volumetric ”ow rate on various parameters is sought. In
addition to the length l and the radiusR of the pipe, we also select the dynamic
viscosityµ, density � and pressure di�erence �p = paŠ pe as the decisive parameters
that determine the ”ow rate, see Figure 4.14. The ”ow rateQ = �R 2ū, i.e. the
product of the average velocitȳu and the cross-sectional area of the pipe, is then a
function of 5 parameters:

Q = f (µ, �, R, l, � p). (4.101)

Figure 4.14: Pipe ”ow: notation.

In an experimental study, there are now two possible ways in which you can
proceed:
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€ brute-force method: variation of all parameters, for example 10 values per
parameter � 105 tests!

€ consideration of the dimensions of the parameters: in addition to the geometry,
the Reynolds number turns out to be a decisive parameter (see section 1.4.2)
� 102 tests!

The quantities appearing in equation (4.101) have the following physical dimensions,
here expressed by basic units for length (L), time (T) and mass (M ):

[Q] =
L3

T
, [µ] =

M
LT

, [� ] =
M
L3

, [R] = L, [l ] = L, [� p] =
M

LT 2
. (4.102)

The relation (4.101) is also valid for di�erently chosen units, for example, if the
basic unitsL, T and M are replaced by new unitsL �, T � and M � (now no longer
for length, time and mass) as follows:

L � =
L
�

, T� =
T
	

, M � =
M
�

. (4.103)

Here, � , 	 and � denote dimensional conversion factors that will be selected later
in a suitable manner. We have:

Q� =
	
� 3

Q, µ� =
�	
�

µ, � � =
� 3

�
�, R � =

1
�

R, l � =
1
�

l, � p� =
�	 2

�
� p.

(4.104)

With the new units the relation for the ”ow rate reads

Q� = f (µ�, � �, R�, l �, � p�) (4.105)

or

	
� 3

Q = f
�

�	
�

µ,
� 3

�
�,

R
�

,
l
�

,
�	 2

�
� p

�
. (4.106)

At this point, we now choose conversion factors in such a way that equation (4.106)
becomes dimensionless. As already mentioned in Section 1.4.2, we take care not to
scale the pressure via the dynamic pressure (and thus via the average velocityū),
as is often the case, because the average velocity is already contained in the ”ow
rate Q. Here, the ”ow rate is the variable of interest to be determined for a pipe
of known cross-sectional area. Speci“cally, we make the following choice:

� = R, 	 = R2 �
µ

, � = �R 3. (4.107)

This results in
�

µR
Q = f

�
1, 1, 1,

l
R

,
R2�
µ2

� p
�

. (4.108)
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With Q = �R 2ū, Re := � 2Rū
µ and � p related to the pipe length (� p

l ), we obtain

�
µR

�R 2ū =
�
2

Re = f
�

1, 1, 1,
l
R

,
R2�
µ2

l
� p
l

�
. (4.109)

This can be rewritten by integrating the factor�/ 2 into the right-hand side and
multiplying the last variable by 1/ 4 · R/l . This leads to

Re = g
�

1, 1, 1,
l
R

,
R3�
4µ2

� p
l

�
(4.110)

with a new function g which now only depends on two dimensionless variables.
For long pipes, i.e. largel/R , the pipe length itself plays no role, but only the
pressure gradient which occurs dimensionless in the last variable. The relationship
thus obtained by dimensional analysis agrees both with equation (1.38) for laminar
”ows which was derived from the Hagen-Poiseuille law and with the experimentally
observed relationship (1.39) for turbulent ”ows.

The example of the pipe ”ow shows that fundamental correlations can be de-
duced without knowledge of physical laws or experimental data using dimensional
analysis. This applies not only to ”uid mechanics, but also in general for relation-
ships between dimensional quantities. The procedure is as follows:

First, all n parameters essential for the problem under consideration,p1, p2, . . . , pn ,
are identi“ed (e.g. p1 = u, p2 = µ, . . .). This requires a physical understanding of
the problem. If too few parameters are taken into account, a correct description is
not possible. Conversely, if you take too many parameters, you will get correct
statements, but due to the large number of parameters, these are not necessarily
useful. The units of then essential parameters are made up of a numberm of
basic units (in ”uid mechanics, typically kg, m, s and possibly K). What is sought
is a functional relationship between then parameters which we write as follows:

f (p1, p2, ..., pn) = 0 . (4.111)

The n parameters are now used to form dimensionless products 
i , i = 1, 2, ..., e.g.
with p1 = u, p2 = �, p 3 = L and p4 = µ:


 1 =
p1p2p3

p4
=

u�L
µ

. (4.112)

There is an in“nite number of such dimensionless products, but only a “nite number
k of independent products. In dimensionless form, the functional relationship from
equation(4.111) can be expressed as a functional relationship betweenk independent
dimensionless products 
i , i = 1, . . . , k:

F (
 1, 
 2, ..., 
 k ) = 0 . (4.113)
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In this way, in the dimensionless representation, the numbern of variables is
reduced by the numberm of occurring basic units tok = n Š m. This can be
proven mathematically and is known as the Buckingham 
-theorem:

A function f betweenn dimensional quantities

p1, p2, . . . pn in which m independent basic units occur

can be described as a functionF betweenk = n Š m

independent dimensionless arguments 
1, 
 2, ..., 
 k .

The following functional dependencies then apply:

f (p1, p2, ..., pn) = 0 ,

F (
 1, 
 2, ..., 
 k ) = 0 .

Buckingham 
-theorem

In the example of pipe ”ow, we considered the ”ow rate as a function of 5 parameters.
In total, these aren = 6 parameters which containm = 3 basic units. According
to the 
-theorem, there is then a functional correlation betweenk = n Š m = 3
dimensionless parameters. This agrees with our result (equation (4.110)) which
shows a correlation between the following dimensionless quantities:Re, l/R and
R3�
4µ2

� p
l .

The result of the non-dimensionalization of the Navier-Stokes equations is also
in agreement with the 
-theorem. The equations themselves contain the density
� , the dynamic viscosityµ and the gravitational accelerationg. Furthermore we
have used a velocityU, a length L and a characteristic timeT. In total, these are
again n = 6 parameters which containm = 3 basic units. It is therefore to be
expected that the dimensionless form of the Navier-Stokes equations depends on
k = n Š m = 3 dimensionless products. This corresponds to our result (4.94) in
which the Reynolds numberRe, the Strouhal numberSr and the Froude number
F r appear as 3 non-dimensional groups independent of each other.

In ”uid mechanics, the dimensionless products are referred to asnon-dimensional
groups . In addition to those mentioned in the examples, there are many more non-
dimensional groups. These can be independent of the previous ones if, for example,
other physical phenomena such as heat conduction, capillarity or compressibility
are considered, or they are formed by combining known groups, e.g. 
 =Re/F r .

Example: Waves on a liquid free surface
As a further example of dimensional analysis, we are looking for the phase velocity
of waves on a free liquid surface, where •freeŽ means that the in”uence of the gas
above the liquid does not play a role. As restoring forces for a surface de”ected
from its equilibrium position, we take into account the gravity via the gravitational
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accelerationg, and the surface tension� . Other variables that could have an
in”uence on the phase velocityc are the wave length� , the density of the liquid �
and the depth H of the liquid, see Figure 4.15.

gas

liquid

Figure 4.15: Surface waves: notation.

We are now looking for the phase velocity as a function of the other parameters
mentioned:

c = f (�, �, g, H, � ). (4.114)

This can easily be converted into the form used above for the Buckingham 
-
theorem by introducing a new functionh = f Š c = 0. There are n = 6 parameters
with m = 3 basic units:

[c] =
m
s

, [� ] = m , [� ] =
kg
m3

, [g] =
m
s2

, [H ] = m , [� ] =
kg
s2

. (4.115)

According to the 
-theorem, there are thereforek = n Š m = 3 mutually indepen-
dent dimensionless groups between which there is a functional relationship:


 1 = F (
 2, 
 3). (4.116)

The following quantities are suitable for scaling length, time and mass:

length: �, time:

2
�
g

, mass: �� 3. (4.117)

If we use these quantities to scale all parameters in equation (4.114), we obtain

c
�

�g
= f

�
1, 1, 1,

H
�

,
�

�� 2g

�
. (4.118)

In the following, we will restrict ourselves to deep liquids. ThenH/� � � . The
expectation is that the phase velocity then does not depend onH (i.e. on the
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bottom far below the surface of the ”uid) and we only have a connection between
the two dimensionless products which do not containH :

lim
� / H � 0

c
�

�g
= f 1

�
�

�� 2g

�
. (4.119)

Furthermore, we distinguish between cases where either gravity or the surface
tension is insigni“cant:

i) If gravity does not play a role, the phase velocityc must be independent of
the gravitational accelerationg. From (4.119) it immediately follows that
the function f 1 is proportional to the square root of its argument (then we
have 1/

�
g on both sides) and we obtain

f 1 = K 1

1
�

�� 2g
� c = K 1

1
�
��

. (4.120)

This is the phase velocity ofcapillary waves , where the restoring force is
caused by the surface tension. The exact solution of the equations of motion
provides for the proportionality factor K 1 =

�
2� .

ii) In the opposite case, when the surface tension is irrelevant, we obtain accord-
ingly

f 1 = K 2 � c = K 2

-
�g. (4.121)

This is the phase velocity ofgravity waves on deep liquids. The restoring
force here is gravity. The exact calculation results in the proportionality
factor K 2 = 1/

�
2� .

The phase velocity of both capillary and gravity waves depends on the wave length.
This is calleddispersion . With gravity waves, the phase velocity increases with
the wave length (normal dispersion) and with capillary waves, it decreases with
the wavelength (anomalous dispersion).

In the general case, both gravity and surface tension are to be considered as
restoring forces. One then speaks ofgravity-capillary waves . The phase velocity
of gravity-capillary waves is obtained by solving the equations of motion. This
results in

c =

2
g�
2�

+ 2�
�
��

. (4.122)

This relationship for gravity-capillary waves can no longer be derived using di-
mensional analysis. The dependencies of the di�erent phase velocities on the
wavelength are sketched in Figure 4.16. The interplay of gravitational acceleration
and capillarity leads to a minimum phase velocitycmin of gravity-capillary waves
below which the phase velocity cannot fall. The associated wave length is denoted
by � min .
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gravity-capillary waves

normal dispersion

anomalous dispersion

gravity waves

capillary waves

Figure 4.16: Phase velocity of gravity, capillary and gravity-capillary
waves as a function of the wave length (sketched).

4.3.3 Application in experimental studies

In experimental studies, ”ow processes are investigated using small scale models,
for example, airplane models in a wind tunnel or ship models in a water towing
tank. Ideally, the ”ow about the model resembles that of the corresponding large
version of interest, i.e. in addition to a similar behavior of forces and moments, also
physical phenomena such as boundary layer separation or a change from laminar to
turbulent ”ow occur at similar locations as in the real case. This is to be expected
if in the experiment relevant dimensionless groups have the same values as in the
real case. However, it is often di�cult and not always possible to realize this which
is shown below using examples. In the following, the indexg stands for the large
version (g like genuine or grand) and the indexm stands for the model used in the
experiment.

Ship model in a water towing tank The drag of moving ships is caused by
viscous action on the hull and by the constant generation of waves. The in”uence
of the shape of the ship•s hull on the drag can be investigated in a water towing
tunnel, see Figure 4.17. We assume here that the dragD depends on the following
parameters: sizeL and velocity u of the ship, viscosityµ and density � of the
water, and on the acceleration due to gravityg. Since these 6 parameters contain
3 basic units (m, kg, s), according to the 
-theorem, the drag can be represented
in dimensionless form as a function of two further parameters. In ”uid mechanics
the drag is expressed non-dimensionally via thedrag coe�cient cd:

cd =
D

�u 2

2 S
. (4.123)

Dynamics



82 Chapter 4

Figure 4.17: Ship model in a water towing tank: notation.

The drag is scaled by the product of the dynamic pressure and the projected frontal
area S (S � L2) of the body around which the ”uid ”ows. As the two further
non-dimensional groups we choose the Reynolds number and the Froude number,
which take into account the in”uence of the viscosity and of the waves. This means
that

cd = cd(Re, F r). (4.124)

We are now assuming a model test on a scale of 1:100, so we have

Lm =
1

100
Lg. (4.125)

In the water towing tunnel, we expect a similar wave pattern as in the real case, if
the Froude numbers match,F r g

!= F r m. This is called aFroude similarity . The
following must therefore apply:

F r m =
u2

m

gLm
=

u2
m · 100
gLg

!=
u2

g

gLg
= F r g (4.126)

� um =
1
10

ug. (4.127)

Viscous e�ects are taken into account via the Reynolds number. Experiments in
the towing tunnel are usually carried out in water. This means that the kinematic
viscosity of the liquid, � = µ/� , does not change in the experiment. To ful“ll

Reynolds similarity , i.e. Rem
!= Reg, only the velocity can be adjusted. The

following must apply:

Rem =
umLm

� m


 m = 
 g=
umLg

100� g

!=
ugLg

� g
= Reg (4.128)

� um = 100ug. (4.129)

A comparison of equation (4.127) and (4.129) shows that

Froude and Reynolds similarity cannot be ful“lled at the same time!

Dynamics



4.3. Similarity considerations 83

In an experiment in a water towing tank, Froude similarity is initially ful“lled.
Viscous e�ects are then recorded in other ways, e.g. empirically or by means of
numerical calculations.

Reynolds similarity at large Reynolds numbers Reynolds numbers of
commercial airplanes in cruise ”ight are very large:

Reg =
�u gLg

µg
=

ugLg

� g
� O (108 Š 109). (4.130)

In the model test, let the scale be 1:25, i.e

Lm =
1
25

Lg. (4.131)

Many wind tunnels have an open test section. Atmospheric conditions then prevail
in the test section (p � 105 Pa, T � 290K). The value of the viscosity is also
determined in this way. In order to achieve Reynolds similarity, the following must
apply:

Rem =
umLm

� m
=

umLg

� m 25
!=

ugLg

� g
= Reg. (4.132)

With � m � 1/ 2 � g at cruising altitude and a cruising speed ofug � 250m/ s this
results in

um � 10ug = 2500
m
s

� c, (4.133)

where c is the speed of sound. High supersonic velocities would therefore be
required to realize the Reynolds number similarity. In supersonic ”ow, however,
the situation is completely di�erent. Information can no longer propagate from the
airplane upstream, a completely di�erent ”ow “eld arises. We will see later that
a further parameter (the Mach number) then enters the scene. This additional
parameter takes compressibility e�ects into account.

In wind tunnels with a closed test section, it is possible to change not only the
velocity, but also the kinematic viscosity of the gas. In high-pressure wind tunnels,
the pressure and thus also the density, which is included in the kinematic viscosity,
are increased. When the pressure is increased to 100bar at a constant temperature
(T � 290K) this results in � m � 1/ 200 � g and thus um � 1/ 10 ug � c. The
velocity is in the low subsonic range and the ”ow is incompressible. In order to also
capture compressibility e�ects, the viscosity can be changed via the temperature.
In cryogenic wind tunnels, temperatures can be lowered to as low as 100K by
injecting liquid nitrogen. In this manner one achieves� m � 1/ 17 � g. The velocity
um is then large and compressibility e�ects can be taken into account. In this case
however, it is again possible thatum > c. An additional increase in pressure (if
technically possible) may put things right. Otherwise, the wind tunnel test needs
to be performed at a reduced Reynolds number.
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4.4 Analytical solutions of the Navier-Stokes
equations

The Navier-Stokes equations form a system of coupled non-linear partial di�erential
equations. To solve these, boundary conditions and, in the case of unsteady ”ows,
initial conditions are required. If a parameter of the equation, e.g. the Reynolds
number, is changed, the solution may bifurcate. Solutions can depend hysteretically
on this parameter. With stationary boundary conditions also unsteady solutions
are possible. These can be turbulent ”ows or oscillations of the entire ”ow “eld.
Analytical solutions of the Navier-Stokes equations are generally not possible.
However, there are some special cases in which the Navier-Stokes equations assume
a linear form due to the boundary conditions or simplify to an ordinary di�erential
equation. Then, in some cases analytical solutions exist.

Unidirectional ”ows In unidirectional ”ows, only one velocity component is
di�erent from zero. We have already encountered an example with laminar pipe
”ow. Another example is the azimuthal ”ow in the gap between two concentrically
arranged cylinders rotating at di�erent angular velocities. In the following, for the
sake of simplicity, we consider plane ”ows in which in Cartesian coordinates only
the velocity componentu pointing in the x-direction does not disappear. Then


u =

�

�
u
v
w

�

� =

�

�
u
0
0

�

� . (4.134)

In the Navier-Stokes equations for incompressible Newtonian ”ows, the density is
constant. From the continuity equation follows:

div 
u =
�u
�x

+
�v
�y

�	
�
=0

+
�w
�z�	
�
=0

=
�u
�x

= 0 (4.135)

� u = u(y, z, t), v 	 0, w 	 0. (4.136)

The velocity therefore does not depend on the spatial component in the direction
of ”ow. Using this in the Navier-Stokes equations, it follows:

�
du
dt

= �

�

3
3
�

�u
�t

+ u
�u
�x� 	
 �
=0

+ v
�u
�y

� 	
 �
=0

+ w
�u
�z� 	
 �

=0

�

4
4
� = Š

�p
�x

+ µ

�

3
�

� 2u
�x 2
�	
�

=0

+
� 2u
�y 2

+
� 2u
�z 2

�

4
� ,

(4.137)

�
dv
dt

= 0 = Š
�p
�y

+ 0, (4.138)

�
dw
dt

= 0 = Š
�p
�z

+ 0. (4.139)
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The convective time derivative, and thus the non-linearity, drops out. Furthermore,
the pressure does not depend on they- and z-coordinate,p = p(x, t ). It remains a
linear partial di�erential equation for the velocity u with u = u(y, z, t):

�
�u
�t

= Š
�p
�x

+ µ
�

� 2u
�y 2

+
� 2u
�z 2

�
. (4.140)

i) Stationary plane channel ”ow A special case of unidirectional ”ows is the
stationary plane ”ow in a channel of width 2b, see Figure 4.18. In this case, the
velocity depends solely ony. At the two channel walls, at y = ± b, the no-slip
condition applies,u(± b) = 0. The pressure is now only a function ofx (no time
dependence). The equation (4.140) for unidirectional ”ows simpli“es to

1
µ

dp
dx

=
d2u
dy2

. (4.141)

Since the pressure does not depend ony and the velocity does not depend onx,
dp/ dx = const. The solution of the di�erential equation subject to the no-slip
boundary conditions is

u(y) =
1

2µ
dp
dx

(y2 Š b2). (4.142)

As with the pipe ”ow, the velocity pro“le is parabolic. The solution for the velocity
pro“le in the pipe ”ow can be derived analogously. The Navier-Stokes equation is
then used in cylindrical coordinates.

Figure 4.18: Channel ”ow.

ii) Couette ”ow If in a plane channel ”ow one of the walls moves with a velocity
U in the x-direction, this is referred to as a Couette ”ow. To solve the Navier-Stokes
equation, it is useful to place the origin of the coordinate system on the stationary
wall. The moving wall is then located at a distanceh at y = h, see Figure (4.19).
Equation (4.141) applies again:

1
µ

dp
dx

=
d2u
dy2

. (4.141)
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u/U

y/h

210-1-2

U

-0,2 0 1

P = 

1

0

Figure 4.19: Couette ”ow, velocity pro“les as a function of
the parameterP.

The pressure gradient is therefore constant again. This time the boundary condi-
tions are

u(0) = 0 and u(h) = U. (4.143)

Integration provides the general solution with the integration constantsA and B:

u(y) =
1

2µ
dp
dx

y2 + Ay + B. (4.144)

With the no-slip condition at the stationary wall at y = 0, B = 0 follows. The
other boundary condition,u(h) = U, yields

A =
1
h

�
U Š

1
2µ

dp
dx

h2

�
. (4.145)

This gives the velocity pro“le between the walls:

u(y) = U
y
h

Š
h2

2µ
dp
dx

�
1 Š

y
h

� y
h

. (4.146)

Even without a pressure gradient, i.e. fordp/ dx = 0, the velocity in the gap
between the walls is not equal to zero, it increases linearly from zero at the station-
ary wall to the velocity of the moving wall. If dp/ dx is greater or less than zero,
the velocity decreases or increases compared to that of the linear velocity pro“le.
Depending on the magnitude of the pressure gradient velocities greater than that
of the moving wall can occur, or regions with reverse ”ows (u < 0) can form, see
Figure 4.19.
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Couette ”ows can also be analyzed dimensionally. Four parameters determine what
happens:U, h, µ and dp/ dx. Since there are again three fundamental units, one
dimensional group remains. The dimensionless pressure gradientP is suitable here:

P := Š
h2

2µU
dp
dx

. (4.147)

According to the Buckingham 
 Štheorem, the non-dimensional groupP is su�cient
to distinguish between the di�erent velocity pro“les. For this purpose, we consider
the shear stress:

� = µ
du
dy

= µ
�

U
h

Š
h2

2µ
dp
dx

�
1
h

Š 2
y
h2

��
. (4.148)

At the two walls, at y = 0 and y = h, the wall shear stress is is given by

� w(y = 0) = µ
du
dy

�
�
�
y=0

= µ
U
h

�
1 Š

h2

2µU
dp
dx

�
= µ

U
h

(1 + P), (4.149)

� w(y = h) = Šµ
du
dy

�
�
�
y= h

= Šµ
U
h

�
1 +

h2

2µU
dp
dx

�
= Šµ

U
h

(1 Š P). (4.150)

Note that at the upper wall (y = h) the derivative is in the negative direction, i.e.
away from the wall into the ”uid (hence the minus sign). IfP = 0, the magnitude
of the wall shear stress is the same on both walls, but the stress points in opposite
directions. This corresponds to the linear velocity curve (see also equation (4.146)).
For P = ± 1 the wall shear stress at the upper or lower wall disappears, the velocity
pro“le is perpendicular to the corresponding wall. This is just the case at the
transition to local overspeeds (u > U ) or to a local reverse ”ow (u < 0), cf. “gure
4.19.

iii) Plane wall suddenly set in motion In a ”uid at rest, an in“nitely extended
plane plate is suddenly set in motion at a constant velocityU at a time t = 0. The
plate moves in its own plane (y = 0) in the x-direction. The following applies to
the velocity in the ”uid:

€ t < 0 : u = 0,

€ t � 0 : u(y = 0) = U, lim
y��

u(y) = 0.

The pressure in the initially resting ”uid remains constant everywhere, therefore
dp/ dx = 0. The equation (4.140) for plane unidirectional ”ows reduces to

�u
�t

=
µ
�

� 2u
�y 2

= �
� 2u
�y 2

. (4.151)
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This is a di�usion equation. It has the same form as the heat conduction equation
(the velocity corresponds to the temperature and the kinematic viscosity corresponds
to the thermal di�usivity). There are no characteristic length and time scales. The
solution for the velocity in dimensionless form,u/U , should therefore not depend
on arbitrary length and time scales. Using the kinematic viscosity ([� ] = m2/ s) we
de“ne an independent similarity variable� that represents a dimensionless wall
distance:

� =
1
2

·
y

�
�t

. (4.152)

The factor 1
2 is used to obtain an elegant form of the solution. According to our

expectation we set

u
U

= f (� ). (4.153)

From equation (4.151) we obtain an equation forf (� ) as follows. It is

��
�t

= Š
y
4

�
-

(�t )3
,

��
�y

=
1

2
�

�t
. (4.154)

The derivatives of the velocity with respect to position and time are thus

�u
�t

= U
�f
��

��
�t

= Uf � ·

�

Š
y
4

1
-

(�t )3

�

, (4.155)

�
� 2u
�y 2

= �U
�
�y

�
�f
��

��
�y

�
= �Uf �� ·

1
4�t

. (4.156)

After substituting these terms into equation (4.151) we obtain an ordinary di�er-
ential equation for the function f (� ):

f �� + 2 �f � = 0. (4.157)

This example shows how it is possible to transform a partial di�erential equation
into an ordinary one by introducing an independent similarity variable. The
solution of equation (4.157) is known:

f (� ) =
u
U

= 1 Š
2

�
�

� �

0
eŠ t2

dt = 1 Š erf(� ) = : erfc(� ). (4.158)

Here erf(� ) denotes the error function (see Figure 4.20) anderfc(� ) the comple-
mentary error function. As a reminder: erf(0) = 0 and lim

� ��
erf(� ) = 1.

The similarity solution is shown in Figure 4.21a. The temporal development can be
better recognized in the dimensional representation, see Figure 4.21b. The velocity
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erf( ) = 2

�� 0
e t 2

dt

Figure 4.20: Error function as a function of � .

pro“le has the character of a boundary layer: only in a region close to the wall
is the velocity noticeably di�erent from zero. The width � of this area increases
with time. If one chooses the distance at which the velocity drops to1

100U as the
measure for this width, then this is achieved at� � 2 (f (2) � 0.01). Using this
value of � , equation (4.152) shows that the width� increases proportionally to the
square root of the kinematic viscosity and the time:

� �
�

� t. (4.159)

The unidirectional ”ow generated by the plate motion is rotational. Only the
z-component,� z, of the vorticity 
� = rot 
u is not equal to zero:

� z = Š
�u
�y

= ŠU
�f
��

��
�y

=
U

�
��t

eŠ � 2
. (4.160)
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(b) Velocity pro“les at di�erent times.

Figure 4.21: Velocity pro“les next to plate that is suddenly set in motion.
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The component� z of the vorticity decreases exponentially with the dimensionless
wall distance. Next, we consider the total amount of vorticity above the plate per
unit length in the x-direction by forming the integral I :

I =
� �

0
� z dy =

U
�

��t

� �

0
eŠ � 2

2
�

�t d� (4.161)

= U ·
2
�

�t
�

��t
·

�
�

2
= U. (4.162)

The integral, i.e. the vorticity per unit length above the plate, is constant over
time! At the beginning, at t = 0, the vorticity is concentrated in an in“nitely thin
sheet, a so called vortex sheet, directly at the plate. Over time, the vorticity is
distributed further and further in the ”uid by di�usion without its total amount
changing.

The wall shear stress� w counteracts the motion of the plate. In order to maintain
the motion of the plate at a constant speedU an opposing stressŠ� w must therefore
be applied to the plate. The power required to generate this stress (per unit area)
is given by

Š� wU = Šµ
�u
�y

�
�
�
y=0

� 	
 �
< 0

U = µU2 1
�

��t
�

1
�

t
. (4.163)

Up to a time t� after the start of the motion, the following energy must be applied
per unit area of the plate:

� t �

0
Š � wU dt �

�
t � . (4.164)

4.5 Creeping ”ows

In a ”ow, the viscous force can be signi“cantly greater than the inertial force. This
is referred to as acreeping or Stokes ”ow . In Section 4.3.1, we have already
estimated the magnitude of the viscous and inertia forces and found that their
ratio is just equal to the Reynolds number (cf. equation (4.95)). The Reynolds
number is therefore very small for creeping ”ows.

In the Navier-Stokes equation, in the case of creeping ”ows, the inertia term can
be neglected in comparison to the viscous term:

�
u
�t

+ � � � ��(
u · � )
u
� 	
 �

inertia

= Š
1
�

� p
� 	
 �
pressure

+
µ
�

� 
u
� 	
 �

viscosity

. (4.165)
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This eliminates the mathematically di�cult non-linear term. Similar to the last
section, where we obtained analytical solutions of the Navier-Stokes equation when
the special boundary conditions lead to a vanishing of the nonlinear inertia term,
analytical solutions for not too complicated cases are also possible in the case of
creeping ”ows.

If one considers the Navier-Stokes equation in dimensionless form,

�
u
�t

+ ( 
u� )
u = Š� p +
1

Re
� 
u, (4.166)

in the limiting case Re � 0, one might be tempted to omit not only the inertia
term, but also other terms. However, this is not permissible. We can neither make
a corresponding statement about the size of the pressure term nor about that of
the local time derivative of the velocity. This results in the dimensional form of
the di�erential equation of creeping ”ows:

�
u
�t

+
1
�

� p =
µ
�

� 
u.

Di�erential equation of creeping ”ows

(4.167)

This is still a second-order di�erential equation. Therefore, in creeping ”ows the
no-slip condition can be ful“lled. In addition, we have the continuity equation for
incompressible ”uids:

div 
u = 0. (4.168)

Note: In the opposite limiting case,Re � � , the viscous term must not simply
drop away because then the order of the di�erential equation would be reduced
and the no-slip condition could no longer be ful“lled (cf. Section 4.2.1).

In creeping ”ows, the pressure is a potential function. This can be seen if one
applies the divergence operator to the di�erential equation of creeping ”ows and
takes the continuity equation into account:

� (� p) = � p = µ� (� 
u) Š � �
�
u
�t

= µ�( � 
u) Š �
� � 
u
�t

= 0 (4.169)

� � p = 0. (4.170)

We will come back to this in Section 4.5.3 on Hele-Shaw ”ows. Conversely, the
pressure can be eliminated from the di�erential equation of creeping ”ows. Here
we consider stationary plane ”ows. Then the stream function� can be used. It
was (see equation (3.24)):

u =
��
�y

, v = Š
��
�x

. (4.171)
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If we replace the velocity in equation (4.167) in this way, then derive the equation
for the x-direction with respect to y and that for the y-direction with respect to x,
and “nally subtract the equations from each other, we obtain

�
�y

�
�p
�x

�
= µ

�
� 4�

�x 2�y 2
+

� 4�
�y 4

�
, (4.172)

�
�x

�
�p
�y

�
= Šµ

�
� 4�
�x 4

+
� 4�

�x 2�y 2

�
, (4.173)

� 0 =
�

� 4�
�x 4

+ 2
� 4�

�x 2�y 2
+

� 4�
�y 4

�
. (4.174)

The last equation is a bipotential equation for the stream function. The stream
function for two-dimensional creeping ”ows in other coordinate systems also ful“lls
a bipotential equation. This is represented coordinate-free via the so-called plate
operator (double Laplace operator):

�� � = 0. (4.175)

4.5.1 Flow around a sphere and Stokes• law

In creeping ”ows, inertia forces are negligibly small. In the steady state, only
viscous and pressure forces remain. The viscous force per unit volume is of the order
of µU/L 2. In equilibrium this applies also to the pressure force. For geometrically
similar cases, there is therefore a dynamic similarity and forces scale with the
product of µU/L 2 and the volume (� L3). For the drag D of a body in the ”ow,
we obtain D � µU/L 2 · L3. In creeping ”ows, the drag is therefore proportional to
the viscosity, the velocity and a characteristic length scale:

D � µuL. (4.176)

This relationship can be derived analytically for some cases from the di�erential
equation of creeping ”ows. The derivation also yields the exact proportionality
factor. Here we consider the case of a sphere in parallel ”ow. Far ahead of the
sphere of radiusR, the velocity is u0 and the pressure isp0. We use spherical
coordinates with the origin of the coordinate system in the center of the sphere,
see Figure 4.22. The ”ow is axially symmetrical along an axis that runs through
the center of the sphere in the direction of ”ow. There are therefore only two
independent variables, the radiusr and the polar angle �. Consequently, the radial
and polar components of the velocity,ur and u� , can be expressed via the stream
function � . In creeping ”ows, the stream function satis“es the bipotential equation
(4.175). At the surface of the sphere, the no-slip condition must be ful“lled, and
for r � � the unperturbed approach velocity is reached:

ur = 0, u� = 0 for r = R, (4.177)

ur = u0 cos(�) , u� = Šu0 sin(�) for r � � . (4.178)
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Figure 4.22: Flow around a sphere: notation.

The minus sign foru� (r � � ) is due to the fact that � is mathematically positive
in counterclockwise direction. Stokes• solution of the bipotential equation for ”ow
around a sphere at small Reynolds numbers gives expressions for the velocity
components and the pressure that are quoted here:

ur = + u0 cos(�)
�

1 Š
3R
2r

+
R3

2r 3

�
, (4.179)

u� = Šu0 sin(�)
�

1 Š
3R
4r

Š
R3

4r 3

�
, (4.180)

p Š p0 = Šu0 cos(�)
3µ
2

R
r 2

. (4.181)

Drag Drag is the force the ”ow exerts on a body in the direction of ”ow. To
determine the drag for a sphere from Stokes• solution, the pressure distribution
and the viscous stresses acting on the surface of the sphere must be investigated.
We start with considering selected points on the surface. First, we determine the
pressure at the front and rear stagnation points. The following applies there:

front stagnation point (r = R, � = � ) : p Š p0 = +
3
2

µ
u0

R
, (4.182)

rear stagnation point (r = R, � = 0) : p Š p0 = Š
3
2

µ
u0

R
. (4.183)

The pressures are oppositely equal, with the pressure at the front stagnation point
being greater. The pressure di�erence contributes to a pressure force on the sphere
in the direction of ”ow, and thus to the drag.

Viscosity exerts a force on the sphere via the wall shear stress� w. The wall shear
stress is exemplarily determined at the upper apex (� = �

2 , r = R) where it acts
in the direction of ”ow:

� w = µ
�u �

�r

�
�
�
r = R,�= �

2

= Šµu0 sin(�)
6

4R

�
�
�
�= �

2

= Š
3
2

µ
u0

R
. (4.184)

In the spherical coordinates, the minus sign again means a tangential stress in the
direction of ”ow which provides a contribution to the drag. At the apex, the value
of the stress equals that of the pressure increase at the front stagnation point.
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The total drag of the sphere is made up of contributions from the pressure, the
pressure dragDp, and contributions from viscosity, the viscous dragD� . Dp and D�

are obtained by integrating the respective contributions over the entire spherical
surfaceAs, whereby only the component in the direction of ”ow is taken into
account by multiplication with the unit vector 
i (for reasons of symmetry, there is
actually no other force component here):

Dp = 
i
�

A s

pd 
A, (4.185)

D� = 
i
�

A s

� w d 
A. (4.186)

The sum of these two drags gives the total dragD:

D = Dp + D� = 6�µu 0R. (4.187)

This is Stokes• drag law for spheres. Experimentally, it is is well ful“lled for
Re � 0.8. Here, the Reynolds number is taken proportional to the diameter of
the sphere,Re = �u 02R/µ . For the shares ofDp and D� we haveDp = 1

3D and
D� = 2

3D.

If the drag is scaled as in Section 4.3.3 (equation (4.123)) using the product of
the dynamic pressure and the frontal area of the sphere, the drag coe�cient is
obtained as a function of the Reynolds number:

cd =
D

�
2u2

0�R 2
=

6�µu 0R
�
2u2

0�R 2
= 24 ·

1
Re

. (4.188)

Velocity We now consider the velocity pro“le at the apex of the sphere (r � R,
polar angle � = �

2 ). There, the velocity is parallel to the ”ow onto the sphere, i.e.
only the componentu� is di�erent from zero (equations (4.179), (4.180)):

ur (r,
�
2

) = 0 , u� (r,
�
2

) = Šu0

�
1 Š

3R
4r

Š
1R3

4r 3

�
. (4.189)

The dependence of the componentu� on the distance from the surface of the
sphere in dimensionless form is as follows:

r/R 1 2 ... 10 100
-u � /u 0 0 0.594 ... 0.925 0.992

Even at r/R = 100, the velocity only reaches approximately 99% of the ”ow
velocity u0 far ahead of the sphere. In creeping ”ows, the sphere has a far-reaching
in”uence. Conversely, surfaces or objects that are located far away from the sphere
can have an in”uence on the ”ow around it.
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Inertia term In creeping ”ows, the inertia term in the Navier-Stokes equation
is neglected. The solution for the ”ow around the sphere was derived on this basis.
With the solution for the ”ow “eld obtained in this way, it is now possible to
estimate the magnitude of the inertia term retrospectively:

� (
u · � )
u � �u r
�u r

�r
= �u 2

0 cos2(�)
�

1 Š
3R
2r

+
R3

2r 3

� �
3R
2r 2

Š
3R3

2r 4

�
� �u 2

0
R
r 2

.

(4.190)

We compare this with the magnitude of the viscous term that is of the same order
of magnitude as the pressure term:

� p �
�
�r

�
Š

3µu0R
2r 2

cos(�)
�

� µu0
R
r 3

. (4.191)

According to the condition for creeping ”ows, the inertia term should be much
smaller than the pressure and viscous terms, i.e.

�u 2
0R

r 2
� µu0

R
r 3

or
�u 0r

µ
� 1. (4.192)

In the validity range of Stokes• solution for the sphere (Re � 0.8) this is the case
for r � R. Only in the vicinity of the sphere is the characteristic length for velocity
changes of the order of the magnitude of the sphere radius. Further away from
the sphere, changes in velocity take place over greater length scales. If this length
scale is considered in the formation of the Reynolds number, the Reynolds number,
and thus the ratio of inertia forces to frictional forces, is no longer small.

Oseen•s approximation One way out is to consider in the Navier-Stokes equa-
tion the momentum term in a linearized form by replacing the local velocity by
the constant approach velocity:

(
u · � )
u
� 	
 �
non-linear

� (
u0 · � )
u
� 	
 �

linear

. (4.193)

This approach gives the drag coe�cient as

cd =
24
Re

�
1 +

3
16

Re
�

. (4.194)

This relationship is experimentally con“rmed for Reynolds numbersRe � 5.

4.5.2 Typical characteristics of creeping ”ows

Reversible solutions Creeping ”ows are reversible. If one reverses the sign of
the velocity and that of the pressure gradient everywhere, then the di�erential
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equation of creeping ”ows is still ful“lled. To change the sign of the pressure
gradient, it would be su�cient from a mathematical point of view to simply change
the sign of the pressure. From a physical point of view, you then get negative
pressures. This can be avoided by subtracting the pressure of the inverse solution
from a su�ciently large positive constant c:


u(
x, t ) � Š 
u(
x, t ), (4.195)

p(
x, t ) � c Š p(
x, t ). (4.196)

The streamline image of a creeping ”ow cannot be used to determine the direction
of the ”ow. In ”ows around a symmetrical body as shown in Figure 4.23, the
streamlines around this body are symmetrical.

symmetry plane

Figure 4.23: Reversible creeping ”ow around a symmetric
body. Upper half: ”ow from left to right, lower half: ”ow with
reversed sign.

Viscous e�ects In creeping ”ows, viscous e�ects have a large range. For example,
the in”uence of a sphere in a creeping ”ow is still noticeable at a distance of 100
radii (see last section). This must be taken into account, for example, when
analyzing sedimenting particles. If the distance between the particles is smaller
than approximately 100R, their interaction is not negligible.

Drag The drag of a body in creeping ”ow is directly proportional to the ”ow
velocity, the viscosity and a length characteristic of the body, see equations (4.176)
and (4.187).

4.5.3 Examples

Hele-Shaw ”ow Hele-Shaw ”ow (Henry Selby Hele-Shaw, 1854…1941) is the
stationary ”ow between two closely neighboring plates, see Figure 4.24. If the
distance between the plates is small enough and the velocity is low, the ”ow is
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z x

y

Spaltbreite hgap width h

Figure 4.24: Arrangement for a Hele-Shaw ”ow
between two closely neighboring plates.

creeping. In the special case of a unidirectional ”ow without dependence on the
y-coordinate, this is a stationary plane channel ”ow as described in Section 4.4 by

1
µ

�p
�x

=
� 2u
�z 2

(4.197)

with a constant pressure gradient�p�x . The integration of equation (4.197) with the
boundary conditionsu = 0 at the plate surfaces atz = 0 and z = h provides the
velocity componentu(z) in the x-direction:

u(z) =
1

2µ
�p
�x

�
z2 Š zh

�
�

�p
�x

. (4.198)

In the general case of ”ows that are no longer unidirectional, we also have

v(z) =
1

2µ
�p
�y

�
z2 Š zh

�
�

�p
�y

. (4.199)

In creeping ”ows, the pressure ful“lls the potential equation (4.170). This is
analogous to the velocity potential� in a plane irrotational ”ow. It is immediately
apparent that the z-component of the vorticity also disappears in the Hele-Shaw
”ow, � z = v/x Š u/y = 0. According to equations (4.198) and (4.199), the course
of streamlines is also independent of the wall distance. This is utilized in order
to determine streamlines in inviscid potential ”ows by means of Hele-Shaw ”ows.
For this purpose, a cylindrical body of arbitrary cross-section is placed between
the two plates. This can be an airfoil pro“le, for example. The streamlines are
visualized by adding ink “laments into the Hele-Shaw current.

Streamlines in viscosity-dominated Hele-Shaw ”ow
correspond to those in inviscid ”ow.

Darcy•s law Flows through porous media can often be regarded as creeping.
The prerequisite is that the porosity, i.e. the ratio of cavity volume to total volume,
is small. In this case, the Reynolds number formed by the diameter of the ”ow
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channels in the porous medium is usually also small and a laminar creeping ”ow
is present. In the individual channels, the velocity
u� is then proportional to the
pressure drop� p� and inversely proportional to the viscosity:


u� �
1
µ

� p�. (4.200)

However, it is not the velocity 
u� in the individual channels that is of interest,
but the average velocity
u of the ”uid through the porous medium. This velocity
is also called a “lter velocity and can be determined, for example, via a volume
”ux measurement. In a pipe of cross-sectional areaA, a section of lengthl is
“lled with the porous medium, see Figure 4.25. The pressure is measured directly
upstream and downstream of the porous medium. The “lter velocity (in the pipe
”ow, this is the average axial velocityu) is obtained immediately from the volume
”ux, �V = u · A. Experimentally one “nds

u = Šk
1
µ

p1 Š p2

l
. (4.201)

The proportionality constant k is called permeability and has the unit of a length
squared. Its value depends on the type of the porous medium. In the general case
of three-dimensional ”ows, this results in Darcy•s law:


u = Šk
1
µ

� p.

Darcy•s law

(4.202)

Darcy•s law is experimentally well ful“lled for small Reynolds numbers. For a
packed bed of spheres, for example, this is the case for

Re � 10, whereRe =
ud
�

and d : diameter of the spheres. (4.203)

Equation (4.202), together with the potential equation for the pressure, �p = 0,
shows that also ”ows in porous media are potential ”ows. In this way, for example,
groundwater ”ows can be calculated.

porous

volume flux

Figure 4.25: Flow through a porous medium: notation.
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Bearing lubrication A drop of oil can work wonders, i.e. make a machine run
like clockwork. This is because a thin wedge-shaped oil “lm forms between the
parts moving against each other and thus prevents them from touching each other.
A typical example is a journal that rotates in a bearing (Figure 4.26a). Here, we
consider a slide shoe bearing (Figure 4.26b) on which the basic principle of bearing
lubrication can be demonstrated more easily due to its simpler geometry. In the
reference system of the sliding shoe the wall moves to the right at a speeduw, the
”ow is stationary.

(a) Journal bearing

x

y

h(x)

uw

(b) Sliding shoe

Figure 4.26: Bearing lubrication.

We make the following assumptions: The ”ow in the gap of the slide shoe bearing
is plane, therefore only depends onx and y. In addition, the gap width h changes
only slightly ( dh/ dx � 1). In this case, only theu-component of the velocity is
signi“cant, the v-component only plays a role for the continuity (v � u). Likewise,
we neglect changes in the pressure in they-direction within the narrow gap and
consider the pressure as a function ofx alone,p = p(x).

Since dh/ dx � 1, u changes only slowly in thex-direction, inertial forces (u �u
�x )

are small. In they-direction, however,u changes strongly (ful“llment of the no-slip
condition both on the moving wall and on the stationary sliding shoe). Therefore
� 2u/�x 2 � � 2u/�y 2 and � 2u/�x 2 can be neglected. This means that the ”ow in
the gap is also described by equation (4.141) for plane channel ”ows:

dp
dx

= µ
d2u
dy2

. (4.204)

With the no-slip boundary condition,

u(y = 0) = uw, u(y = h(x)) = 0 , (4.205)

the result for the velocity is

u(y) =
1

2µ
dp
dx

h2

�
y2

h2
Š

y
h

�
+ uw

�
1 Š

y
h

�
. (4.206)

This is equivalent to the solution (4.146) for the Couette ”ow, but with the essential
di�erence that here the gap widthh is a function of x.
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Our next goal is to determine the pressure distribution in the gap, because it is an
increase in the pressure in the gap which prevents the sliding shoe from coming
into contact with the wall. For this purpose, we consider the volume ”ux�V (per
length transverse to the ”ow) through the gap:

�V =
� h(x)

0
u(x, y) dy = const = Š

1
12µ

dp
dx

h3 +
uwh

2
. (4.207)

The volume ”ux is constant, independent ofx. If h(x) = const then also
dp/ dx = const. The boundary condition for the pressure at the beginning (am-
bient pressurepa) and end of the gap (pe = pa), means that dp/ dx = 0, i.e.
p(x) = const = pa. There is no pressure increase in the gap. Prerequisite for a
pressure increase is therefore thath(x) �= const.

For a known function h(x), which we will assume below to be linear inx, equation
(4.207) for the still unknown volume ”ux can be solved fordp/ dx and integrated
over the entire length of the gap. At the beginning and end of the gap, the pressure
is given by the known ambient pressure. This gives the solution for the volume
”ux �V from the solution for the pressure. With the now known volume ”ux and
the also known functionh(x) for the gap width, the pressure at each locationx�

in the gap can be determined:

p(x� ) =
� x�

0

dp
dx

dx = Š
� x�

0

�
6

µ
h2

· uw Š 12
µ
h3

· �V
�

dx. (4.208)

A typical pressure curve as it occurs in the gap under a sliding shoe with a linear
decrease in gap width is sketched in Figure 4.27. In this way, very large pressure
increases can be generated in the gap, the oil “lm •carriesŽ the sliding shoe.

pa
pe = p a

p(x)

x

Druckpressure

Figure 4.27: Pressure distribution in the gap of a
slide shoe bearing.
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Integral momentum theorem and
angular momentum theorem

In integral form, the momentum theorem and the angular momentum theorem
allow global statements to be made about ”ow processes solely via knowledge of
the state at the surface of a control volume. Detailed knowledge of the ”ow “eld
inside the control volume is not required.

5.1 Formulation of the equations

5.1.1 Momentum theorem

The momentum
I = m
u of a single point mass of massm changes when an external
force 
F (here again as a force per mass) acts on the point mass:

d
I
dt

=
d
dt

(m
u) = m 
F . (5.1)

In the case of a continuum, we consider the momentum
I within a spatially extended
control volume V with surfaceA:


I =
�

V
(�
u) dV. (5.2)

The temporal change of this momentum is caused by body and surface forces.
Using Reynolds• transport theorem (3.14), the time derivative of the momentum is

d
I
dt

=
d
dt

�

V (t )
�
u dV =

�

V

� (�
u)
�t

dV +
�

A
(�
u)
u d 
A. (5.3)
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The time derivative of the momentum is equal to the forces acting on the control
volume V:

�

V

� (�
u)
�t

dV

� 	
 �
1

+
�

A

(�
u)
u d 
A

� 	
 �
2

=
�

V

� 
F dV

� 	
 �
3

+
�

A

� d 
A

� 	
 �
4

.

Integral momentum theorem

(5.4)

The individual terms can be interpreted as follows:

(1) rate of change of the momentum within the “xed control volumeV,

(2) momentum ”ux per time out of the spacially “xed control surface A (note:
d 
A = 
n dA, the surface normal
n points outwards from the volume),

(3) all body forces, e.g. the force of gravity
5

V �
gdV,

(4) all surface forces, given by the stress tensor� where� ij = Š� ij p + � ij .

V: Kontrollvolumen

n: Normalenvektor

A: Ober ßäche vo

n

A2

A1

V: control volume

A: surface of V

normal vector

Figure 5.1: Control volume around a body in a ”ow.

One of the aims of using the integral form of the momentum theorem is to calculate
the forces that act on a body in a ”ow “eld. The control volume is then placed
around the body as shown in Figure 5.1, without the body itself being part of
the control volume. In the surface integrals of the momentum theorem (5.4), the
contributions of the two connecting surfaces between the far outer surface and
the surface around the body cancel each other out, as their surface normals are
opposite to each other. The surfaceA of the control volume is now divided into a
part A2 that surrounds the body and the remainder (A1):

A = A1 � A2. (5.5)

Integral momentum theorem and angular momentum theorem
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In inviscid ”ow, the surface forces are determined solely by the pressurep. They
are then given by

�

A

� d 
A = Š
�

A

pd 
A = Š
�

A 1

pd 
A Š
�

A 2

pd 
A (5.6)

= Š
�

A 1

pd 
A Š 
Hf , (5.7)

where


Hf :=
�

A 2

p d
A : force of the ”ow on the body in the ”ow “eld, (5.8)


Hh := Š 
Hf : holding force, force of the body on the ”ow (an external force)
(5.9)

In inviscid ”ow, the momentum theorem (5.4) yields the following expression for
the holding force:


Hh =
�

V

� (�
u)
�t

dV +
�

A= A 1	 A 2

(�
u)
u d 
A +
�

A 1

pd 
A Š
�

V

� 
F dV. (5.10)

5.1.2 Angular momentum theorem

The temporal change of the angular momentum
L of a point mass at
r is caused
by an external torque 
M :

d
L
dt

=
d
dt

(
r × m
u) = 
r × m 
F = 
M. (5.11)

We consider again a control volume and this time the total angular momentum in
it. Analogous to the procedure for the momentum theorem, in the inviscid case
the angular momentum theorem for a body in a ”ow assumes the following form:

�

V

�
�t

(� (
r × 
u)) dV +
�

A= A 1	 A 2

� (
r × 
u)
u d 
A

=
�

V

� (
r × 
F ) dV Š
�

A 1

p(
r × d 
A) + 
Mh

Integral angular momentum theorem

(5.12)

where 
Mh is the holding torque (torque that the body exerts on the ”ow):


Mh := Š
�

A 2

p(
r × d 
A)
�

� 
r × 
Hh

�
. (5.13)
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5.2 Holding force for bodies in a unidirectional
”ow

We determine the holding force for a body in unbounded, stationary and inviscid
unidirectional ”ow using equation (5.10) derived above. The situation is shown in
Figure 5.2. The approach velocity is in thex-direction and is given by
u� = u� 
i .
The body causes a disturbance
u� of the ”ow, which in the vicinity of the body
does not have to be small. The velocity
u = u� 
i + 
u� prevails there. Far from the
body, disturbances usually subside. An important exception to this are supersonic
”ows. In these, a compression shock occurs in front of the body. Its e�ect can be
far-reaching. Compression shocks are discussed later in Section 6.2. In the following,
we will only consider cases in which disturbances decrease with increasing distance
from the body, i.e. become small compared to the velocity of the approaching ”ow.
At a large distance|
r | = |
x Š 
xK | from the body (notation see Figure 5.2) we then
have

|
u �(
x)| � u� far from the body. (5.14)

The Bernoulli equation provides a relationship between the unperturbed approach-
ing ”ow and the disturbed ”ow:

p� +
� �

2
u2

� = p +
�
2

�
u2

� + 2u� u� + u�2 + v�2 + w�2
�

. (5.15)

At a control surface far away from the body, the squared velocities are negligibly
small according to condition (5.14). In addition, the density there can then be set
equal to that in the approaching ”ow. This provides a relationship between the
pressurep and the x-componentu� of the disturbance velocity at the outer control
surfaceA1:

p = p� Š � � u� u�. (5.16)

Figure 5.2: Body in unidirectional ”ow.
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We use this relationship to replace the pressure in the equation for the holding
force. For a stationary ”ow without external forces, we obtain from equation (5.10)


Hh =
�

A 1

pd 
A +
�

A= A 1	 A 2

(�
u)
u d 
A (5.17)

=
�

A 1

(p� Š � � u� u�) d 
A +
�

A

(�
u)
u d 
A. (5.18)

The integral over p� , which is taken over the closed outer control surfaceA1,
vanishes. The holding force is therefore given by


Hh = Š
�

A 1

(� � u� u�) d 
A +
�

A

(�
u)
u d 
A. (5.19)

D•Alembert•s paradox: The holding force can be divided into a component in
the direction of the approach velocity and one transverse to it. The negative value
of the component of the holding force in the direction of the approach velocity is
referred to asdrag D. The drag thus corresponds to the component of the force

Hf of the ”ow on the body in the direction of the approach velocity. Here, the
approach velocity is in thex-direction and the drag is thus given by

D = Š 
Hh ·
i = 
Hf ·
i (5.20)

with 
i as the unit vector in the x-direction. Using equation (5.19) and taking into
account
i 
u = u� + u� one obtains for the drag

D = +
�

A 1

� � u� u�
i d 
A Š
�

A 1

� (u� + u�)
�

u� 
i + 
u�
�

d 
A Š
�

A 2

� (u� + u�)
u d 
A.

(5.21)

At the control surface A1, which is far away from the body,� � � � . With this
and neglecting the quadratically small term we get

D = +
�

A 1

� � u� u�
i d 
A Š
�

A 1

� �

�
u2

�

i + u� u�
i + u� 
u� + u�
u�

�
d 
A

Š
�

A 2

� (u� + u�)
u d 
A

� Š
�

A 1

� � u2
�


i d 
A

� 	
 �
= :I 1

Š
�

A 1

� � u� 
u� d 
A

� 	
 �
= :I 2

Š
�

A 2

� (u� + u�)
u d 
A

� 	
 �
= :I 3

.

(5.22)
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Ac

Ab

Ad

Aa

A2

Figure 5.3: Control surface for equation (5.22).

For a control surfaceA1 = Aa � Ab � Ac � Ad as in Figure 5.3, the individual
integrals I 1 Š I 3 provide the following contributions:

€ integral I 1: vanishes, since
i is perpendicular d 
A on the lateral surfacesAc

and Ad, and sinceAa = Ab.

€ integral I 2:
5

A 1
� � 
u� d 
A is the mass ”ux out of the control volume. For

impermeable bodiesI 2 disappears.

€ integral I 3: for impermeable bodies
u is perpendicular d 
A on A2, I 3 vanishes.

An impermeable body in a stationary inviscid

unbounded unidirectional ”ow does not experience

any drag, provided that the disturbances caused by

the body in the ”ow “eld decay at a great distance.

d•Alembert•s paradox

Discussion: For a permeable body, the integralI 2 does not have to disappear.
For example, a source in an approach ”ow, even if no net additional impulse is
introduced into the ”ow, creates a negative drag. This corresponds to a propulsion.

Transverse force: The component of the holding force perpendicular to the
direction of the approach velocity is called atransverse force . We again assume
the situation shown in Figure 5.2 and restrict ourselves to a plane ”ow. With the
unit vector 
j pointing in the y-direction we obtain for the transverse force


j 
Hh = Š
�

A 1

� � u� u�
j d 
A +
�

A= A 1	 A 2

�v �
u d 
A. (5.23)

As with the determination of the drag, the contribution of the second integral
over the surfaceA2 enclosing the body disappears in the case of an impermeable
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Figure 5.4: Contributions of individual surface elements to the integral
in equation (5.24).

body, since
u is perpendicular to d 
A on the surfaceA2. Taking � � � � at A1 and
neglecting quadratically small terms we get


j 
Hh = � � u�

�

A 1

�
Šu�
j + v�
i

�
d 
A. (5.24)

As the outer part A1 of the control volume, which is far away from the body, we
again choose a rectangle whose sides are parallel and perpendicular to the approach
velocity, see Figure 5.4. As can be seen from the “gure, each side provides a
contribution to only one part of the integral in equation (5.24). If the four sides
are labeledAI Š AIV , the integral can be written as follows:


j 
Hh = � � u�

�

A 1

+
u�(AI ) dx + v�(AII ) dy Š u�(AIII ) dx Š v�(AIV ) dy

,
dz (5.25)

= � � u�

�
� z(z) dz. (5.26)

� z(z) is the circulation integral along a pathC that equals the intersecting line
with the control surface atz = const:

� z(z) =
'

C


u d
s (5.27)

=
'

C

[u�(CI ) dx + v�(CII ) dy Š u�(CIII ) dx Š v�(CIV ) dy] . (5.28)

In the last equation, the intersecting lineC has been divided intoCI Š CIV according
to the surface parts. If the integral

5
�( z) dz �= 0, a transverse force acts on the
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u0 ·
i

� =
(

C 
u · d
s � < 0: lift
� > 0: downforce

C: integration path

Figure 5.5: Sign of the transverse force on a wing in an approaching ”ow.

body in the y-direction. In a plane ”ow, i.e. at independence ofz, the transverse
force ay per unit length in the z-direction is given by the

ay = Š� � u� � z.

Theorem of Kutta and Joukowski

(5.29)

It is the combination of an approach velocity and circulation that generates lift on
a wing and thus makes ”ying possible, see Figure 5.5. The circulation integral must
be taken in the mathematically positive direction. A positive circulation results in
a downward force, a negative circulation in an upward force. The transverse force
is also referred to as adynamic lift .

Discussion: Circulation is necessary to create lift on wings. However, under the
assumptions made here (inviscid ”ow, no external forces), circulation cannot arise
(see Chapter 8 below). In inviscid ”ow, the ”ow around a wing looks something
like in Figure 5.6a, with a rear stagnation point on the top of the wing (this can
be calculated by potential theory and can also be demonstrated in a Hele-Shaw
”ow, cf. Section 4.5.3). Figure 5.6b shows a wing alone with (positive) circulation,
but without approach velocity. If these two cases are combined, there is a value
of the circulation (with � z < 0) at which the rear stagnation point comes to lie
straight on the trailing edge, the ”ow ”ows o� smoothly at the rear wing tip, see
Figure 5.6c. This relationship between circulation and smooth ”ow o� the trailing
edge is called theKutta-Joukowski condition .

a) b) c)

Figure 5.6: Flow about a wing, a) inviscid ”ow, b) circulation only,
c) approach velocity and circulation ful“lling the Kutta-Joukowski condition.
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In viscous ”uids, circulation forms around rotating bodies due to the no-slip
condition. If there is an additional approaching ”ow, this results in a transverse
force. This is theMagnus e�ect , which is utilized in sports by •cuttingŽ balls.
The Magnus e�ect found a technical application in the 1920s as a drive mechanism
for ships. If crosswinds hit on vertically mounted rotating cylinders (Flettner
rotors), propulsion is generated, see Figure 5.7. After the concept was initially not
pursued any further, it has recently received renewed attention. The Flettner rotor
is intended as a supplementary drive to save fuel, see Figure 5.8.

Wind: wind

Figure 5.7: Development of propulsion at the Flettner rotor ship.

Figure 5.8: Flettner rotor ship E-Ship 1 (Lpele, CC BY-SA 4.0, via
Wikimedia Commons).
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5.3 Examples

i) Contraction coe�cients

(csa: cross sectional area)

Ao: csa of ori“ce

Aj : csa of jet

liquid jetpi

h

pa: ambient pressure

Liquid ( � = const) ”ows out of
a vessel through an ori“ce to the
outside. Let the pressurepi in the
vessel be so high that the hydro-
static pressure�gh is negligible.
The ambient pressurepa prevails
on the outside. The ratio of the
cross-sectional area of the ori“ce
to that of the resulting jet is the
contraction coe�cient � :

� :=
Aj

Ao
.

For Borda•s mouthpiece (see “gure), the contraction coe�cient can be calculated
using the momentum theorem:

pi

x

pi

Ao

pa

Aj , uj

control surface

separation of ”ow

momentum theorem, stationary, no external forces:
5

A �
u
u d 
A = Š
5

A pd 
A,
at solid walls and on the jet edge: 
u d 
A = 0,
momentum theorem,x-component: �u j uj Aj = Š(pa Š pi )Ao,

uj : velocity in the jet.

Using Bernoulli•s equation,pi = pa + �
2u2

j , to eliminate the pressure di�erence in
the momentum equation, the contraction coe�cient becomes

� =
Aj

Ao
=

1
2

.
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Examples for contraction coe�cients of other mouthpieces:

� = A j

A o
= 1

� � 0.6 � < 1
2

Ao Aj

ii) Carnot•s head loss
We consider the stationary incompressible ”ow (� = const) through a pipe with a
suddenincrease in cross-section:

mixing region

control surface

A1, p1, u1 A2, p2, u2

p1

The ”ow that leaves the pipe with the small cross-section initially continues straight
ahead as a free jet. The ”uid rests next to the jet. The pressure (p1) there is the
same as in the jet. Viscous stresses cause the jet to mix with its surroundings
further downstream and “nally “ll the entire cross-sectionA2 of the wide pipe.
We are looking for the pressurep2 in the wide pipe. Since viscosity plays a role
in the mixing processes, Bernoulli•s equation is not applicable. However, if the
Reynolds number is large (then inertia e�ects clearly outweigh viscous e�ects), the
momentum theorem can be used without the viscous term.

Procedure:

known: geometry (A1, A2), p1, u1,
wanted: pressurep2 in the wide pipe,
continuity equation: u1A1 = u2A2 � u2 = u1

A 1
A 2

,
momentum equation,x-component: �u 2

2A2 Š �u 2
1A1 = Š(p2 Š p1)A2,

� p2 = p1 + �u 2(u1 Š u2).
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Comparison with a ”ow through a pipe with a continuousexpansion of the cross-
section:

u1, p1, A1 u1, p�
2, A2

There are no losses due to mixing here. The Bernoulli equation can therefore be
applied:

� p�
2 = p1 +

�
2

(u2
1 Š u2

2).

The di�erence � p2 of the pressures without losses (p�
2) and with losses occurring

during mixing (p2) is referred to asCarnot•s head loss :

� p2 = p�
2 Š p2 =

�
2

(u1 Š u2)2.

In the case of a sudden cross-sectional expansion with subsequent viscosity-induced
mixing processes, the pressure in the wide pipe is lower than in the case of a
continuous cross-sectional expansion without jet formation and without subsequent
mixing processes. Corresponding pressure losses also occur with di�erently designed
cross-sectional changes. The formula of the head loss, particularly the squared
di�erence of the velocities, is similar to the one describing the loss of kinetic energy
in the inelastic collision of two solid bodies.

iii) Determination of drag using pressure measurements in the wake
In a viscous ”ow, the no-slip condition is ful“lled on a body within the ”ow.
The velocity increases in a thin layer, the boundary layer, to the outer velocity.
Behind the body, the boundary layer merges from all sides and forms a wake. The
associated disturbance and reduction of the velocity extends far beyond the body
(see Figure 5.9). Pressure disturbances on the other hand, are compensated much
faster. It is possible to determine the drag of the body by determining the loss of
momentum in the wake. This is shown here for an incompressible ”ow (� = const).
Note: the non-decaying disturbance of the velocity in the wake is the reason why
the conditions for d•Alembert•s paradox are not ful“lled and a drag can occur.
We now apply the momentum theorem using a cylindrical control volume, see
Figure 5.9. Downstream of the body we consider two di�erent positions for the
end of the control volume:

€ AN1 at x1: cross-section relatively close to the body; in a wind tunnel, this
location is used for taking measurements,

Integral momentum theorem and angular momentum theorem



5.3. Examples 113

wake

boundary layer

cyl

�š�}�š

�š�}�š �š�}�š

Figure 5.9: Wake behind an airfoil/wing.

€ AN2 at x2: cross-section far downstream of the body; this location is suitable
for theoretical considerations.

We start with a control volume that extends to AN2 . AN2 is so far downstream
that pressure disturbances are balanced, i.e. the static pressure ful“llsp2 � p� .
The drag is given by (see equations (5.20) and (5.10))

D = Š
i 
Hh = Š�
�

A
(
i
u)
u d 
A Š 
i

�

A 1

pd 
A
� 	
 �

=0

. (5.30)

With p = p� = const at the outer control surfaceA1, which does not include the
body surface, and neglecting quadratically small terms, follows:

D = + �u 2
� A� Š �u �

�

A cyl


u d 
A Š �
�

A N 2

u
u d 
A Š 0. (5.31)

The integral over the cylindrical surfaceAcyl is obtained using the continuity
condition:

0 =
�

A

u d 
A = Šu� A� +

�

A cyl


u d 
A +
�

A N 2


u d 
A (5.32)

�
�

A cyl


u d 
A = u� A� Š
�

A N 2


u d 
A. (5.33)

The drag is therefore given by

D = �u 2
� A� Š �u 2

� A� + �u �

�

A N 2


u d 
A Š �
�

A N 2

u
u d 
A, (5.34)
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D = �
�

A N 2

(u� Š u)u dA. (5.35)

Theoretically, a measurement of the velocityu2(r ) at AN2 provides the drag. In
practice, AN2 is usually too far downstream from the body to carry out measure-
ments. Therefore, a di�erent approach is presented next.

The velocity u2, which occurs in the last integral, is determined via a measurement
of the static pressurep1 and the total pressureptot

1 on a surfaceAN1 at x1, which
is closer behind the body. The approach velocity in a wind tunnel is also usually
expressed using the static and total pressure known there. One obtains:

€ at cross-sectionA� (in”ow): p� , ptot
� known

� u� =
6

2
� (ptot

� Š p� ),

€ at cross-sectionAN1 :
(at x = x1)

p1, ptot
1 are measured

� u1(x1, r ) =
6

2
� (ptot

1 (x1, r ) Š p1(x1, r )),

€ at cross-sectionAN2 :
(at x = x2)

p2 � p� (fast pressure compensation, see
above),

ptot
2 � ptot

1 (possible losses betweenAN1

and AN2 are neglected)

� u2(r ) =
6

2
� (ptot

1 (x1, r ) Š p� ).

We now consider a stream tube betweenAN1 and AN2 , see “gure below. Taking
into account the continuity condition for incompressible ”ows, we obtain

u1 · dAN1 = u2 · dAN2 .
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This means that the integral in equation (5.35) for the drag can be taken over the
surfaceAN1 instead overAN2 :

D = �
�

A N 2

(u� Š u2)u2 dAN2 = �
�

A N 1

(u� Š u2)u1 dAN1 .

The velocities can all be speci“ed using pressures. The drag can thus be obtained
solely by measuring the pressure in the approaching ”ow and at the cross-section
AN1 :

D = 2
�

A N 1

� -
ptot

� Š p�� 	
 �
� u�

Š
-

ptot
1 (x1, r ) Š p�� 	
 �

� u2

�
·
-

ptot
1 (x1, r ) Š p1(x1, r )

� 	
 �
� u1

dAN1 .

iv) Propeller: thrust and power

p� , � �

Acyl

Aa
A� Ab

x,
i

u�

pS � p� , � �

uS

p� , � �

p� , � �

u�

AS

The thrust and power of a propeller are determined in simpli“ed form using the
momentum theorem. The ”ow is considered to be inviscid and stationary. Energy
addition takes place via the propeller which is realized by a so-called actuator disk.
The angular momentum generated at the propeller is neglected. The density is
assumed to be constant in the controll volume. When the ”ow passes through the
actuator disk of cross-sectional areaAa = Ab, the ”uid experiences an increase in
pressure. In this, the velocity in front of and behind the disk remains constant
(continuity: uaAa = ubAb).

The thrust S is the x-component of the holding forceHh:

S = 
i · 
Hh = 
i
�

A
�
u
u d 
A + 
i

�

A 1

pd 
A.
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Here,A denotes the total control surface, andA1 is the surface without the part
enclosing the propeller/actuator disk. Thus

S = Š� � u2
� A� + � � u2

� (A� Š AS) +
�

A cyl + A S

� (
u
i )
u d 
A

= Š� � u2
� AS + � Su2

SAS + � � u�

�

A cyl


u d 
A.

We can calculate the last integral overAcyl by utilizing the continuity condition:

0 =
�

A
�
u d 
A = Š� � u� A� + � � u� (A� Š AS) + � SuSAS + � �

�

A cyl


u d 
A

� � �

�

A cyl


u d 
A = ( � � u� Š � SuS) · AS.

The thrust force is therefore given by

S = Š� � u2
� AS + � Su2

SAS + � � u2
� AS Š � SuSu� AS.

S = � SuSAS(uS Š u� ) = �mT (uS Š u� )

where �mT is the mass ”ux through the propeller:

�mT = � SuSAS = � auaAa.

The thrust can also be determined via the pressure jump at the actuator disk.
As with the wake, the pressure equalization behind the propeller is faster than
the velocity equalization (see previous example iii)). Su�ciently far downstream,
therefore,ps � p� . Bernoulli•s equation thus provides:

�� a b s

us
ua = u b

ps

x

x

p��

p

u

u��

�� p
x�� xa=x b xs

x� � xa : �
u2

�

2
+ p� = �

u2
a

2
+ pa,

xb � xs : �
u2

s

2
+ p� = �

u2
b

2
+ pb,

� pb Š pa =
�
2

(u2
S Š u2

� ).

The pressure di�erence �p = pb Š pa causes a thrust:

S = ( pb Š pa)Aa =
�
2

Aa(u2
S Š u2

� ).

Comparison with S = �mT (us Š u� ) provides

�u aAa(us Š u� ) =
�
2

Aa(u2
S Š u2

� ).
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This gives the velocity at the actuator disk:

ua =
1
2

(uS + u� ).

The e�ective power Pe� is

Pe� = u� S.

On the other hand, the power inputPprop via the propeller is

Pprop = uaAa · � ekin = uaAa
�
2

(u2
S Š u2

� ) = uaAa� p = uaS.

Here, ekin denotes the kinetic energy per volume. The ratio ofPe� and Pprop is the
e�ciency � :

� =
Pe�

Pprop
=

u� S
uaS

=
u�

ua
=

2u�

u� + uS
=

2
1 + uS

u�

< 1.

For uS � u� we have� � 1, but alsoS � 0. Practically one “nds

� pr. = µ �, µ � 0.85Š 0.90.

Here µ denotes the e�ciency factor.

v) Wind turbine
A wind turbine is practically a propeller working in reverse. Here the wind drives
the propeller which we again idealize as an actuator disk. The considerations from
the last section can be adopted. The following then applies:

uS < u � and therefore AS > A � .

The power consumption of the wind turbine is

Pwt = ŠuaS = Š
uS + u�

2
�
2

(u2
S Š u2

� )Aa =
1
4

�A a(uS + u� )(u2
� Š u2

S).

The maximum powerPwt, max of the wind turbine is achieved foruS with

dPwt

duS

!= 0 � uS =
1
3

u� .

The maximum e�ciency, related to the energy ”ux through the turbine, is then

cL =
Pwt, max

(1/ 2)�A au3
�

=
16
27

� 0.59.

This result was already derived by A. Betz in 1919.(Albert Betz (1885…1968),
scientist at the Aerodynamic Research Institute in G¨ottingen and Professor at the
University of Göttingen.)
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Energy

6.1 Energy equation

In Section 4.2.2, we have already become familiar with the Bernoulli equation, an
energy equation of ”uid mechanics. However, Bernoulli•s equation only applies to
inviscid barotropic ”uids. In viscous ”ows, dissipation leads to the conversion of
mechanical energy into heat. In energy considerations thermal energy, here in the
form of internal energy, must be taken into account. Furthermore, no restrictions
are initially placed on the equations of state of the liquid.

The total energy E in a control volume V is composed of internal energy and
kinetic energy. With the internal energy per mass,e, the energy in a control volume
V is given by

E =
�

V
�

�
e+

u2

2

�
dV. (6.1)

The time derivative of the energy can be written as follows using Reynolds• transport
theorem:

dE
dt

=
�

V

�
�t

�
�

�
e+

u2

2

��
dV +

�

A
�

�
e+

u2

2

�

u d 
A (6.2)

=
�

V

�
�

�
�t

�
e+

u2

2

�
+

�
e+

u2

2

�
��
�t

+

�
e+

u2

2

�
div ( �
u) + �
u grad

�
e+

u2

2

� �
dV,

(6.3)

where the surface integral has been converted into a volume integral using Gauss•s
divergence theorem. The resulting divergence expression and the time derivative
from the “rst integral were furthermore rewritten using the product rule. The
underlined terms disappear due to the continuity equation (��/�t + div(�
u) = 0).
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This results in

dE
dt

=
�

V

�
�

�
�t

�
e+

u2

2

�
+ �
u grad

�
e+

u2

2

��
dV. (6.4)

With the de“nition of the substantial time derivative we “nally obtain

dE
dt

=
�

V
�

d
dt

�
e+

u2

2

�
dV. (6.5)

The temporal change in energy in the volume is caused on the one hand by the
power acting on the control volume. A distinction must be made here between the
power due to body forces and that due to surface forces. On the other hand, energy
can be transported across the control surface by heat conduction or radiation:

€ power Pb of body forces, withFi as external force per mass:
Pb =

5
V �F iui dV,

€ power Ps of surface forces, with the stress tensor:� ik = Š� ik p + � ik .
As an example, we consider the contribution of the stress component� 12 and
the velocity componentu2 (see Figure 6.1):

�
Š � 12u2 +

�
� 12 +

�� 12

�x 1
dx1

� �
u2 +

�u 2

�x 1
dx1

��
dx2 dx3

=
�
u2

�� 12

�x 1
+ � 12

�u 2

�x 1
+

�� 12

�x 1

�u 2

�x 1
dx1

�
dx1 dx2 dx3

(6.6)

�
� (u2� 12)

�x 1
dx1 dx2 dx3. (6.7)

Figure 6.1: On the power of surface forces.
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There are three force components and three surface orientations. Summed
over all contributions we get the total power of surface forces. In index
notation:

Ps =
�

V
(� ik · uk)/i dV =

�

V

+
Š (pui )/i + ( � ik uk)/i

,
dV (6.8)

or, after conversion with Gauss•s divergence theorem:

Ps =
�

A
Š (pui ) dAi

� 	
 �
Pp

+
�

A
(� ik uk) dAi

� 	
 �
P�

. (6.9)

The “rst integral denotes the powerPp of the pressure, the second the power
P� of the viscous stresses.

€ energy ”ux out of the control volume per time,Pq, due to heat conduction
or radiation, with the heat ”ux density qi :

Pq = Š
�

A
qi dAi . (6.10)

In the following, we only consider heat conduction. Thenqi = Š� · T/i , where
T is the temperature and� the thermal conductivity. The integration of the
heat ”ux density results in

Pq =
�

A
�T /i dAi =

�

V

�
�T /i

�
/i

dV. (6.11)

With these contributions, the energy equation reads

dE
dt

=
�

V

�
�t

�
�

�
e+

u2

2

��
dV +

�

A
�

�
e+

u2

2

�

u d 
A

=
�

V
�

d
dt

�
e+

u2

2

�
dV = Pp + P� + Pb + Pq.

Energy equation

(6.12)

This equation can be transformed further. To do this, we eliminate the kinetic
energy using Cauchy•s equation of motion (4.36),

�
dui

dt
= Šp/i + � ki/k + �F i . (6.13)

Multiplying this equation by ui and then integrating overV gives
�

V
�u i

dui

dt
dV =

�

V
�

1
2

du2

dt
dV =

�

V

)
Šui p/i + ui � ki/k + �u i Fi

*
dV (6.14)
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whereu2 = ui · ui is the square of the magnitude of the velocity. Subtracting this
equation from the energy equation yields

�

V
�

de
dt

dV =
�

V

�
Špui/i

�
dV +

�

V
� ik uk/i dV + Pq. (6.15)

Since the control volume can be chosen arbitrarily, equation (6.15) also applies to
the integrands. The divergence of the velocity can be expressed here by the time
derivative of the density or its reciprocal, thespeci“c volume v := 1/� , using the
continuity equation as follows:

ui/i = Š
1
�

d�
dt

= �
d1

�

dt
= �

dv
dt

. (6.16)

This gives us an alternative form of the energy equation:

de
dt�	
�
(1)

= Šp
dv
dt� 	
 �

(2)

+
1
�

� ik uk/i

� 	
 �
(3)

+
1
�

�
�T /i

�
/i

� 	
 �
(4)

. (6.17)

The individual terms have the following meaning:

(1) rate of change of the internal energy per unit mass,

(2) power of the pressure on the speci“c volume,

(3) dissipation per unit mass: frictional heat generated per unit time and unit
mass,

(4) thermal energy supplied by heat conduction per unit time and unit mass.

Dissipation In order to better understand the dissipation term, let us consider
the “rst law of thermodynamics:

de = d qŠ pd
�

1
�

�
= d qŠ pdv. (6.18)

The internal energy changes due to the supplied heatdq and the mechanical
work Šp d(1/� ) performed (in each case per mass). If this is used to replace the
temporal change of the internal energy in the energy equation (6.17), we see that
the temporal change of the heat is given by

dq
dt

=
1
�

� ik uk/i +
1
�

�
�T /i

�
/i

. (6.19)
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The “rst term on the right-hand side represents thedissipation . The dissipation
per volume, �, is de“ned as

� := � ik uk/i . (6.20)

Utilizing the symmetry of the stress tensor, in this case of the viscous stresses� ik ,
one can write

� =
1
2

� ik uk/i +
1
2

� ki ui/k =
1
2

� ik
�
uk/i + ui/k

�
= � ik Dik , (6.21)

whereDik denotes the deformation tensor from section 3.5. Without deformation
(strain and/or shear) there is no dissipation.

For Newtonian ”uids, the viscous stresses are given by

� ik = µ
�
ui/k + uk/i

�
+ �� ik um/m . (6.22)

Here,µ is the shear viscosity and� = µbŠ 2/ 3µ is the second coe�cient of viscosity.
With Stokes• approach, i.e. withµb = 0 for the bulk viscosity, the dissipation in
Newtonian ”uids obeying equation (6.22) is given by

� =
1
2

� ik
�
uk/i + ui/k

�
(6.23)

=
1
2

µ
�
ui/k + uk/i

� 2
Š

1
2

2
3

µ � ik um/m

�
ui/k + uk/i

�

� 	
 �
=2( um/m )2

(6.24)

=
µ
2

(1 Š � ik )
�
ui/k + uk/i

� 2

� 	
 �
= :A

+
µ
2

� ik
�
ui/k + uk/i

� 2
Š

2
3

µ
�
um/m

� 2

� 	
 �
= :B

. (6.25)

It is

A =
µ
2

(1 Š � ik )
�
ui/k + uk/i

� 2
� 0 (6.26)

B =
µ
2

� ik
�
ui/k + uk/i

� 2
Š

2
3

µ
�
um/m

� 2

=
4
3

µ(um/m )2 � 0.
(6.27)

The dissipation � = A + B is therefore always greater than or equal to zero:

� � 0. (6.28)

The deformation of ”uid particles causes positive dissipation.
Rigid body motion is dissipation-free.
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6.2 One-dimensional steady ”ow

6.2.1 State variables and velocity

Figure 6.2: Stream “lament with
control volume.

For a steady ”ow along a stream “lament,
relationships can be derived between the
thermodynamic state variables and the
velocity using the energy equation. We
consider a stream “lament whose cross-
sectional areaA depends on the arc
length s. Let the ”ow be steady and
inviscid, without external forces. Trans-
port processes for heat, such as heat
conduction, are also supposed not to be
present. We are looking for the evolution
of the state variables and the velocity
along the stream “lament. The starting

point for the following considerations is the energy equation which reads as follows
under the present conditions:

�

A
�

�
e+

u2

2

�

u d 
A = Š

�

A
p
u d 
A. (6.29)

We choose a section of the stream “lament as the control volume, see Figure 6.2.
Since on the lateral area the normal vector of the surface is everywhere perpendicular
to the velocity vector, only the two cross-sectional areasA1 and A2 contribute to
the integrals:

� 2

�
e2 +

u2
2

2

�
u2A2 Š � 1

�
e1 +

u2
1

2

�
u1A1 = Š (p2u2A2 Š p1u1A1) . (6.30)

In the stationary ”ow, the mass ”ux is the same at every point of the stream
“lament, �uA = � 1u1A1 = � 2u2A2. After dividing equation (6.30) by the mass ”ux
and a slight reordering of some terms, we obtain

� 1u1A1

�
e2 Š e1 Š

u2
1

2
+

u2
2

2

�
= p1u1A1 Š p2u1A1

� 1

� 2
(6.31)

� e2 +
u2

2

2
+

p2

� 2
= e1 +

u2
1

2
+

p1

� 1
. (6.32)

The sum of the internal energye and the ratio of pressure and density,p/� , is just
the enthalpy h:

h = e+
p
�

. (6.33)
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According to equation (6.32), the enthalpy changes with the ”ow velocity. At rest
(u = 0), we have the stagnation enthalpyh0 = e0 + p0/� 0. The relationship (6.32)
applies along the entire stream “lament and thus along a streamline:

e+
p
�

+
u2

2
= h +

u2

2
= h0 = const.

Energy equation for steady, inviscid, compressible ”ow

(6.34)

This equation is similar to Bernoulli•s equation for steady incompressible ”ows.
However, there are important di�erences:

€ the density is fully variable,

€ the internal energy is taken into account,

€ isentropy is not assumed, i.e. irreversible processes such as compression shocks
(see next Section 6.2.2) are permitted.

Equations of state are required in order to proceed further. These are the

thermal equation of state : f therm (�, p, T ) = 0 , (6.35)

caloric equation of state : f cal (�, e, T ) = 0 . (6.36)

As an example, Table 6.1 compares equations of state for ideal gases and one
according to Tait. The latter mainly applies to liquids of low compressibility.

ideal gas Tait-equation

thermal p = �RT p + B
p0 + B

=
�

�
� 0

� A

caloric e = cv · T + const e = c · T + const

where
R = cp Š cv

R: speci“c gas constant
(air: R � 287J/(kgK))
cp, cv: speci“c heat at
constant pressure/volume

A, B : constants
(water: A � 7,
B = � 0c2

0/A � 0.3GPa,
wherec0: stagnation sound
speed, see below)

Table 6.1: Equations of state.
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In the following, we restrict ourselves toideal gases. According to Table 6.1, the
enthalpy of ideal gases is given by

h = e+
p
�

= cvT + const + RT = cpT + const. (6.37)

With adiabatic state changes, the relationships between the various state variables
are simpli“ed. If dq = 0, the “rst law of thermodynamics provides

de = d qŠ pd
�

1
�

�
= Špd

�
1
�

�
. (6.38)

The caloric and thermal equation of state are used to rewrite the last equation:

de = cv dT and Š pd
�

1
�

�
= Š�RT d

�
1
�

�
= RT

d�
�

(6.39)

� cv
dT
T

= R
d�
�

. (6.40)

Taking into account R/c v = 
 Š 1 where
 = cp/c v is the adiabatic exponent,
the adiabatic equations for ideal gases are obtained after integration and
substitution of the constants occurring in the process via the stagnation conditions
(index 0):

�
T
T0

�
=

�
�
� 0

� � Š 1

,
p
p0

=
�

�
� 0

� �

. (6.41)

Speed of sound Figure 6.3a shows the propagation of a plane pressure wave
of small amplitude � p. The state ahead of the wave is given byp, � and u = 0.
Behind the wave, these variables are changed by �p, � � und � u. The unknown
velocity of the wave isc. Since the amplitude of the wave is small, this speed
corresponds to the speed of sound. We now consider the propagation process in
the reference system of the wave, cf. Figure 6.3b. Continuity requires the same
mass ”ux �u before and after the wave:

� · u = ( � + � � ) · (u + � u) = � u + � � u + � � u + � � � u. (6.42)

Not only the pressure amplitude, but also the resulting changes in velocity and
density are small. We can therefore linearize the right-hand side, i.e. omit the
quadratically small term. With u = Šc we get

� u � +
� �
�

c. (6.43)

The momentum is also maintained across the wave:

�u 2 + p = ( � + � � ) (u + � u)2 + ( p + � p) . (6.44)
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p

x Š ctu = Šc

p

�

u + � u = Šc + � u

p + � p

� + � �

� p

p

xu = 0

p

�

u + � u

p + � p

� + � �

� p

a) b)

c

Figure 6.3: Right-running pressure wave: a) laboratory system,
b) reference system of the pressure wave.

We linearize again and replace the velocity change �u using equation (6.43):

0 = � 2u� u + � � · u2 + � p + quadr. terms (6.45)

� 0 � Š � 2c
�

� �
�

· c
�

+ � �c 2 + � p (6.46)

� c2 �
� p
� �

. (6.47)

For small disturbances, the di�erence quotient can be replaced by the di�erential
quotient. Taking into account that changes of state in the pressure wave are
adiabatic, the speed of sound becomes

c2 =
�

dp
d�

�

adiab.

. (6.48)

In the case of ideal gases, it follows from the adiabatic equations forp and � , and
with the thermal equation of state that

c =
1



p
�

=
�


RT . (6.49)

The speed of sound depends solely on the temperature! This can be used to
replace the temperature in the equation for the enthalpy with the speed of sound.
Considering

cpT = cp
c2


R
= cp

c2

cp/c v(cp Š cv)
=

c2


 Š 1
, (6.50)

the enthalpy of ideal gases is therefore given by

h = cpT =
1


 Š 1
c2. (6.51)

Energy



128 Chapter 6

Thus the energy equation (6.34) for ideal gases assumes a simple form:

c2


 Š 1
+

u2

2
=

c2
0


 Š 1
. (6.52)

Only velocities appear in this equation. Here,c0 is the stagnation sound speed.
The ratio of the local ”ow velocity u and the local sound speedc is de“ned as the

M :=
u
c

.

Mach number

(6.53)

If we multiply the energy equation (6.52) by (
 Š 1)/c 2 and use the de“nition of
the Mach number we obtain

1 +

 Š 1

2
M 2 =

c2
0

c2
=

T0

T
. (6.54)

Using the adiabatic equations, the state variables scaled with their respective
stagnation values can be written as a function of the Mach number:

T
T0

=
�

1 +

 Š 1

2
M 2

� Š 1

,

�
� 0

=
�

T
T0

� 1
� Š 1

=
�

1 +

 Š 1

2
M 2

� Š 1
� Š 1

,

p
p0

=
�

�
� 0

� �

=
�

1 +

 Š 1

2
M 2

� Š �
� Š 1

.

(6.55)

(6.56)

(6.57)

Discussion

i) The intensive state variables temperatureT, density � and pressurep scaled
with their respective stagnation values are, under the assumption of isentropic ”ow
(no friction etc.) made at the beginning, functions only of the Mach number and
the adiabatic coe�cient 
 . With z as a representative of one of the state variables
and with z0 as the corresponding stagnation value the following applies:

z
z0

= f (M, 
 ) . (6.58)

ii) Solving the energy equation (6.52) for the velocityu gives

u =

1
2


 Š 1
(c2

0 Š c2) =

1
2


 Š 1

R (T0 Š T). (6.59)
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The velocity increases as the temperature falls. This corresponds to a conversion
of thermal energy into kinetic energy. There is a maximum velocityumax which is
reached forT � 0 K:

umax =

1
2



 Š 1
RT0 =

1
2


 Š 1
c0. (6.60)

For air under standard conditions (
 = 7/ 5, T0 = 293 K 7= 20 � C):

umax,air � 767
m
s

.

iii) The condition that prevails when the ”ow velocity just equals the sound speed is
de“ned as thecritical state . Then, with u = c, the Mach number isM = u/c = 1.
The critical state is marked with the index � . For air (
 = 7/ 5), the following
follows from equations (6.49), (6.55)-(6.57):

T�

T0
=

2

 + 1

= 0.83,
c�

c0
=

1
2


 + 1
= 0.91,

� �

� 0
=

�
2


 + 1

� 1
� Š 1

= 0.63,
p�

p0
=

�
2


 + 1

� �
� Š 1

= 0.53.

(6.61)

iv) The ”ux density � = �u is zero in the stagnation state. The stagnation state
is therefore not suitable for non-dimensionalizing this quantity. Instead, one takes
its critical value, � � = � � u� = � � c� . If the critical density and sound speed are
replaced by the relations from equation (6.61), this yields

� � = � � c� =
�
� 0

�
2


 + 1

� 1
� Š 1

��
c0

�
2


 + 1

� 1
2

�
(6.62)

� � � = � 0c0

�
2


 + 1

� � +1
2( � Š 1)

. (6.63)

This quantity is used to scale the ”ux density:

�
� �

=
� · u

� � · u�
=

�u
� 0c0

�
2


 + 1

� Š � +1
2( � Š 1)

=
�
� 0

c
c0

u
c

�
2


 + 1

� Š � +1
2( � Š 1)

. (6.64)

The ratios �/� 0 and c/c0 are known functions of the Mach number (equations
(6.56) and (6.49) with (6.55)). If these are inserted into the last equation, it can be
seen that the dimensionless ”ux density also only depends on the Mach number:

�
� �

= M
�

2 + ( 
 Š 1) M 2


 + 1

� Š � +1
2( � Š 1)

. (6.65)
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Figure 6.4: Dependence of di�erent quantities on the Mach number
(for air, 
 = 1.4).

For M = 0 and M � � , � / � � = 0. In between, there is a maximum that is
reached atM = 1 with (� / � � )max = 1. Figure 6.4 shows the dependence on the
Mach number of the dimensionless ”ux density and various other state variables.

v) Laval nozzle (after Gustaf de Laval, 1845…1913, a Swedish engineer) The
relationship derived in the last section between ”ux density and Mach number
enables the generation ofsupersonic ”ows by means of a Laval nozzle. In a
stream tube (nozzle) of variable cross-sectional areaA, the continuity equation for
steady ”ow is

�uA = � A = � � A� = const, (6.66)

whereA� denotes the cross-sectional area at that location where the critical state
is reached. It follows:

�
� �

=
A�

A
. (6.67)

We consider the acceleration of a gas fromu = 0, i.e. also M = 0, up to the
supersonic range (M > 1). For M = 0, � = 0 and therefore A � � . The
”ux density initially increases with increasing Mach number (see Figures 6.4 and
6.5), i.e. the cross-sectional area must decrease. AtM = 1, the maximum ”ux
density and thus also the minimum cross-sectional areaA� is reached. With further
increasing Mach number, the ”ux density decreases again and the cross-sectional
area must increase again. An acceleration of the gas beyond the Mach number
M = 1 therefore requires a convergent-divergent nozzle. All state variables (scaled
with their stagnation variables), which are functions of the Mach number, are then
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Figure 6.5: Flux density and cross-sectional area as a function
of the Mach number.

also determined, see equations (6.55-57). A nozzle of this type, i.e. a convergent-
divergent nozzle that is used to generate supersonic ”ows, is called aLaval nozzle .

In order for a gas to ”ow through the nozzle, the pressure on the upstream side of
the nozzle must be greater than on the downstream side. However, a supersonic
”ow is only generated if the pressure at the nozzle exit is su�ciently low. Depending
on the pressurepe at the nozzle exit di�erent pressure distributions occur in the
Laval nozzle. Some pressure distributions are shown in Figure 6.6 as a function of
the pressurepe at the nozzle exit. The cross-sectional area ratioA/A � is plotted
on the abscissa. It initially decreases and then increases again. Far upstream,
the nozzle is connected to a large vessel. The gas is at rest there, i.e.p = p0 and
A/A � � � (not shown here). In this example, the cross-sectional area ratio at
the nozzle exit isAe/A � = 1.75.

For all exit pressurespe with p0 > pe > pe,4 (see Figure 6.6) the ”ow in the
entire nozzle remains subsonic. Supersonic ”ow is only reached ifpe � pe,4. The
Mach number increases in the convergent section of the nozzle with decreasing
cross-sectional area according to the relationship betweenA/A � and M shown in
Figure 6.5. If pe � pe,4, the pressure decreases and reaches its critical value at
A/A � = 1, see Figure 6.4. The speed of sound is then just reached there. The
development of the pressure in the divergent part of the nozzle depends on the
speci“c value of the exit pressurepe:
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Figure 6.6: Pressure distributions in a Laval nozzle.

€ pe = pe,1: pe,1 corresponds to the Mach numberM > 1 that is de“ned
by the cross-sectional area ratioAe/A � at the nozzle exit
according to equation (6.67) with (6.65). In the divergent
part of the nozzle the ”ow is supersonic. The pressure
distribution follows the dependence of the Mach number
shown in Figure 6.4 forM > 1.

€ pe = pe,4: pe,4 corresponds to the Mach numberM < 1 that is de“ned
by the cross-sectional area ratioAe/A � at the nozzle exit
according to equation (6.67) with (6.65). In the divergent
part of the nozzle the ”ow is subsonic. The pressure dis-
tribution follows the dependence on the Mach number for
M < 1 as shown in Figure 6.4.

€ pe < pe,1: In the nozzle, the pressure behaves as in the casepe = pe,1.
At the nozzle exit, the pressure is therefore greater than
the external pressure: as it exits the nozzle, the free jet
emerging from the nozzle expands.
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€ pe,1 < pe < pe,2: In the nozzle, the pressure behaves as in the casepe = pe,1.
At the nozzle exit, the pressure is therefore lower than the
external pressure. In the free jet emerging from the nozzle
pressure waves equalize the pressure.

€ pe,2 < pe < pe,4: Initially, the pressure behaves as in the casepe = pe,1.
However, the external pressure is so high that within in
the nozzle a sudden change in the pressure distribution
occurs. The pressure •jumpsŽ discontinuously to a higher
value. This is related to a so-calledcompression shock .
Compression shocks are the subject of the next chapter.
In Figure 6.6 this case is illustrated using the example of
pe = pe,3.

€ pe > pe,4: The pressure in the entire nozzle is above the critical pres-
sure. The ”ow is subsonic everywhere, cf. the curve for
pe = pe,5. In the convergent part, the ”ux density (and
the Mach number) increases with decreasing cross-sectional
area but does not reach its critical value at the narrowest
cross-section of the nozzle. In the divergent part of the
nozzle, the ”ux density, and thus also the Mach number,
decreases again.

6.2.2 Compression shocks

In ”uid ”ows, abrupt changes in the thermodynamic state and in the ”ow velocity
can occur (see above, Laval nozzle withpe,2 < pe < pe,4). The state changes within
an extremely short distance in the ”ow “eld, the change of state is practically
discontinuous. In the ”ow “eld the location of the state change can then be
regarded as a discontinuity. This is called ashock wave . We will see that in ideal
gases only compressions are possible across a shock wave. This is why shock waves
in ideal gases are also calledcompression shocks .

To illustrate this, let us consider a right-running compression wave in an ideal gas.
The wave propagates at the speed of sound. The speed of sound can be written as
a function of pressure and density:

c2 = 

p
�

. (6.68)

For adiabatic state changes in a wave we have

� = � 0

�
p
p0

� 1/�

� c2 = 

p1/�

0

� 0
· p1Š 1/� � p1Š 1/� , or c(p) � p

� Š 1
2� (6.69)
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and thus
dc
dp

�

 Š 1

2

pŠ � +1

2� > 0. (6.70)

Parts of the wave with increased pressure propagate faster than those with reduced
pressure. This means that an initially sinusoidal wave changes its pro“le as it
propagates, its compressive part •steepensŽ and its expansive one spreads out. This
is sketched in Figure 6.7. After a su�ciently long time, the wave would •breakŽ and
the pressure would become multivalued. Physically, this is not possible. Instead
there is a practically discontinuous transition between high and low pressure (cf.
the dashed vertical line att = t3 in Figure 6.7). In the reference system of the
right-running wave, the gas ”ows into it from the right-hand side and experiences
a pressure increase, and thus also an increase in density. This is an example of a
compression shock.

p

t = t 1 t 2>t 1 t 3>t 2

x

?

Figure 6.7: Steepening of a right-running pressure wave.

The steepening of pressure waves can be demonstrated in pipelines. If sinusoidal
disturbances are introduced at one end, •clickling noisesŽ come out at the other
end. In old water pipes, the rapid closing of a faucet can result in the formation
of a shock wave (water hammer) in the water, that is noticeable by a hammering
noise. When the ”ow rate at the faucet decreases, the pressure increases, a pressure
wave is created and “nally a shock wave. Thunder during thunderstorms is also
caused by compression shocks. High temperatures in the lightning channel lead
to an expansion. A shock wave is formed which propagates radially outwards. In
these examples, the in”ow is perpendicular to the shock front. This is called a
normal compression shock.

When ”uid passes through a shock wave, also simply known as a shock, mass,
momentum and energy are conserved. We consider this for a normal shock, see
Figure 6.8. Then conservation equations apply for the

mass: � 1u1 = � 2u2, (6.71)

momentum: p1 + � 1u2
1 = p2 + � 2u2

2, (6.72)

energy: h1 +
u2

1

2
= h2 +

u2
2

2
. (6.73)
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Figure 6.8: Normal compression shock.

Let us assume that the ”ow upstream of the shock is known (index 1). We are
now looking for possible states and velocities downstream of the shock (index 2).
There are several solutions:

€ trivial solution: u1 = u2, p1 = p2 etc., i.e. there is no shock,

€ further solutions that are based on the non-linearities in the equations.

We “nd the other solutions as follows: By substituting equation (6.71) into equation
(6.72), replacing once� 2u2 and once� 1u1, we obtain the two equations

� 1u2
1 Š � 1u1u2 = p2 Š p1 
 u2

1 Š u1u2 =
p2 Š p1

� 1
, (6.74)

� 2u2u1 Š � 2u2
2 = p2 Š p1 
 u2u1 Š u2

2 =
p2 Š p1

� 2
. (6.75)

The sum of the two equations on the right-hand side is

u2
1 Š u2

2 =
�

1
� 1

+
1
� 2

�
(p2 Š p1) . (6.76)

Now we replace the di�erence of the squared velocities using the energy equation
(6.73) and thus obtain the

h2 Š h1 =
1
2

�
1
� 1

+
1
� 2

�
(p2 Š p1) .

Rankine-Hugoniot relation

(6.77)

The Rankine-Hugoniot relation links the thermodynamic quantities upstream and
downstream a shock with each other. Velocities are not included. The relation
applies in general, as no assumptions have yet been made about equations of state.
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If the states upstream and downstream of the shock di�er only slightly, this is
called aweak shock . Then

h2 Š h1 � dh �
1
�

dp �
1
2

�
1
� 1

+
1
� 2

�
(p2 Š p1) . (6.78)

The total di�erential of the enthalpy, dh, follows from the de“nition of the enthalpy,
h = e+ p/� :

dh = d e+ pd
1
�

+
1
�

dp. (6.79)

A comparison of the last two equations for dh yields

de+ pd
1
�

� 0. (6.80)

We now compare this with Gibbs• fundamental equation,

T ds = d e+ pd
1
�

. (6.81)

Here, s denotes the speci“c entropy. The comparison shows that ds � 0.

Across weak shocks, the entropy change is negligibly small.

The Rankine-Hugoniot relation and the statement about entropy changes for weak
shocks are independent of particular equations of state. In order to make more
concrete statements, we specialize in the following on ideal gases. The following
relationships apply to ideal gases:

e = cvT , h = cpT =
c2


 Š 1
, p = �RT. (6.82)

The change in entropy is again described by Gibbs• fundamental equation. For
ideal gases we get

ds = cv
dT
T

+ �R d
�

1
�

�
= cv

�
dT
T

Š
R
cv

d�
�

�
. (6.83)

Integration of this equation, starting from a reference state (index 0) and considering
R/c v = 
 Š 1, gives the entropy as a function of temperature and density:

s = s0 + cv

�
ln

T
T0

Š (
 Š 1) ln
�
� 0

�
. (6.84)
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Using the thermal equation of state,p = �RT , the entropy can also be written as
a function of other state variables:

s = s0 + cv ln



T
T0

�
�
� 0

� Š (� Š 1)
�

(6.85)

= s0 + cv ln


 �
T
T0

� � �
p
p0

� Š (� Š 1)
�

(6.86)

= s0 + cv ln


 �
p
p0

� �
�
� 0

� Š �
�

. (6.87)

Next, we also specify the Rankine-Hugoniot relation for ideal gases. Taking into
accounth = c2/ (
 Š 1) = 
/ (
 Š 1) p/� we get

h2 Š h1 =




 Š 1

�
p2

� 2
Š

p1

� 1

�
=

1
2

�
1
� 1

+
1
� 2

�
(p2 Š p1) . (6.88)

Solving this equation for� 2/� 1 yields the

� 2

� 1
=

1 +

 + 1

 Š 1

p2

p1


 + 1

 Š 1

+
p2

p1

.

Rankine-Huginot relation for ideal gases

(6.89)

For strong shocks, i.e.p2/p 1 � � , it follows

� 2

� 1
�


 + 1

 Š 1

for
p2

p1
� � . (6.90)

In the case of a shock, the increase in density is, unlike in the case of an isentropic
state change (cf. equation (6.41)), restricted by an upper bound, see Figure 6.9.

Shock relations for ideal gases The conservation equations for mass, mo-
mentum and energy (6.71-6.73), can be used to derive relationships between the
quantities upstream and downstream of a shock wave as a function of the Mach
number M1 ahead of the shock. WithM1 = u1/c 1, M2 = u2/c 2 and c2 = 
p/� one
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isentrope

Figure 6.9: Comparison of the Rankine-Hugoniot relation with
the isentrope (for air, 
 = 1.4).

obtains
p2

p1
= 1 +

2


 + 1

�
M 2

1 Š 1
�

,

� 2

� 1
=

u1

u2
= 1 +

2 (M 2
1 Š 1)

2 + ( 
 Š 1) M 2
1

,

T2

T1
=

p2

p1

� 1

� 2
,

M 2
2 =


 + 1 + ( 
 Š 1) (M 2
1 Š 1)


 + 1 + 2 
 (M 2
1 Š 1)

.

(6.91)

(6.92)

(6.93)

(6.94)

Also the entropy changes when passing through a shock. This can be seen if in
equation (6.87) for the entropy one chooses the state upstream of the shock as the
reference state,s1 = s0, and usess2 = s. The same is chosen for the state variables
pressure and density. Using the shock relations forp2/p 1 and � 2/� 1 we obtain

s2 Š s1 = cv ln
� �

p2

p1

� �
� 2

� 1

� Š � �
(6.95)

= cv ln
� �

1 +
2



 + 1

�
M 2

1 Š 1
�
� �

1 +
2 (M 2

1 Š 1)
2 + ( 
 Š 1) M 2

1

� Š � �
. (6.96)

The entropy change across a shock is thus also a function of the Mach numberM1

upstream of the shock. It is

s2 Š s1 =

8
> 0 for M1 > 1,

< 0 for M1 < 1.
(6.97)
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According to the second law of thermodynamics, entropy cannot decrease, i.e.
s2 Š s1 � 0. Therefore, solutions of the shock relations withM1 < 1 are not
physically possible. WithM1 > 1 it follows (cf. the shock relations):

M1 > 1 � p2 > p1, � 2 > � 1, T2 > T 1, M2 < M 1. (6.98)

If M1 = 1 nothing changes and there is no shock.

To summarize, the following applies to ideal gases:

€ only compression shocks are possible,

€ the upstream ”ow is supersonic relative to the shock,M1 > 1,

€ the downstream ”ow is subsonic relative to the shock,M2 < 1.

The state changes resulting from the shock relations (6.91-6.94) across a compression
shock and the Mach number downstream of the shock are shown in Fig. 6.10 as a
function of the Mach numberM1 upstream of the shock.

Figure 6.10: Normal shock: state downstream of the shock as a function
of the Mach number upstream of the shock (for air,
 = 1.4).

Stagnation state upstream and downstream of a shock The entropy
changes across a shock wave. Therefore, the stagnation states upstream and
downstream of a shock are not all identical, in particular the stagnation pressure
changes. In the the following, we designate the stagnation state before the shock
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with the index •01Ž and after the shock with the index •02Ž. First, we consider
the stagnation temperaturesT01 and T02. From the energy equation,

h +
u2

2
= cpT +

u2

2
= cpT0 = const, (6.99)

it follows that the stagnation temperatures before and after the shock are the same:

T01 = T02. (6.100)

Apart from the shock, let the ”ow be isentropic. Then the entropies upstream and
downstream of the shock are equal to the respective stagnation entropies:

s1 = s01, s2 = s02. (6.101)

Using equation (6.86), we obtain the entropy change across a shock:

s2 Š s1 = cv
 ln
�

T2

T1

�
Š cv (
 Š 1) ln

�
p2

p1

�
(6.102)

= s02 Š s01 = cv
 ln
�

T02

T01

�

� 	
 �
=0

ŠR ln
�

p02

p01

�
. (6.103)

In the last equation, ln(T01/T 02) disappears, sinceT01 = T02. Furthermore, accord-
ing to the second law of thermodynamics,s2 Š s1 � 0, i.e.

s2 Š s1 = ŠR ln
�

p02

p01

�
� 0. (6.104)

This results in the following relation between the stagnation pressures upstream
and downstream of a shock:

p02 � p01. (6.105)

This is referred to as

Downstream of a compression shock the stagnation pressure

is lower than upstream of the shock.

Decrease in stagnation pressure

The ratio of the stagnation pressures is obtained using equations (6.87) and (6.104)
for the entropy change and consideringcv/R = 1/ (
 Š 1):

s2 Š s1 = cv ln
� �

p2

p1

� �
� 2

� 1

� Š � �
= ŠR ln

�
p02

p01

�
(6.106)

�
p02

p01
=

� �
p2

p1

� �
� 2

� 1

� Š � � Š 1
� Š 1

. (6.107)
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Figure 6.11: Normal shock: decrease in stagnation pressure and entropy
change as a function of Mach number upstream of the shock (for air,
 = 1.4).

Here, the ratiosp2/p 1 and � 2/� 1 are given by the shock relations (6.91) and (6.92)
for pressure and density as a function of the Mach number. This means that in
ideal gases with a known adiabatic exponent the ratio of the stagnation pressures
upstream and downstream of a shock is a function only of the Mach numberM1

upstream of the shock, see Figure 6.11. This allows Mach numbers in supersonic
”ows to be determined on the basis of pressure measurements (see below).

Oblique compression shocks So far we have only considered normal shocks.
With these, the in”ow is perpendicular to the shock surface, see Figure 6.12a.
We will now consider the normal shock from a reference frame that moves with
a velocity Šv < 0 parallel to the shock surface (Galilei transformation). The
thermodynamic variables (p, � , T, s) before and after the shock do not change
in the new reference frame. However, the gas now has a velocity component
v > 0 tangential to the shock. The in”ow to the shock wave is therefore no longer
perpendicular, but occurs at the velocityw1 at a so-called shock angle	 < 90�

to the shock surface, see Figure 6.12b. This is referred to as anoblique shock .
Downstream of the shock the velocity is given byw2. Since the tangential velocity
v remains the same on both sides of the shock, the direction of ”ow changes by the
turning angle � . According to Figure 6.12b, theshock angle 	 and the turning
angle � are given by

	 = arctan
� u1

v

�
, 	 Š � = arctan

� u2

v

�
. (6.108)

Starting from a normal compression shock with a “xed upstream velocityu1 > c1,
a family of oblique shocks is obtained by superimposing a tangential velocityv.
These satisfy

w1 sin	 = u1. (6.109)
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Figure 6.12: a) normal compression shock, b) oblique compression shock.

The shock relations are invariant with respect to the Galilei transformation. They
apply to the velocity componentu1 perpendicular to the shock surface, i.e. to

M1 sin	 =
w1

c1
sin	 =

u1

c1
. (6.110)

Consequently, for oblique shocks withM1 = w1/c 1 and M2 = w2/c 2 we have

M1 sin	 > 1 , M2 sin(	 Š � ) < 1. (6.111)

The relationship for M2 expresses that downstream of the shock the normal ve-
locity componentu2 must be less than the sound velocity. However, it is possible
and permissible for the Mach number downstream of an oblique shock to be
M2 = w2/c 2 > 1, i.e. the velocity downstream can still be supersonic.

The magnitude of the de”ection� of the ”ow caused by an oblique shock depends
on the Mach numberM1 and the shock angle	 . For a given Mach numberM1 > 1,
no de”ection occurs in two cases:

€ normal shock: 	 = 90� ,

€ in“nitely weak shock: M1 sin	 = 1, i.e. for 	 = arcsin(1/M 1).

If the shock angle	 lies between these two angles (arcsin(1/M 1) < 	 < 90� ),
the ”ow is de”ected. The relationship between shock angle and turning angle is
sketched in Figure 6.13 for a constant Mach numberM1 > 1 (the exact relationship
can be derived from equations (6.108) and the shock relations). The following
applies:
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90°

Figure 6.13: Oblique compression shock: sketch of the relationship between
shock angle	 and turning angle� at a constant Mach numberM1 upstream
of the shock.

€ for every M1 > 1 there is a maximum de”ection angle� max ,

€ a certain de”ection angle� < � max can be achieved by two di�erent shock
angles	 , 	 1 and 	 2.

Experimentally, the smaller shock angle usually appears. However, using suitable
geometrical arrangements, the solution with the greater shock angle can also be
enforced.

Example: Wedge in supersonic ”ow
In front of a wedge with an opening angle of 2� wedge which is subjected to a
supersonic ”ow a shock is formed. What exactly happens depends on whether the
half-opening angle� wedge is smaller or greater than the maximum turning angle
� max(M1) which corresponds to the Mach numberM1 of the approaching ”ow. The
two cases are shown in Figure 6.14:

€ attached shock If � wedge < � max(M1), a straight oblique shock is formed
on both sides of the wedge. These shocks are attached to the tip of the
wedge (attached shocks), see Figure 6.14a. The shock angle	 adjusts itself
in such a way that the shocks just cause a de”ection that corresponds to the
half-opening angle of the wedge, so that the ”ow downstream of the shock
is parallel to the wedge surface everywhere immediately downstream of the
shocks.
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a) b)

Figure 6.14: Wedge in supersonic ”ow: a) attached shocks,
b) detached shock.

€ detached shock If � wedge > � max(M1), an oblique shock belonging to
the Mach numberM1 can no longer cause an immediate de”ection by the
half-opening angle� wedge of the wedge. Already ahead of the tip of the
wedge, a detached shock is formed, see Figure 6.14b. This one is no longer
straight but curved. Directly on the stagnation point streamline there is a
normal shock that does not change the direction of ”ow. As the distance
from the stagnation point streamline increases, the shock angle, starting
from 	 = 90� , decreases on both sides and the de”ection increases. However,
the shock-induced de”ection is smaller than half the wedge angle. A further
continuous de”ection occurs between the shock and the wedge until the ”ow
“nally runs parallel to the surface of the wedge.

In the case of a detached shock, a subsonic velocity prevails on the stagnation
point streamline downstream of the normal shock. This also applies to adjacent
streamlines. Therefore, there exists a region downstream of the detached shock
where the velocity is subsonic. With increasing distance from the stagnation point
streamline, however, the shock angle decreases and thus the shock weakens. Finally,
the point is reached at which the speed downstream of the shock is still supersonic
downstream of the shock (see Figure 6.13). The “rst photographs of detached shock
waves were taken in the 1880s by Ernst Mach and Peter Salcher at supersonically
”ying projectiles. Shock waves are visible due to the large density di�erences
and thus strong changes in the refractive index in the gas at the location of the
shock (shadow method), see Figure 6.15. In addition to the shock wave in front of
the projectile, other waves are visible behind it. These are not discussed in this
introduction.
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Figure 6.15: Detached compression shock ahead of a supersonic
brass projectile ”ying to the left. The two vertical lines are
electrodes used to initiate the exposure spark (E. Mach, P. Salcher,
1888, photo: online archive of the German Museum).

After these considerations on the ”ow about a wedge, we can move on to the deter-
mination of Mach numbers in supersonic ”ows by means of pressure measurements.
For this purpose, a Pitot tube is held into the supersonic ”ow, see Figure 6.16.
Ahead of its end, the opening angle is always larger than the maximum de”ection
angle of a shock and a detached shock occurs. Directly ahead of the opening of the
Pitot tube, the shock is normal. Therefore, the pressure measured by the Pitot tube
is the stagnation pressurep02 downstream of a normal shock. In this measurement,
the Pitot tube must be aligned in the direction of the ”ow. If the stagnation
pressurep01 in the approaching ”ow upstream of the shock is known, equation
(6.107) for the ratio of the stagnation pressures, together with the relations (6.91)
and (6.92), provides a relation for the Mach number in the approaching ”ow.

Stoß hier 
senkrecht

abgelöster  Stoß

p02

M1 > 1
p01

detached shock

here: 
normal shock

Figure 6.16: Principle of Mach number determination in super-
sonic ”ows by means of a Pitot tube.
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Boundary layers

7.1 Introduction

In many ”ows, the inertial forces clearly outweigh the viscous forces. The Reynolds
number is very large and viscous e�ects play no or only a subordinate role in large
areas of the ”ow “eld. However, this does not apply to ”ows at solid walls. The
”uid adheres there. In the case of large Reynolds numbers, the velocity increases
very quickly from zero at the wall to the full velocity in the environment. This
strong spatial change in velocity means that viscous stresses in the vicinity of the
wall are large and viscous forces are no longer small compared to inertial forces.
Next to solid surfaces in a ”ow “eld, there is a thin layer in which viscosity is of
fundamental importance. The thin layer is referred to as the

Thin layer near the wall in the ”ow “eld in which

the velocity changes from the wall velocity to the

full external velocity.

Boundary layer

We have already encountered the “rst examples of boundary layers as in the case
of an inlet ”ow into a pipe (Section 1.4.1) and on a plate that is suddenly set in
motion (Section 4.4). In the following, we will consider the boundary layer on a
body in a ”ow “eld. The plane ”ow around a wing pro“le is used as an example in
Figure 7.1. To describe the boundary layer, we use boundary layer coordinates: the
y-axis points in the direction normal to the wall, and we use the arc length along
the wall as thex-coordinate. As long as the boundary layer thickness remains small
against the radius of curvature of the wall, the latter can be considered locally ”at.
The x-axis is then locally tangential to the wall.
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Figure 7.1: Boundary layer and boundary layer coordinates at a wing pro“le.

A “rst estimate for the thickness � of the boundary layer can be obtained by
comparing inertial forces with viscous forces in the boundary layer. The measure
length for changes in velocity in thex-direction is the characteristic lengthL of the
body (cf. Section 4.3.1). For changes in the direction normal to the wall, on the
other hand, the boundary layer thickness� is decisive, since over this small length
the velocity increases from zero at the wall to the external velocity. We obtain:

€ inertial force (per volume)� � U2

L ,

€ viscous force (per volume)� µ U
� 2 .

If we take as the value for the boundary layer thickness the value at which the
inertial and viscous forces are of the same order of magnitude, we obtain

� �

2
µ
�

L
U

=

1

�
L
U

(7.1)

�
�
L

�

1
�

LU
=

1
�

Re
where Re = UL


 . (7.2)

Consequently, the boundary layer thickness at large Reynolds numbers is small
compared to the characteristic lengthL. The velocity in the boundary layer
approaches the outer velocity asymptotically with increasing wall distance, see
Figure 7.2. If the velocity pro“le is known, the question of an exact de“nition of
the boundary layer thickness� therefore arises. There are various de“nitions:

Boundary layer thickness � 99 Wall distance at which the velocity reaches 99%
of the external velocityu� : u(� 99) = 0 .99u� , see Figure 7.2. Note: this de“nition
is subject to arbitrariness, one could just as well choose a di�erent percentage.
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Figure 7.2: Boundary layer pro“le
with boundary layer thickness� 99.
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Figure 7.3: Displacement thickness
� 99.

Displacement thickness � 1 or � � In the boundary layer, the mass ”ux is smaller
than it would be in inviscid ”ow due to the lower velocity. The boundary layer
has a displacement e�ect. The displacement thickness is the amount by which
the wall must be displaced outwards in inviscid ”ow in order to achieve the same
displacement as in viscous ”ow. In incompressible ”ows, this is the case if the
areas shaded in Figure 7.3 are of equal size:

u� � 1 =
� �

0
(u� Š u) dy, (7.3)

� 1 =
� �

0
(1 Š

u
u�

) dy. (7.4)

Momentum thickness � 2 The momentum ”ux in the boundary layer is also
smaller than in inviscid ”ow. The de“nition of the momentum thickness is analogous
to the displacement thickness:

�u 2
� � 2 = �

� �

0
u(u� Š u) dy, (7.5)

� 2 =
� �

0

u
u�

�
1 Š

u
u�

�
dy. (7.6)
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7.2 Prandtl•s boundary layer equations

The no-slip condition can only be ful“lled at surfaces if the viscous term in the
Navier-Stokes equation is taken into account (cf. Section 4.1.3). This usually leads
to insurmountable di�culties if one wants to solve the Navier-Stokes equation
analytically. In the case of large Reynolds numbers, one way out is to take into
account the e�ects of viscosity in the thin boundary layer and to consider the
”ow outside the layer as inviscid. Ludwig Prandtl (1885…1952) introduced this
subdivision of ”ow into an inviscid external ”ow and a viscous ”ow in the boundary
layer in 1904. At the time, he had just been appointed Professor of Technical
Physics at the University of Göttingen. Prandtl•s approach made it possible for
the “rst time to describe previously unknown phenomena such as the development
of drag. Since then, G¨ottingen has been known worldwide in the “eld of ”uid
mechanics.

As we have already seen in the last section, the change in velocity perpendicular
to the wall is particularly important for the viscous force in the boundary layer.
We will now estimate the orders of magnitude of all terms of the Navier-Stokes
equation in the boundary layer and compare them with each other. Here we
restrict ourselves to stationary plane ”ows. Furthermore, the density is taken to be
constant. We write the equations in boundary layer coordinates, i.e. thex-direction
is tangential and they-direction is normal to the wall, see Figure 7.1:

Continuity equation:

�u
�x

+
�v
�y

= 0. (7.7)

Navier-Stokes equations for thex- and y-directions:

u
�u
�x

+ v
�u
�y

= Š
1
�

�p
�x

+ �
�

� 2u
�x 2

+
� 2u
�y 2

�
, (7.8)

u
�v
�x

+ v
�v
�y

= Š
1
�

�p
�y

+ �
�

� 2v
�x 2

+
� 2v
�y 2

�
. (7.9)

From the continuity equation (7.7) it follows that �u
�x and �v

�y are of the same order
of magnitude:

�u
�x

�
�v
�y

. (7.10)

If the Reynolds number is large, the boundary layer thickness is small against the
characteristic length of the ”ow, � � L (equation (7.2)). It is:
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€ L: characteristic length for changes in thex-direction,

€ � : boundary layer thickness, characteristic of changes in they-direction.

With equation (7.10) and since the order of magnitude of thex-component of the
velocity u is of the magnitude of the characteristic velocityU, u = O(U), we have

U
L

�
v
�

(7.11)

� v �
�
L

U � u. (7.12)

We use this to estimate the orders of magnitude of the individual terms in equation
(7.8):

u
�u
�x� 	
 �

+ v
�u
�y

� 	
 �
= Š

1
�

�p
�x

+ �
� � 2u

�x 2
�	
�

+
� 2u
�y 2
�	
�

�
(7.13)

�
U2

L
�

�
L

U
U
�� 	
 �


 U2/L

�
�

�
�

�
U
L2

� � �
U
� 2

.

The “rst summand of the viscous term is much smaller than the second and can
therefore be neglected. The still undetermined pressure term in the stationary
”ow (equilibrium) is at most of the same order of magnitude as the convective
acceleration. Thus it follows again (see Equation (7.1)):

U2

L
� �

U
� 2

(7.14)

�
�
L

�

1
�

LU
=

1
�

Re
with Re = UL


 . (7.15)

For large Reynolds numbers we automatically have� � L . The estimation of the
terms in equation (7.9) for they-direction, again with v � �

L U, yields

u
�v
�x� 	
 �

+ v
�v
�y

�	
�
= Š

1
�

�p
�y

+ �
� � 2v

�x 2
�	
�

+
� 2v
�y 2
�	
�

�
(7.16)

�
U2�
L2

�
U2�
L2

�
�

�
�

�
U�
L3

� � �
U
L�

.

Again we have

U2�
L2

� �
U
L�

. (7.17)
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In addition, the pressure term is again at most of the same order of magnitude as
the convective acceleration:

1
�

�p
�y

�
U2�
L2

�
U2

L
1

�
Re

. (7.18)

In the limiting case Re � � we thus get

�p
�y

= 0. (7.19)

At high Reynolds numbers, the pressure in the boundary layer does not change
perpendicular to the wall; it corresponds to the pressure in the inviscid outer ”ow
at the boundary layer edge. In the boundary layer, the pressure is a function ofx,
p = p(x), determined solely by the external ”ow. One says:

In boundary layers, the pressure is •impressed from the
outsideŽ.

The ”ow in the boundary layer is described by the continuity equation and the
Navier-Stokes equation for thex-direction. In the latter, the second velocity
derivative with respect to x is neglected. These equations are known as

�u
�x

+
�v
�y

= 0,

u
�u
�x

+ v
�u
�y

= Š
1
�

dp
dx

+ �
� 2u
�y 2

.

Prandtl•s boundary layer equations

(7.20)

(7.21)

Boundary conditions are speci“ed at the wall and at the boundary layer edge
(y = � ):

y = 0 : u = 0, v = 0, (7.22)

y � � : u = u� (x), (7.23)

where u� is the velocity in the inviscid outer ”ow at the boundary layer edge.
Finally, we replace the pressure term in the boundary layer equation for the
direction tangential to the wall by means of Bernoulli•s equation for the velocity
u� at the boundary layer edge:

p +
�
2

u2
� = const. (7.24)

Deriving Bernoulli•s equation with respect tox yields

dp
dx

+ �u �
du�

dx
= 0 � Š

1
�

dp
dx

= u�
du�

dx
. (7.25)
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Prandtl•s boundary layer equations are still non-linear and of the second order.
But there are only two equations for the two velocity componentsu and v. The
pressure is given by the external ”ow. There are both analytical and approximate
solutions for the boundary layer equations.

7.3 Blasius plate boundary layer

Perhaps the best known solution of the boundary layer equations is that for the
semi-in“nite plane plate with constant unidirectional ”ow parallel to the plate.
The solution was derived by Heinrich Blasius (1883…1970) in his dissertation at the
University of Göttingen (1907). Here we outline the solution path and the results.

u(y)

yu��

0 x

Figure 7.4: Plate boundary layer.

Figure 7.4 shows the arrangement of the plate and the ”ow “eld. The approaching
”ow of constant velocity is parallel to the upper surface of the plate. For the
calculation, the plate is assumed to be in“nitely thin. In experiments, a plate
is used that is tapered at the front as shown in Figure 7.4. The origin of the
coordinate system is at the front edge of the plate. The inviscid ”ow outside the
boundary layer is known everywhere:

u = u� = const, (7.26)

p = p� = const. (7.27)

From the last equation it follows that the pressure gradient vanishes, in particular,
dp/ dx = 0 in the boundary layer. The boundary layer equation for the momentum
in x-direction simpli“es to

u
�u
�x

+ v
�u
�y

= �
� 2u
�y 2

. (7.28)

The boundary conditions for the boundary layer equations are as follows:

y = 0 : u = 0, v = 0, (7.29)

y � � : u = u� . (7.30)

There is no characteristic length (compare with the plane wall suddenly set in
motion, Section 4.4). We therefore take the approach that the velocity pro“les
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in the boundary layer at di�erent locations x along the plate are similar to each
other, i.e.

u(x, y)
u�

= f (� ), � =
y

� (x)
. (7.31)

In this approach, we allow the boundary layer thickness to be a function of the
distancex from the leading edge of the plate. If a characteristic lengthL exists,
we have seen that

�
L

�
1

�
Re

. (7.32)

Here we make the ansatzL = x and obtain

� (x) �
1

�x
u�

. (7.33)

The quotient x/u � corresponds to the time required by a ”uid particle in the
inviscid external ”ow to travel from the leading edge of the plate to the locationx.
This is comparable to the result from the solution for a plane wall suddenly set
in motion. There, the width � of the ”uid layer entrained by the plate movement
increased proportionally to

�
�t (cf. equation (4.159)). For the dimensionless

similarity variable � in equation (7.31) we therefore use the ansatz

� := y

1
u�

�x
�

y
� (x)

. (7.34)

The rest of the solution path is outlined here only brie”y. The ”ow is two-
dimensional and incompressible. Therefore, in the boundary layer equations the
continuity equation can be satis“ed by introducing a stream function� :

u =
��
�y

, v = Š
��
�x

. (7.35)

Integration of the “rst relation for u over y yields

� =
� y

0
u dy� = u�

1
�x
u�

� �

0

u
u�

d� � =
�

�xu � · F (� ). (7.36)

F (� ) is the dimensionless stream function. This gives us

u =
��
�y

=
�

�xu � F �(� )
��
�y

= u� F �(� ), (7.37)

v = Š
��
�x

=
1
2

1
�u �

x
[�F �(� ) Š F (� )] . (7.38)
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Substituting this into the boundary layer equation (7.28) for the momentum yields
an ordinary di�erential equation of the third order for the dimensionless stream
function F :

FF �� + 2F ��� = 0 (7.39)

subject to the boundary conditions:

� = 0 : F = F � = 0, (7.40)

� � � : F � = 1. (7.41)

Blasius solved this equation using power series expansions. The solutions for
the velocity componentsu and v are sketched in Figure 7.5. The wall-parallel
component asymptotically approaches the approach velocity. The boundary layer
thickness� 99 is reached at� � 5. With the ansatz (7.34) for� we get

� 99 � 5 ·
1

�x
u�

�
�

x, (7.42)

i.e. the boundary layer thickness increases proportionally to the root of the dis-
tance x from the leading edge. The wall-normal component also asymptotically
approaches a “nite value greater than zero. This is due to the displacement e�ect
of the boundary layer.

1

��5

u
u��

(a) Approach of u to the external veloc-
ity with increasing � .

�� ~
y
��

v
u

u x

5

0.865

(b) Approach of v to a “nite value with increas-
ing � .

Figure 7.5: Velocity in the plate boundary layer (sketched).

Based on the known solution for the velocity, the wall shear stress� w can be
calculated:

� w(x) = µ
�u (x, y)

�y

�
�
�
�
y=0

. (7.43)

The contribution to the viscous dragD of the plate from the front edge to the
downstream locationx is obtained by integrating the wall shear stress:

D = b
� x

0
� w dx�, b: width of the plate. (7.44)
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The result of a calculation yields the following drag coe�cient that here is formed
with the •wettedŽ area ahead ofx:

cd =
D

�
2u2

� b· x�	
�
area ahead of x

�
1

�
Re

=
1

-
xu � / 


(7.45)

� D � u3/ 2
� . (7.46)

The drag increases faster with velocity than with creeping ”ows, where it is directly
proportional to the velocity, see equation (4.176) or (4.187).

7.4 Boundary layer separation

The Blasius plate boundary layer discussed in the last section is a special case since
the static pressure in the outer ”ow is constant everywhere. This is no longer the
case with the ”ow around a body. This has a considerable in”uence on the behavior
of the boundary layer. In the following, we consider this again for stationary ”ows.

Let us “rst consider the pressure distribution on a body surface in inviscid ”ow (this
pressure is impressed on the boundary layer from the outside). The total pressure
p0 is present at the front and rear stagnation points, see Figure 7.6a. During the
”ow around the body, there is initially an acceleration of the ”ow in the area of in-
creasing cross-sectional area of the body due to the displacement e�ect. According
to Bernoulli•s equation (4.69), this is associated with a pressure drop. As soon as
the cross-sectional area of the body decreases again, the velocity begins to drop and
reaches zero at the rear stagnation point. There, the total pressure is reached again.

separation point

separation point

Figure 7.6: Flow around a body: a) inviscid ”ow, b) viscous ”ow,
with separation.
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In viscous ”ow, a boundary layer always forms at the surface of the body. Therefore,
the ideal case of an inviscid ”ow is not achieved in reality. In the boundary layer,
the ”uid is slowed down and loses kinetic energy (which is converted into heat
by dissipation). The in”uence of the pressure gradient in the outer ”ow on the
velocity in the boundary layer is as follows:

€ dp
dx < 0: acceleration, counteracts deceleration,

€ dp
dx > 0: deceleration, supports deceleration.

On the back of the body, where the pressure increases, the kinetic energy in the
boundary layer is reduced due to dissipation. The energy in the ”ow is therefore no
longer su�cient for the ”uid to ”ow against the positive pressure gradient up to the
rear stagnation point. The ”uid slows down and moves sideways. The boundary
layer separates from the body, see Figure 7.6b. Directly at the solid surface, the
positive pressure gradient causes a reverse ”ow. This leads to an accumulation of
”uid and the inviscid external ”ow is pushed further to the side. The separating
layer between the outer ”ow and the boundary layer rolls up into vortices, which
then move downstream. A wake forms behind the body.

Streamlines in the vicinity of the separation and associated velocity pro“les in the
boundary layer are sketched in Figure 7.7. At the separation point we have

�u
�y

�
�
�
�
y=0

= 0 � � w = µ
�u
�y

�
�
�
�
y=0

= 0, (7.47)

Rückströmgebiet

Wendepunkt

Ablösun g

u(y)

y

y

x

dp
dx

> 0

Ablösepunkt separation point

separation reverse flow

inflection point

Figure 7.7: Boundary layer separation: streamlines (top) and
velocity pro“les (bottom).
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i.e. the wall shear stress disappears. If separation is present, the boundary layer
pro“le always has an in”ection point since the sign of the second velocity derivative
is then di�erent at the wall and at the boundary layer edge:

� 2u
�y 2

�
�
�
�
y=0

> 0,
� 2u
�y 2

�
�
�
�
y= �

< 0. (7.48)

The boundary layer equation for the momentum,

u
�u
�x

+ v
�u
�y

= Š
1
�

dp
dx

+
µ
�

� 2u
�y 2

, (7.49)

provides a relation between the pressure gradient at the wall and the curvature
of the boundary layer pro“le (second derivative of the velocity). Considering the
no-slip condition with u(x, y = 0) = 0 and v(x, y = 0) = 0 we obtain

µ
� 2u
�y 2

�
�
�
�
y=0

=
dp
dx

. (7.50)

The sign of the curvature of the boundary layer pro“le at the wall thus corresponds
to that of the pressure gradient:

dp
dx

< 0 �
� 2u
�y 2

�
�
�
�
y=0

< 0 (no in”ection point), (7.51)

dp
dx

> 0 �
� 2u
�y 2

�
�
�
�
y=0

> 0 (in”ection point). (7.52)

The pressure gradient plays an important role in boundary layer separation. Only
if dp

dx > 0 the velocity pro“le u(y) has an in”ection point, the boundary layer tends
to detach. With accelerated external ”ow (dp

dx < 0) there is no separation.

7.5 Instability of the plate boundary layer

So far we have considered laminar boundary layers. However, boundary layers
usually become turbulent when the Reynolds number formed with the boundary
layer thickness exceeds a critical value. We have already seen a related case with
pipe ”ow (cf. Section 1.4). There, too, the ”ow becomes turbulent as soon as
the Reynolds number formed with the pipe diameter is above a (di�erent) critical
value. The pipe radius virtually corresponds to the boundary layer thickness. A
comparison of the critical values of the Reynolds number for the plate boundary
layer and the pipe ”ow shows that they are of the same order of magnitude.

The thickness of the laminar plate boundary layer according to Blasius and thus
the Reynolds number formed with this thickness, is proportional to the square root
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of the distance from the leading edge of the plate (see equation (7.42)). From a
critical location downstream of the leading edge, the Reynolds number therefore
exceeds the critical value, from then on the boundary layer becomes turbulent. At
the same time, from a theoretical point of view, Blasius• boundary layer solution
continues to apply for all distances from the leading edge of the plate. Similarly,
the solution for laminar pipe ”ow with a parabolic velocity pro“le also applies for
all Reynolds numbers. However, the laminar ”ow becomes unstable in each of
these cases and a di�erent form of ”ow develops.

Instabilities are important in many areas of ”uid mechanics. Small disturbances,
which can never be completely avoided, can be ampli“ed. Viscosity, on the other
hand, dampens disturbances. The Reynolds number therefore often plays an im-
portant role. Not every instability leads to turbulence. New laminar ”ow forms can
also develop. In the following, we investigate the stability of the plate boundary
layer using linear stability analysis.

In the linear stability analysis, an unsteady small disturbance,
u�(x, y, z, t) and
p�(x, y, z, t), is superimposed on a stationary, laminar basic ”ow,
ust (x, y, z) and
pst (x, y, z):


u(x, y, z, t) = 
ust (x, y, z) + 
u�(x, y, z, t),

p(x, y, z, t) = pst (x, y, z) + p�(x, y, z, t).
(7.53)

The Navier-Stokes and continuity equations for the stationary ”ow are as follows:

(
ust � )
ust = Š
1
�

� pst + � � 
ust ,

� 
ust = 0.
(7.54)

The disturbed ”ow, with 
u and p according to equation (7.53) satis“es

�
u
�t

+ ( 
u� )
u = Š
1
�

� p + � � 
u,

� 
u = 0.
(7.55)

If equation (7.54) is subtracted from equation (7.55) and the result subsequently
linearized, we obtain

�
u�

�t
+ ( 
ust � )
u� + ( 
u�� )
ust = Š

1
�

� p� + � � 
u�,

� 
u� = 0.
(7.56)

This is a system of linear equations for the unknown disturbances, with the bound-
ary condition that the disturbances of the velocity vanish at solid walls (no-slip
condition).
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Up to this point, the procedure was general. Now we look speci“cally at the plate
boundary layer. The stability of this boundary layer was successfully investigated
by Walter Tollmien (1900…1968), a student of Prandtl and later his successor at the
Göttingen Faculty of Physics. The solution is outlined below. For the stationary
”ow in the boundary layer the following ansatz is used:

ust = ust (y), vst = 0, wst = 0. (7.57)

Here it has been assumed that thex-component of the velocity is only a function
of y as the in”uence ofy is signi“cantly greater than that of x. The velocity
componentvst in the boundary layer ”ow, which is small in magnitude, is also
neglected. Furthermore, as in Section 7.3, we again assume a plane ”ow and do not
take into account any ”ow movements in thez-direction (i.e. w� = 0). In the case
of the plate boundary layer, it can be shown that these neglects have no in”uence
on the result of the stability calculation. With this approach, only the equations
for the x- and y-directions remain from the linearized Navier-Stokes equation:

�u �

�t
+ ust

�u �

�x
+ v� �u st

�y
= Š

1
�

�p �

�x
+ � � u�,

�v �

�t
+ ust

�v �

�x
= Š

1
�

�p �

�y
+ � � v�.

(7.58)

Next, the pressure is eliminated from the two equations of motion (7.58) by crosswise
di�erentiation with respect to y and x and subsequent di�erence formation (cf. the
procedure in Section 4.5). The result is a third-order di�erential equation foru�

and v�. Since a plane ”ow is present here, the continuity equation is satis“ed by
introducing the stream function � :

u� =
��
�y

, v� = Š
��
�x

. (7.59)

If the velocities are replaced in this way, a partial di�erential equation of the fourth
order for the stream function is obtained.

Arbitrary disturbances can be represented by a Fourier series expansion. Waves
traveling in the x-direction are therefore chosen here as an ansatz for the stream
function representing the disturbances:

� (x, y, t) = � (y) exp [i (�x Š 	t )] = � (y) exp [i� (x Š ct)] (7.60)

where:

€ � = 2�
� : wavenumber, with � : wavelength,
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€ 	 = 	 r + i 	 i � C:
real part 	 r : angular frequency,
imaginary part 	 i : rate of ampli“cation ( 	 i > 0: ampli“cation, 	 i < 0:
damping),

€ c = 	/� = cr + i ci � C:
real part cr : phase velocity,
imaginary part ci : rate of ampli“cation (ci > 0: ampli“cation, ci < 0:
damping),

€ � (y) amplitude function.

With this ansatz, the partial di�erential equation of the fourth order for the stream
function is transformed into an ordinary di�erential equation of the fourth order
for the amplitude function � . After non-dimensionalization using the approach
velocity u� and the boundary layer thickness� , one obtains the

(ust Š c)( � �� Š � 2� ) Š u��
st � = Š

i
� Re

�
� ���� Š 2� 2� �� + � 4�

�
,

Orr-Sommerfeld equation

(7.61)

whereRe = u� �/� . The boundary conditions for� are:

� = 0 and � � = 0 for y = 0 and y � � . (7.62)

We now consider the plate boundary layer at a given approach velocityu� . Then the
stationary ”ow ust (y) and thus also the Reynolds numberRe = u� �/� are known in
the Orr-Sommerfeld equation. For every combination of Reynolds number and wave
number � , the Orr-Sommerfeld equation thus represents an eigenvalue problem with
� (y) as the eigenfunction andc = cr +i ci as the complex eigenvalue. This eigenvalue
problem has been solved by Tollmien. The sign of the imaginary partci of the com-
plex phase velocity is decisive for the stability, cf. equation (7.60). Forci > 0, the
disturbance of the wave number� is ampli“ed, for ci < 0 it is damped. Figure 7.8
shows regions with positive and negativeci as a function of the Reynolds number
Re = u� �/� and the wave number scaled by the boundary layer thickness,� · � .
The two regions are separated by the linear neutral stability or indi�erence curve
(ci = 0). Figure 7.8 shows that below an indi�erence Reynolds numberReind =
u� � (xind )/� disturbances of all wavenumbers (and thus wavelengths) are damped.
The boundary layer thickness increases proportionally with the square root of the
distancex from the start of the plate. The valueReind is therefore reached at
the neutral or indi�erence point xind . Upstream of the indi�erence point, the
laminar boundary layer is always stable. Downstream of the indi�erence point,
Re > Reind and there is a wavenumber range for which disturbances are ampli“ed,
the boundary layer can become unstable. Disturbances from the associated wave-
length range are ampli“ed, disturbances with larger or smaller wavelengths are
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ci<0

ci<0: stabil

ci>0
  instabil

ci=0: Indi �� erenz-
          kurve

Reind

����

Re= u��  ��
��

ci<0

stable

 unstable

neutral 
curve

Figure 7.8: Plate boundary layer: neutral stability curve and
regions of ampli“cation and attenuation.

damped. The ampli“ed waves are calledTollmien-Schlichting waves (Hermann
Schlichting (1907…1982), later director of the Aerodynamic Research Institute in
Göttingen, continued Tollmien•s calculations). Note that the laminar plate bound-
ary layer is altered by the Tollmien-Schlichting waves, but does not yet become
turbulent.

The results of this stability analysis were con“rmed in the early 1940s by a famous
experiment by Schubauer and Skramstad. A metal strip was stretched across the
plate within the boundary layer perpendicular to the ”ow. It was then deliber-
ately excited to vibrate. The resulting vibrations were only ampli“ed forRe …�
combinations that were in the unstable range. Otherwise, the disturbances were
damped.

The ampli“ed Tollmien-Schlichting waves migrate downstream. Their amplitude
grows in the process. The disturbances are then no longer small and the validity
range of the linear analysis is exceeded. New e�ects occur. However, the boundary
layer only becomes completely turbulent at a su�ciently large distance from
the leading edge. This is the case downstream of atransition point xtr . The
Reynolds number that corresponds to this point is the critical Reynolds number
Retr = u� � (xtr )/� > Re ind . This is sketched in Figure 7.9. The exact de“nition
of the transition point is subject to arbitrariness, as is the value of the critical
Reynolds numberRetr . The transition to turbulence is still the subject of ongoing
research.

In the turbulent boundary layer, velocity ”uctuations ensure an exchange of ”uid
in the direction normal to the wall. Slow ”uid is carried away from the wall in the
direction to the outer ”ow and, conversely, fast ”uid is transported towards the
wall. As a result, the mean velocity initially increases much faster with increasing
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